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Preface

The subject of this book is representation theory of symmetric groups. We
explain a new approach to this theory based on the recent work of Lascoux,
Leclerc, Thibon, Ariki, Grojnowski, Brundan, Kleshchev, and others. We
are mainly interested in modular representation theory, although everything
works in arbitrary characteristic, and in case of characteristic 0 our approach is
somewhat similar to the theory of Okounkov and Vershik [OV], described in
Chapter 2 of this book. The methods developed here are quite general and they
apply to a number of related objects: finite and affine Iwahori—-Hecke algebras
of type A, cyclotomic Hecke algebras, spin-symmetric groups, Sergeev alge-
bras, Hecke—Clifford superalgebras, affine and cyclotomic Hecke—Clifford
superalgebras, . ... We concentrate on symmetric and spin-symmetric groups
though.

We now outline some of the ideas which lead to the new approach. Let
us concentrate on the modular case, as this is where things get really inter-
esting. So let F be a field of characteristic p > 0, and S, be the symmetric
group. Irreducible FS,-modules were classified by James. His approach is as
follows (see [J] for details). Let S* be the Specht module corresponding to
a partition A of n (the Specht construction works over any field and even
over 7). This module has a canonical S,-invariant bilinear form. The form
is non-zero if and only if A is p-regular, that is no non-zero part of A is
repeated p or more times. In this case the radical of the form, call it Q) isa
maximal proper submodule. Thus D* := §*/Q" is an irreducible FS,-module.
Finally, {D* | A is a p-regular partition of n} is a complete set of irreducible
FS,-modules.

The main unsolved problem in modular representation theory of symmetric
groups is to find (Brauer) characters and in particular dimensions of irreducible
modules. These will be known if any of the following two equivalent problems

X
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can be solved (see [K,] for the proof of equivalence). Denote by P(n) (resp.
P,(n)) the set of all partitions (resp. p-regular partitions) of n.

Decomposition numbers problem. Find the composition multiplicities
[S*: DM (0.1)
for any A € P(n) and u € P,(n).

Branching problem. Determine the composition multiplicities of the restric-
tion

[resy D*: DH] (0.2)
for any A € P,(n) and w € P,(n—1).

Motivated by the second problem, the author [K,] obtained certain partial
branching rules, including an explicit description of the socle of the restriction
resi:i_lD)‘, which is equivalent to the description of the spaces

Homg (D", resgzil DY) ()\ €P,(n), peP,(n— 1)) (0.3)

Another result from [K,] describes the spaces
Homgs (S*.resy D")  (AeP,(n), peP,(n—1). (04

It turns out that the spaces in (0.3) and (0.4) are at most 1-dimensional, which
gives two different generalizations of the multiplicity freeness of the branch-
ing rule in characteristic 0. The solution is in terms of delicate combinatorial
notions of a normal node and a good node of a Young diagram (see Chap-
ter 11): the space (0.3) (resp. (0.4)) is non-trivial if and only if w is obtained
from A by removing a good node (resp. normal node). As observed in [K,],
it follows from this description that all irreducible modules appearing in the
socle of resg:ilD’\ belong to different blocks, the fact sometimes referred to
as the strong multiplicity freeness of the branching rule. A number of further
results on the modular branching problem was established in [Ks, K,, BK,].
For example, in [K,] we have described the multiplicity (0.2) when w is
obtained from A by removing a node. It turns out that this multiplicity is
non-zero if and only if the node is normal, but it can be arbitrarily large.
Many applications of the branching rules were obtained, see for example
[K,, FK, BO,, BK,]. But the most important consequence was that they led
to a discovery of deep connections between modular representation theory
and the theory of crystal bases. The link was first made by Lascoux, Leclerc,
and Thibon [LLT]. The nodes of Young diagrams come with residues, which
are elements of Z/pZ, and we obtain a structure of a directed colored graph
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on the set of all p-regular partitions: by definition, there is an arrow from
M to A of color i € Z/pZ if and only if w is obtained from A by removing
a good node of residue i. Lascoux, Leclerc, and Thibon made the startling
combinatorial observation that this “branching graph” coincides with the
crystal graph of the basic representation of the affine Kac—-Moody algebra g =
A;l_)l, determined explicitly by Misra and Miwa [MiMi]. It turned out later that
the same observation applies to the branching graph for the associated complex
Iwahori—-Hecke algebras at a primitive (£+ 1)th root of unity and the crystal
graph of the basic representation of the affine Kac—Moody algebra g = Azl),
see [B]. In this latter case, Lascoux, Leclerc, and Thibon conjectured moreover
that the coefficients of the canonical basis of the basic representation coincide
with the decomposition numbers (0.1) for the Iwahori—Hecke algebras.

This conjecture was proved by Ariki [A,] (see also Grojnowski [G, ]). More
generally, Ariki established a similar result connecting the canonical basis of
an arbitrary integrable highest weight module of g to the representation theory
of the corresponding cyclotomic Hecke algebra, as defined in [Ch, AK, BM].
Note that Ariki’s work is concerned with the cyclotomic Hecke algebras
over the ground field C, but Ariki and Mathas [A,, AM] were later able
to extend the classification of the irreducible modules, but not the result on
decomposition numbers, to arbitrary fields. For further developments related
to the LLT conjecture, see [LT,, VV, Sch, A;].

Subsequently, Grojnowski and Vazirani [G,, G;, GV, V,] have developed
a powerful new approach to (among other things) the classification of the
irreducible modules of the cyclotomic Hecke algebras. The approach is valid
over an arbitrary ground field, and is entirely independent of the “Specht
module theory” that plays an important role in Ariki’s work. Branching rules
are built in from the outset, resulting in an explanation and generalization of
the link between modular branching rules and crystal graphs. The methods are
purely algebraic, exploiting affine Hecke algebras in the spirit of [BZ, Z,] and
others. On the other hand, results on decomposition numbers do not follow,
since that ultimately depends on the geometric work of Kazhdan, Lusztig,
and Ginzburg.

In this book, we explain Grojnowski’s approach to the theory in the case
of degenerate affine Hecke algebra. In particular, we obtain an algebraic
construction purely in terms of the representation theory of degenerate affine
Hecke algebras of the positive part U, of the enveloping algebra of g = A;l_)l,
as well as of Kashiwara’s highest weight crystals B(co) and B(A) for each
dominant weight A. These emerge as the modular branching graphs of the
appropriate algebras. As a consequence, a parametrization of irreducible FS,,-
modules, classification of blocks (“Nakayama’s conjecture”), and some of
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the modular branching rules mentioned above follow from the special case
A = A, of the main results.

Part II of the book deals with representation theory of Schur’s double
covers of symmetric groups. This is equivalent to studying projective (or
spin) representations of symmetric groups. The spin theory in characteristic
p was developed in [BK,] (cf. [BMO, ABO,, ABO,, MoY,])-it is parallel
to the theory of linear representations described above, but with the role of

the Kac—Moody algebra g = A;l) | played by the twisted Kac—-Moody algebra

qa= A‘fi) - We note that the modular irreducible spin representations of S,
were first classified in [BK,], following a conjecture in [LT,], using a more
classical approach via “Specht modules”. However, that approach did not
allow us to obtain any branching rules.

We hope that having both linear and spin theory under one cover will be
useful for the reader. The two theories are actually very similar, if devel-
oped from the new point of view adopted in this book. In fact, a glance at
the contents shows that many sections of Part II are exactly parallel to the
corresponding sections of Part I.

Let us now describe the contents of the book in more detail. We note that
each chapter has its own introduction where the results of the chapter are
motivated and described, sometimes informally. Chapter 1 contains notation
and some basic preliminary results. Chapter 2 is a presentation of the beautiful
theory of Okounkov and Vershik in characteristic 0. It is not directly related
to the rest of the book. However, it is a nice introduction to some ideas
employed further on, and might be a good place to start for less-advanced
readers. Also, it is perhaps the shortest way to some key results of the
classical representation theory of symmetric groups in characteristic 0, such
as classification of irreducible representations, Young’s formulas, and the
Murnaghan—Nakayama formula.

Degenerate affine Hecke algebras J, are introduced in Chapter 3. Basis
Theorem for 7, is proved and the center of J, is described. We intro-
duce parabolic subalgebras #,, C J, and the corresponding induction and
restriction functors ind, and res),. “Mackey Theorem” is a result describing a
filtration of resﬁindz by certain induced modules. An important result relating
induction and duality is proved in Section 3.7.

In Chapter 4, we introduce the formal characters of finite dimensional
J,-modules, discuss central characters and blocks, and then study in detail
a remarkable irreducible F,-module, called Kato module, as well as its
“covering modules”.

The functors e, and their versions A, and A ., which are affine analogues
of Robinson’s a-restriction functors for symmetric groups, are studied in
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Chapter 5. The (affine version of the) strong multiplicity freeness of the
branching rule is established in Corollary 5.1.7. This allows us to define the
crystal operators ¢, and fa in Section 5.2 as the socle and the head of a certain
direct summand of restriction and induction, respectively. We then prove that
the formal characters of irreducible modules are linearly independent and
use the crystal operators fa to label the irreducible J(,-modules. Section 5.5
contains some further branching results.

In Chapter 6 we establish a sufficient condition for the irreducibility of
the module, induced from an irreducible module over a parabolic subalge-
bra (this condition is far from necessary—see for example [LNT] for results
on the subtle problem of finding necessary and sufficient condition). Then
we calculate characters of some irreducible J,-modules for n < 4. These
calculations provide the reader with concrete examples to play with, but also
are important for the theory, as they will imply that the operators e, on
the Grothendieck group satisfy Serre relations. Finally, some higher crystal
operators are introduced in Section 6.3—these play only a technical role.

Integral representations and (degenerate) cyclotomic Hecke algebras are
treated in Chapter 7. We explain why it is enough to study integral repre-
sentations and reveal their relations with cyclotomic Hecke algebras H*. We
introduce Lie theoretic notation related to the Kac—Moody algebra g of type
ALIZI, which will be used until the end of Part I. The main results of the chap-
ter are Basis Theorem for cyclotomic Hecke algebras, Cyclotomic Mackey
Theorem, and the fact that 7-duality commutes with induction for cyclotomic
Hecke algebras.

In Chapter 8 we study the cyclotomic analogues e} of the functors e; and
introduce the “dual” functors f?* and related notions. We also introduce the
divided powers functors which generalize ¢} and f. The main goal of the
Chapter is to get the f-analogues of the results on ¢; obtained in Chapter 5,
that is to get the results on induction similar to our previous results on
restriction. This turns out to be quite a bit harder.

Key Chapter 9 begins by defining a Hopf algebra structure on the
Grothendieck group K(oo) of integral #,-modules for all n > 0, operations
coming from induction and restriction. We prove in Theorem 9.5.3 that the
dual algebra K(o0)* can be identified with the universal enveloping algebra of
the positive part of the Kac—Moody algebra g. We also obtain a natural action
of K(o0)* on the Grothendieck group K(A) of finite dimensional *-modules
for all n > O—under this action the Chevalley generators e, act as operators e,
which come from representation theory of F*. This action is extended with
the operators f and & to give the action of the full Kac-Moody algebra g,
and the module K(A) is identified with the irreducible high weight module
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V(A). Finally, the weight spaces of V(A) are interpreted in terms of blocks of
F*-modules, see Section 9.6.

In Chapter 10 we identify the crystal graph of V(A) as the socle branching
graph of the cyclotomic Hecke algebras #*. The consequences for symmetric
groups are deduced in Chapter 11, where we specialize to the case A = A,
and use the explicit description of the corresponding crystal graph to label
the irreducible modules by p-regular partitions, to describe the blocks, and
to deduce some of the branching rules. We also get useful results on formal
characters.

Part II starts with Chapter 12, which is a review on superalgebras and
their representations. This will be needed for the spin theory, as it turns out
extremely convenient to consider the twisted group algebra 7, of S, as a
superalgebra and then work in the category of J,-supermodules. In fact, it
is even more convenient to work with the Sergeev superalgebra Y,, which
is defined in Chapter 13. We also prove in this Chapter that Y, is “almost
Morita equivalent” to 7,,. Chapters 14-22 are all parallel to the corresponding
chapters of Part I, as indicated in the beginning of each of them, so we do
not review them here in detail.

I have benefited greatly from collaboration with Jon Brundan. I was greatly
influenced by the work of Jantzen and Seitz; Lascoux, Leclerc, and Thibon;
Ariki; and, especially, Grojnowski. The idea to write this book appeared
when I lectured on the topic at the University of Wisconsin-Madison during
my sabbatical leave from Oregon. I am very grateful to Georgia Benkart,
Ken Ono, and especially Arun Ram for their hospitality. I should also thank
the editors—without their repeated (patient) emails I would never have finished.
Most of all, I am indebted to my family (without whom this book might have
been written faster, but that’s not the point...).
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Linear representations






1

Notation and generalities

Throughout the book: Z, is the set of non-negative integers and F is an
algebraically closed field of characteristic p > 0. Throughout Part I

I:=Z-1CF. (1.1)

If p =char F > 0 then [ is identified with {0, 1, ..., p—1}, and if p =0 then
I1=7.

If A is an associative F-algebra we denote by .4-mod the category of all
finite dimensional left .4-modules and by .A-proj C A-mod the full subcat-
egory of all projective .A-modules. We write K(.A-mod), K(A-proj) for
the corresponding Grothendieck groups. The embedding A-proj C A-mod
induces the natural Cartan map

w : K(A-proj) = K(A-mod).

Note that in general w does not have to be injective.

Let M € A-mod. The socle of M, written soc M, is the largest completely
reducible submodule of M, and the head of M, written hd M, is the largest
completely reducible quotient module of M. If V is an irreducible .A-module,
we write [M : V] for the multiplicity of V as a composition factor of M.

For algebras A, B, an A-module M, and a B-module N, we write M XN
for the outer tensor product, that is the tensor product of vector spaces M @ N
considered as an A ® B-module in the usual way.

If B is a subalgebra of A, and M is a B-module we write ind“;M or ind”
for the induced module A ®,4 M. We may consider ind;; as a functor from
the category of B-modules to the category of A-modules. This functor is left
adjoint to the restriction functor res;, (or res) going in the other direction. If
A is free as a right B-module the induction functor is exact.

We denote by Z(A) the center of A. By a central character of A we mean
a (unital) algebra homomorphism y: Z(A) — F. For a central character y the
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corresponding block is the full subcategory A-mod[y] of A-mod consisting
of all modules M € 4-mod such that (z — x(z))*M = 0 for k > 0. We have
a decomposition
A-mod = P A-mod| ]
X

as y runs over all central characters. If A is finite dimensional, then two
non-isomorphic irreducible A-modules L and M belong to the same block
if and only if there exists a chain L= Ly, L,,...,L, = M of irreducible
A-modules with either Ext!,(L;, L;,,) # 0 or Ext),(L,,,, L;) # 0 for each i.

Let B be a subalgebra of an F-algebra A and € be the centralizer of B
in A. If V is an A-module and W is a B-module then Hom4z(W, res;V)
is naturally a C-module with respect to the action (cf)(w) = cf(w) for
we W, feHomg(W,reszV), c €C.

Lemma 1.0.1 Let B C A be semisimple finite dimensional F-algebras. If V
is irreducible over A and W is irreducible over B then

Homg (W, reszV)

is irreducible over C.

Proof By Wedderburn—Artin, we may assume that A = End(V'). Decompose
res;V = W @ X, where W is not a composition factor of X. Then the algebra
End,(W®), naturally contained in C, acts on the space Hom 4 (W, res;zV) as
the full endomorphism algebra. |

For any n >0, let a« = (o, a,,...) be a partition of n, that is a non-
increasing sequence of non-negative integers summing to n. If p > 0, the
partition « is called p-regular if for any k > 0 we have

i/ | a; =k} <p.

By definition, every partition is O-regular. Let P(n) (resp. ,(n)) denote the
set of all (resp. all p-regular) partitions of n. Thus P(n) = P,(n). Set

P=JP(mn and P,:=JP,(n).

n>0 n>0

We identify a partition « with its Young diagram
a={(r,s) €Z._yxZ.y|s<a,l.

Elements (r, s) € Z_, x Z., are called nodes. We label the nodes of « with
residues, which are elements of /. By definition, the residue of the node (r, s)
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is s —r (mod p) if p is positive, and simply s — r if p = 0. The residue of
the node A is denoted res A. Define the residue content of « to be the tuple

cont(@) = (V;)ies» (1.2)

where for each i € I, vy, is the number of nodes of residue i contained in the
diagram o.

Let i € I be some fixed residue. A node A = (r, s) € a is called i-removable
(resp. i-addable) for a if resA =i and @, := a\ {A} (resp. o := aU{A}) is
a Young diagram of a partition. A node is called removable (resp. addable) if
it is i-removable (resp. i-addable) for some i. Thus, for example, a removable
node is always of the form (m, a,,) with «,, > v, ;.

Throughout the book, S, denotes the symmetric group on n letters. The
permutations act on numbers 1, ..., n on the left so that for the product we
have, for example, (1,2)(2,3) = (1, 2,3). S, also acts on n-tuples of objects
by place permutations on the right:

(ay,ay, ...y a,) w=(ay,--.,0a,,)

or on the left:

we(ay, ayy .oy @y) = (Aytys .-y yory).

The length function on S, in the sense of Coxeter groups is denoted by £.
The number £(w) can be characterized as the number of inversions in the
permutation w.

Finally we recall one classical result. Let

P, =Flx,...,x,]
be the polynomial algebra in n indeterminates,

2, :=F[x,,...,x,]>

> ¥n

be the ring of symmetric polynomials, and 27 C Z, be the symmetric poly-
nomials without free term. The following fact is well known over C. That it
holds over Z, and hence over F, is proved in [St].

Theorem 1.0.2 P, is a free module of rank n! over Z,. Moreover we can
take the set

B:={x{"...x" |0<a,<iforall 1 <i<n}
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as a basis. In particular, the cosets of elements of B form a basis of the
algebra P,/P, 2.

A slightly more general result easily follows:
Corollary 1.0.3 Let r < n. Then P% is a free module of rank n!/r! over Z,.
Moreover we can take the set

R Aril a
B:={x. ... x;

O<a <iforallr+1<i<n}

as a basis.

Proof 1t suffices to prove that elements of B generate 5 as a module over
Z,. Let f e IP,f In view of Theorem 1.0.2, we can write

f=) foxit X, (1.3)

where the summation is over all n-tuples a = (a,, ..., a,) with 0 <aq, < i,
and f, € Z,.. Using Theorem 1.0.2 with n = r we can also see that P, is a free
P5--module on basis {x]'...x% |0 <a, <iforall 1 <i<r}. Now note that
the polynomials f,x,7" ... x% are in P5, so, since f is also in P, it follows
that f, =0 in (1.3) unless @, = --- = a, = 0. This completes the proof. [




2

Symmetric groups I

In order to illustrate the theory we are trying to develop let us start from an
“easy” special case, namely the case of complex representations of the sym-
metric group S,. We explain the beautiful elementary approach of Okounkov
and Vershik [OV] (see also [DG]). The idea of this approach is not new:
to study all symmetric groups at once. However, it is rather amazing that in
this way the whole theory can be built quickly from scratch using only the
classical Maschke and Wedderburn—Artin Theorems.

We will obtain the following well-known results: labeling the irreducible
CS,-modules by partitions of n, construction of Young’s orthogonal bases
in irreducible modules, explicit description of matrices of simple transposi-
tions with respect to these bases, and the Murnaghan—Nakayama formula for
irreducible characters.

2.1 Gelfand-Zetlin bases

Define the kth Jucys—Murphy elements (JM-element for short) L, € FS, as
follows:

L= Y (m,k). (2.1)

I<m<k
These elements were introduced in [Ju], [Mu,]. Note that L, =0 and L,
commutes with S,_,. As L, € FS,, it follows that the J]M-elements commute.
Here and below, if m < n, the default embedding of S,, into S, is with respect
to the first m letters. A copy of S,, embedded with respect to the last m letters
is denoted by S/, .
Denote by Z, the center of the group algebra FS,. Also let

Zn,m = (FS71+n1)S”

7
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be the centralizer of FS, in FS, . It is clear that Z, , is spanned by the class
sums corresponding to the S,-conjugacy classes in S, ,. These conjugacy
classes can be thought of as cycle shapes with “fixed positions” for n+ 1,
n+2,...,n+m — we call them marked cycle shapes. For example, the
symbol

(s, *, %, %, %) (%, %) (%) (%) (12, %, 13, 14, %) (15) (2.2)

corresponds to the S;,-conjugacy class in S5, which consists of all permuta-
tions whose cycle presentation is obtained by inserting the numbers 1 through
11 instead of asterisks.

Proposition 2.1.1 [O,] The algebra Z,, is generated by S,, Z, and
Ln+1’ et Lﬂ+m‘
Proof 1t is clear that §,, 2, and L,,,...,L,,, are contained in 2, ,

so they generate a subalgebra A C 2, . Conversely, let us filter 2, ,, so that
the ith filtered component 2/, is the span of the class sums which correspond
to the marked cycle shapes moving at most i elements. For example the class
sum corresponding to (2.2) belongs to Z{fﬁ‘, but not Z}}A. We prove by
induction on i =0, 1,... that 2}, C A. For i =0 and 1, we have 2 , =
F.1C A. We explain the inductive step on example. Let z € 2]}, be the
class sum corresponding to the marked cycle shape from (2.2). Let ¢ € Z,,

denote the sum of all elements of S;; whose cycle shape is
(s, *, *, %, %) (%, %) (%) ().
Also, let
x=(12,13)L,,(13,14)(L,, — (12, 14) — (13, 14)) € A.

(Note that L, is the class sum corresponding to (x, 12), and (L, — (12, 14) —
(13, 14)) is the class sum corresponding to (%, 14).) Then xc is equal to z
modulo lower layers of our filtration. |

From now on until the end of Chapter 2 we assume that F = C.

The following key multiplicity-freeness result is well known — it is a special
case of the branching rule, which describes the restriction of an irreducible
CS,-module to S,_;. However, usually the branching rule is proved after
some theory has been developed and irreducible modules have been studied.
In the approach explained here the multiplicity-freeness result is proved from
scratch and then used to develop a theory.
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Theorem 2.1.2 Let V be an irreducible CS,-module. Then the restriction
resg 'V is multiplicity free.

Proof 1t follows from Proposition 2.1.1 that the centralizer of CS,_, in CS,
is commutative. So the theorem comes from Lemmas 1.0.1. ]

We now define the branching graph B whose vertices are isomorphism
classes of irreducible CS,-modules for all n > 0 (by agreement CS, = C);
we have a directed edge W — V from (an isoclass of) an irreducible CS,,-
module W to (an isoclass of) an irreducible CS,,, ;-module V if and only if W
appears as a composition factor of resg V; there are no other edges. Our main
goal is to find an explicit combinatorial description of the branching graph.
This will give us a labeling of the irreducible CS,-modules for all n. This
will also yield the branching rule. To achieve this goal we will actually do
more.

Let V be an irreducible CS,-module. Pick an §,-invariant inner product
(-,+) on V (it is unique up to a scalar). Theorem 2.1.2 implies that the
decomposition

resg, V=@ W

W—V

is canonical. Decomposing each W on restriction to S,_,, and continuing
inductively all the way to S, we get a canonical decomposition

resg, V = PV,
T

into irreducible CSj-modules, that is 1-dimensional subspaces V., where T
runs over all paths W, - W, — --- — W, =V in B. Note that

CS, -V, =W, (0<k=<n)). (2.3)

Choosing a vector v, € V;, we get a basis {v;} of V called Gelfand—Zetlin
basis (or GZ-basis). Vectors of GZ-basis are defined uniquely up to scalars.
Moreover, if ¢ : V — V' is an isomorphism of irreducible modules then ¢
moves a GZ-basis of V to a GZ-basis of V'. Note also, for example using
(2.3), that a GZ-basis is orthogonal with respect to (-, -).

Now decompose the algebra CS, according to the Wedderburn—Artin
Theorem

CS, = @End.(V), (2.4)
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where the sum is over the representatives of the isoclasses of irreducible
CS,-modules. This decomposition is canonical. Let us pick a GZ-basis in
each V. Then we also identify

Cs, = @Mdimv(c)' (2~5)

Define the GZ-subalgebra A, € CS, as the subalgebra which consists of all
elements of CS,, which are diagonal with respect to a GZ-basis in every
irreducible CS,-module. In terms of the decomposition (2.5), A, consists of
all diagonal matrices. In particular:

Lemma 2.1.3 A, is a maximal commutative subalgebra of CS,. Also, A, is
a semisimple algebra.

We give two more descriptions of the GZ-subalgebra.

Lemma 2.1.4

(i) A, is generated by the subalgebras Z,,%2,,...,2, S CS
(ii) A, is generated by the JM-elements L,,L,,...,L,.

ne

Proof (i) Let e, € 2, be the central idempotent of CS,,, which acts as identity
on V and as zero on any irreducible CS,-module V' 2V (in terms of (2.4);
ey is the identity endomorphism in the V-component and zero endomorphism
in other components). If T =W, - W, — -.- — W, =V is a path in B then

ey, ew, -y, € ZgZy... %,

acts as the projection to Vr along @,V and as zero on any irreducible
CS,-module V' 2 V. So the subalgebra generated by 2, Z,, ..., £, contains
A,. As this subalgebra is commutative and A4, is a maximal commutative
subalgebra of CS§,,, the two must coincide.

(ii) Note that L, is the sum of all transpositions in S, minus the sum of
all transpositions in S,_,, that is L, is a difference of a central element in S,
and a central element in S,_,. So by (i), the JM-elements do belong to A,,.
To prove that they generate A,, proceed by induction on n, the inductive
base being trivial. By (i), A, is generated by A,_, and Z,. In view of the
inductive assumption, it suffices to prove that A,_, and L, generate Z,. But
this follows from the obvious embedding 2, € Z,_, ; and Proposition 2.1.1,
as 2, | CA,_;. |

Now, we will try to have the GZ-subalgebra play a role of a Cartan
subalgebra in Lie Theory. As A, is semisimple we can decompose every
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irreducible CS,-module V as a direct sum of simultaneous eigenspaces for
the elements L, ..., L,. If A=(A,,...,A,) € C" and V, is the simultaneous
eigenspace for the L, ..., L, corresponding to the eigenvalues A,,..., A,
respectively, then we say that A is a weight of V and V, is the A-weight
space of V.

It follows from definitions that vectors of a GZ-basis are weight vectors.
Also, since in terms of (2.5), A, consists of all diagonal matrices, each weight
space is 1-dimensional. Thus the weight spaces are precisely the spans of the
elements of a GZ-basis. It also follows that if A is a weight of an irreducible
module V, then it is not a weight of irreducible V' 22 V. Thus, via GZ-bases,
we get a one-to-one correspondence between all possible weights (for all
symmetric groups) and all paths in B. The weight corresponding to a path T
will be denoted A, and a path corresponding to a weight A will be denoted
T,. We will also write v, for vr,.

A path T ends at a vertex V if and only if the corresponding weight A,
is a weight of V. It is clear now that in order to understand B it suffices to
describe the sets

W(n) ={A € C"| A is a weight of a CS,-module} (n>0) (2.6)
and the equivalence relation
A~ pu < Aand u are weights of the same irreducible CS,-module (2.7)

on W(n). Indeed, note that

B=||(Wn)/=~)
n>0
and for equivalence classes [A] and [u] of A € W(n—1) and u € W(n) we
have [A] — [u] if and only if A = (v,,...,v,_,) for some v ~ .

Remark 2.1.5 For the reader who is spoiled by knowing what the final
answer should be: yes, the elements of the set W(n)/ ~ will be labeled by
the partitions « of n, and the elements of the set W(n) will be labeled by
the standard a-tableaux for all such «, with two tableaux being equivalent
if and only if they have the same shape a. To be more precise, if 7 is a
standard «-tableaux, then the corresponding weight A is obtained as follows:
A; is the residue of the box in o which is occupied by i in the a-tableaux
t(1<i<n).

The following notation will be convenient: if A = (A,..., A,) € W(n),
we write V(A) for an irreducible CS,-module, which has A as its weight.
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The weight A determines V() uniquely up to isomorphism, but V(A) = V(w)
if and only if A &~ u Now, (2.3) can now be restated as follows:

CS,-v,=V(A.....N)  (0<k<n). (2.8)

2.2 Description of weights

We write s; := (i, i+1) € S,,, | <i < n, for basic transpositions. Note important
relations

sLi=Liysi—1,  sLy=L;s; (j#i,i+1). (2.9)

The second relation immediately implies:

Lemma 2.2.1 Let A= (Ay,...,A,) € W(n), and 1 <k < n. Then s,v, is a
linear combination of vectors v, such that v, = A; for i # k, k+ 1.

If the role of Cartan subalgebra is played by A,, then the role of si,-
subalgebras will be played by B, := (L;, L,,,, s;). In view of (2.9), every B,
is a quotient of the rank one degenerate affine Hecke algebra (of which we
will see much more later in this book):

F={s,x,y|xy=yx,s* =1,sx = ys— ).
We now construct some F,-modules. Fix a pair of numbers a, b € C. If
b=a+1,let L(a, b) = Cv with the action of the generators
Xv =av, yv=bv, sv=n.
Clearly, the relations are satisfied, so we have a well-defined action of J¢,.
Similarly, if b =a— 1, we have L(a, b) = Cv with
Xv=av, yv=bv, sv=—u.

Finally, assume that a # b+ 1. Let L(a, b) be 2-dimensional with the action
of the generators x, y, s, given, respectively, by the matrices

a -1 b 1 0 1
RN N

Note that, if @ = b, then x and y do not act on L(a, b) semisimply, while,
if a # b, b+x 1, then we can simultaneously diagonalize x and y, so that the
matrices of x, y, s are

(a o>, (b o>’ ((b—a)' 1—(b—ci)2>. 211)
0 b 0 a 1 (a—b)7!
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To achieve this, change basis from {v,, v,} to {v,, v, — (b—a)~'v,}. If instead
we change to

v, 1= =a))" (v, = (b—a) v}, (2.12)

the matrix of s becomes orthogonal:

(b—a)™! J1=(b—a)? @.13)
J1I—(b—a)2 (a—b)! ' ’

Proposition 2.2.2

(i) Every irreducible J,-module is isomorphic to some L(a, b).
(ii) If a £ b=x1, then L(a, b) = L(b, a), and there are no other isomorphic
pairs among {L(a,b) | a,b e C}.

Proof (i) Let V be an irreducible F,-module. There exists v € V which is a
simultaneous eigenvector for x and y. So xv = av, yv = bv for some a, b € C.
If sv is proportional to v, then V = Cv, and we must have sv = Fv, as s2=1.
This immediately leads to b =a =1 and V = L(a, b). If sv is not proportional
to v, then {v, sv} must be a basis of V, which leads to the formulas (2.10),
but these formulas determine an irreducible module only if a # b+ 1.

(ii) That no other pairs are isomorphic is clear, because if L(a,b) and
L(c, d) are isomorphic, then their restrictions to {x, y) are isomorphic. Finally,
if a# b,b+1, it is easy to write down an explicit isomorphism between
L(a, b) and L(b, a) using the formulas (2.11). U

Corollary 2.2.3 Let A € W(n), V=V(A), 1 <i<n, and
m=SA=A, . A LA AL A, oo A,
Then:

() A # A

(if) If A;yy = A1 then s;v, = v, and w is not a weight of V.

(iii) Let Ajy, # A, £ 1. Then w is a weight of V. Moreover, the vector
w = (s5; — Ay — A) "Dy is a non-zero vector of weight u, the
elements s;, L;, L;,, leave X := span(v,, w) invariant, and act in the
basis {v,, w} of X with matrices (2.11), respectively.

Proof By (2.8), CS, ., -vy,=V(A,,..., ;). Consider

M:=Homg_ (V(Ay,.... A1), V(Ao Aiyy)
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as a module over Z; ;, = (B;, 2, ), see Proposition 2.1.1. This module
is irreducible by Lemma 1.0.1. By Schur’s Lemma, Z,_; acts on M with
scalars, so M is irreducible even as a B;,-module. Note that the B,-module
M is isomorphic to the B;-submodule N:= B, -v, C V. Inflating along the
surjection J, — B;, N becomes an irreducible J¢,-module, with A; and A,_,
appearing as eigenvalues of x and y, respectively. Hence N = L(A;, A, ), see
Proposition 2.2.2. Now the result follows from the classification of irreducible
J,-modules obtained above, noting for (i) that x and y do not act semisimply
of L(a, a), so this case is impossible. O

Corollary 2.2.4 Let A=(A,...,A,) € C" If A, = A, = A £ 1 for some
i, then A & W(n).

Proof Otherwise, Corollary 2.2.3(ii) gives s;v, = £v, and s;,,v, = Fv,,
which contradicts the braid relation s;s,, | $; = 8, ;5:5;,- 0

Lemma 2.2.5 Let A € W(n). Then:

1) A =0
) (A =1, A+10{A, ..., A} # D foralll <i<n.
(iii) If A; = A; = a for some i < j then

{a—T,a+1} S{Ay -0 A )

Proof (i) is clear as L, = 0.

If (ii) fails, apply Corollary 2.2.3(iii) repeatedly to swap A; with A,_,,
then with A,_,, etc., all the way to the second position. Now, if A, =0, we
get a weight which starts with two Os, which contradicts Corollary 2.2.3(i).
Otherwise, again by Corollary 2.2.3(iii), we can move A, to the first position,
which contradicts ().

If (iii) fails, let us pick i, j with the minimal j — i for which this happens.
By Corollaries 2.2.3(i), (iii) and 2.2.4, we have

A=(..,a,ax1,...,ax1,a,...).

By the choice of j—i, there must be both a+141 and a+1—1 between
the two entries a £ 1 in A. So there is an entry equal to @ in between, which
again contradicts the minimality of j —i. |

Recall partition notation introduced in Chapter 1. Define the Young graph
Y as a directed graph with the set P of all partitions as its set of vertices;
moreover, for a, 8 € P we have 8 — « if and only if 8 = «, for some
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removable node A for «. A path in Y ending in « will be referred to as an
a-path. Thus an a-path T can be thought of as a sequence of nodes 7, ..., T,
of a such that 7, is removable for «, T,_, is removable for a; , etc. If, for all
1 <i < n, we substitute the number i for the box T;, we get an a-tableau, that
is an array of integers 1, ..., n of shape a and such that the numbers increase
from top to bottom along the columns and from left to right along the rows.
In this way we get a one-to-one correspondence between the a-paths in Y
and the a-tableaux. We will not distinguish between the two. Thus, if T is
an a-tableaux, 7; is the box occupied by i in 7. To each a-tableau T, we

associate the n-tuple

Ap = (resTy,...,resT,) € Z".

i

Example 2.2.6 If o = (4,2, 1), an example of an a-tableau is given by

2]4]5]
7

T =

|O‘\L».)>—

In this case A, = (0,1, —1, 2,3, =2,0).
Set
W'(n) :={A;| T is an a-tableau for some « € P(n)}. (2.14)

Note that the shape a of T can be recovered from the weight A,: the amount
of as among the A;s is the amount of nodes on the ath diagonal of the Young
diagram «@. So the n-tuples A, uw € W'(n) come from tableaux of the same
shape if and only if A can be obtained from w by a place permutation, in
which case we write A ~ u.

Lemma 2.2.7 The set W'(n) is precisely the set of all n-tuples A € C" which
satisfy the properties (i)—(iii) of Lemma 2.2.5. In particular, W(n) C W'(n).

Proof Easy combinatorial exercise. UJ

Ifv=(v,,...,v,) €C" and v; # v;,, =1, then a place permutation which
swaps v; and v, will be called an admissible transposition. If v = A, for a
tableau 7, then an admissible transposition amounts to swapping i and i+ 1
that do not lie on adjacent diagonals in 7. It is clear that such a swap always
transforms an a-tableaux to an a-tableaux.

Leta= (o, > a, > > a) € P(n). We define the corresponding canon-
ical a-tableau T(a) to be the a-tableau obtained by filling in the numbers
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1,2,...,n from left to right along the rows, starting from the first row and
going down.

Lemma 2.2.8 Let a € P(n). If T is an a-tableau, then there is a series of
admissible transpositions which moves T to T(a). Moreover, these transpo-
sitions s; . s;,, ..., s;, can be chosen in such a way that € = £(s; s;, ...s;,).

Proof Let A be the last node of the last row of . In T(«), A is occupied
by n. In T, A is occupied by some number i. Note also that in 7', i+ 1 and i
do not lie on adjacent diagonals. So we can apply an admissible transposition
to swap i and i+ 1, then to swap i+ 1 and i+ 2, etc. As a result, we get
a new a-tableau in which A is occupied by n. Next, forget about A, and
take care of (n—1). Continuing this way we will get a chain of admissible
transpositions which transform 7 to T(«). Finally, note that this chain yields
a reduced word. U

Lemma 2.2.9 If A € W(n) and A ~ p for some p € W(n), then A € W(n)
and A ~ .

Proof Let A =A;. By Lemma 2.2.7, u = Ag. As A ~ u, the tableaux S and
T have the same shape. In view of Corollary 2.2.3(iii), it suffices to show
that we can go from Ag to A, by a chain of admissible transpositions. But
this follows from Lemma 2.2.8. |

The following is the main result of this chapter.

Theorem 2.2.10 We have W(n) = W'(n). Moreover, Ay = Ay < the tableaux
T and S have the same shape < A; ~ Ag. In particular, the branching graph
B is isomorphic to the Young graph Y.

Proof By Lemma 2.2.7, W(n) € W’'(n). As the number of (isoclasses of)
irreducible CS,-modules equals the number of conjugacy classes of S,, which
are labeled by partitions of n, we have

IW(n)/ = | =|P(n)| =W (n)/ ~|. (2.15)

Now, let A € W'(n). In view of Lemma 2.2.9, the ~-equivalence class of A
either contains no elements of W(n) or is a subset of ~-equivalence class of
W(n). In view of (2.15), this now implies W(n) = W’'(n) and ~ is equivalent
to ~. |
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Now to every irreducible CS,-module V we can associate a partition
a € P(n). Indeed, if A € W(n) is a weight of V then A = A, for some tableaux
T, and we associate to V the shape o of T. We will write V = V. This notation
is better than V(A) for A € W(n), because we have a one-to-one correspon-
dence between the isoclasses of irreducible CS,-module and partitions of n.
The weights of V¢ are precisely {(res T, ...,resT,) | T is an a-tableau}.

Example 2.2.11 (i) If a = (n), the only a-tableau is ~ 1], So
V™ is 1-dimensional, and its only weight is (0, 1, ..., n— 1). Similarly, V"
is 1-dimensional with the only weight (0, —1, ..., —n). It is clear from this
information that V' is the trivial and V") is the sign modules over S,.

(ii) Let @« = (n— 1, 1). Then the a-tableaux are 7(i) := : 2] for
2 <i < n, and the corresponding weights are

i) :=(0,1,...,i—=2,—1,i—1,....,n=2)  (2<i<n).

Note what we have done so far. We have started from a nested family of
algebras CS, C CS, C ..., proved the multiplicity-freeness of the branching
rule from scratch, defined the branching graph B, and tried to learn enough
facts about B, so that we could identify it with some known graph. This have
lead to a classification of irreducible CS,-modules for all # and a description
of the branching rule at the same time. On the way we have obtained other
useful results about irreducible modules. We are going to follow this scheme
again and again in this book for various families of algebras, although to
realize it we will need more sophisticated tools.

2.3 Formulas of Young and Murnaghan—Nakayama

Formulas of Young describe explicitly the matrices of simple transpositions
s; with respect to a nice choice of a GZ-basis. The formulas come more or
less from (2.11) and (2.13). But we need to scale elements of a GZ-basis in
a consistent way.

In order to do this, fix o € P(n). Pick a basis vector vy, € Vg, corre-
sponding to the canonical a-tableau. Let T be an arbitrary a-tableau. Write
T =w-T(a) for w e S,. Define £(T) to be £(w). Denote by 7, the projection
to Vi along @7 V', and set

vp = T (Wor()- (2.16)
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By Lemma 2.2.3, there is a reduced decomposition w =, ...s; with all
simple transpositions being admissible. So Corollary 2.2.3(iii) implies
Wopey =Vr+ D CsUs, (2.17)
S:4(8)<€(T)
and v, #0.

Theorem 2.3.1 (Young’s seminormal form) Let a € P(n), {v;} be the
GZ-basis of V* defined in (2.16), and 1 <i < n. Then the action of the simple
transposition s; € S, is given as follows:

(i) IfresT, , =resT; %1, then s,v; = tvy.

(i) Let p:=(resT, ., —resT;)"' # £1 and set S = 5;T. Then

o [perus, if £(8) > ¢(T),
iVr = .
—pur+ (L= pvg. if £(S) < E(T).
Proof If resT, , =resT;£ 1, the result follows from Corollary 2.2.3(ii).
Otherwise s, is an admissible transposition for 7. We may assume that £(S) >
£(T). As weight spaces of V¢ are 1-dimensional, Corollary 2.2.3(iii) implies
that vy equals s;v; — pv; up to a scalar multiple, and, using (2.17), we see
that the scalar is 1. |

Corollary 2.3.2 Irreducible representations of S, are defined over Q and
are self-dual.

Theorem 2.3.3 (Young’s orthogonal form) Letr o € P(n). There exists a
GZ-basis {wy} of V* such that the action of an arbitrary simple transposition
s; € S, is given by

swy = pwy++/ 1= p*wgr
where p := (res T,,, —res T;) "' (note that when p = £1, the coefficient of W, 7
is zero, so this term should be omitted).

Proof Let {v;} be the basis of Theorem 2.3.1, and set

wr = vp/+/(vr, v7).

Let S =s5,7. We may assume that s; is an admissible transposition and
£(S) > £(T). As s, preserves (-, -), the formulas of Theorem 2.3.1(ii) imply

(vg, vg) = (1 = p*)(vy, vy), whence wg = vs/(y/(vy, v7)y/1 — p?). Now, the
result follows from (2.12) and (2.13). O
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Example 2.3.4 Let & = (n— 1, n). Using the notation of Example 2.2.11(ii)
and writing v ; for Vr(j)s 2 < j < n, the formulas of Young’s orthogonal form

become
v, if j#i,i+1,
sv;= 4 41— Evg, if =i (2.18)
1—i12v,-—%v,-+1, if j=i+1.
Let M be the natural permutation CS,-module with basis e, ..., e,. It has
the irreducible submodule N = {3, a;e; € M | 3, a; = 0}. Set
1
b= (e b b — (= De)  (2<j<n).
©ViG-1 ' '

Then {v,, v;, ..., v,} is a basis of N with respect to which the simple permu-

tations act by formulas (2.18).
Let « € P(n) and B € P(n—k). Set
VP :=Homg (VP res; V).

It is clear from the branching rule that V*/# = 0 if and only if the Young
diagram 3 is contained in the Young diagram «, in which case we denote
the complement by /8. A set of nodes of this form will be called a skew
shape. The number of nodes in /B will be denoted |a/B]. The number of
rows occupied by A/u — 1 will be denoted by L(a/B). A skew shape is
called a skew hook if it is connected and does not have two boxes on the
same diagonal (equivalently, if the residues of the nodes of the shape form a
segment of integers).

We know that V*/# is an irreducible Z,_, ,-module. On restriction to
S, C Z,_ix it becomes a (not necessarily irreducible) CS,-module. Let y*/#
be the character of this CS,-module. If 8 = & we get the character y* of
V<. The results on GZ-bases and Young’s canonical forms can be easily
generalized to skew shapes. For example, define an a/B-path to be any path
which connects 8 with a. We will not distinguish between «/B-paths and
a/B-tableaux (defined in the obvious way). Then Theorem 2.3.3 implies:

Proposition 2.3.5 (Young’s orthogonal form for skew shapes) Let o/ be
a skew shape with |a/B| =k, |B| = n— k. There exists a basis {wy | T is
an a/B-tableau} of V*/P such that the action of an arbitrary simple transpo-
sition s; € S, is given by

swr = pwr+v 1 —p2wgr
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where p := (res Ty, —resT;)~" (note that when p = %1, the coefficient of
W, is zero, so this term should be omitted). Moreover, each vector wy
is a simultaneous eigenvector for L, .. ,,...,L, € Z,_, , with eigenvalues
resTy, ..., res Ty, respectively.

The final main result of this section is:

Theorem 2.3.6 Let /3 be a skew shape with |a/B| = k. Then

(=DM if a/B is a skew hook,

B((1,2,...,k
X (( )) 0, otherwise.

The following is a very effective way to evaluate an irreducible character
on a given element.

Corollary 2.3.7 (Murnaghan-Nakayama rule) Let o/ be a skew shape
with |a/B| =k, and ¢ be an element of S, whose cycle shape corresponds to
a partition p = (p, = -+ = p, > 0) € P(k). Then

x7E(e) = S (=1,

H
where the sum is over all sequences H of partitions
B=a0)Ca(l)c---Ca(l)=«a
such that a(i)/a(i—1) is a skew hook with |a(i)/a(i—1)| = p; for all
1<i<l and L(H) =Y, L(a(i)/a(i—1)).
Proof By the branching rule for m < k we have
resg .5, VP =@, VPRV,

where the sum is over all partitions y with 8 C y C «, such that |y/B| = m.
More generally,

resspl N ye/B — @Hva(l)/a(o) X...-X Va(l)/a(l—l),

where the summation is over all H as in the statement of the corollary. Now
the result follows from Theorem 2.3.6. U

We proceed to prove Theorem 2.3.6. Fix a skew shape /8 with |a/B| = k.
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Lemma 2.3.8 Theorem 2.3.6 is true for 3 = &.

Proof 1t is easy to see that L,L5...L, is the sum of all k-cycles in S,. If
v e V¥ is a weight vector of weight A, then L,L;...L,v=A,A;...A,v, which
is zero unless « is a hook, see Theorem 2.2.10. However, if a = (k — b, 1°)
is a hook with L(@) = b, then, again by Theorem 2.2.10, we have A, ...\, =
(=1)b!(k—b—1)! and dim V* = (k;). Now the result follows from the fact
that there are (k — 1)! k-cycles in S,. O

Lemma 2.3.9 In the notation of Proposition 2.3.5, CS, -w, = VB for any T.

Proof As V*/F is irreducible over 2, ,,, we have 2, - w; = VA
However, in view of (2.9), every element of Z, , , can be written as gxz,
where g € CS;, x e (L,_y1»---»L,), 7€ Z,_;. As x and z act on w; by
multiplication with scalars, the result follows. [

Lemma 2.3.10 If /B is not connected, then x*/#((1,2,...,k)) =0.

Proof Let a/B =yUSJ, where vy and 6 are skew shapes disconnected from
each other, that is [resC —res D| > 1 for any C € y and D € 8. Let ¢ := |y]|
and d := |6|. There exists an «/f-tableau T such that 7|,..., T, € y and
T.,,..., T, € 5. By Proposition 2.3.5, the subspace of V*A  spanned by
vectors w; for all such tableaux 7, is invariant with respect to S, x S, < S,
and, as a C[S, x S,]-module, it is isomorphic to V¥ X V°. By Lemma 2.3.9 and
Frobenius reciprocity, we get a surjective homomorphism ind* (V? K V?) —
V*/B_ But, using Proposition 2.3.5, we see that the dimensions of both modules

are equal to (lé) dim V” dim V?. So V8 = ind* (V? K V?). Now the lemma

follows from the following standard general fact: if H is a subgroup of a finite
group G, g € G is not conjugate to an element of H, and V is a CG-module
induced from H, then the character of V on g is zero. O

Lemma 2.3.11 If /B has two nodes on the same diagonal, and y = (a, 1¥-%)
be an arbitrary hook with k-boxes, then V” is not a composition factor of
VB, In particular, X“/B((l, 2,..., k)) =0.

Proof The second statement follows from the first by Lemma 2.3.8. By
assumption a 2 x 2 square HH is contained in a/B. It follows from Propo-

sition 2.3.5 that V@? is an S,-submodule of V*/# (for S, embedded not
necessarily with respect to the first four letters, but such S, is conjugate to the
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canonical one anyway). By Frobenius reciprocity and Lemma 2.3.9, there
is a surjection ind*V®? — VB and the result now follows from the
branching rule. |

Lemma 2.3.12 Let o/ B be a skew hook, and y = (k— b, 1°). Then V” appears
as a composition factor of V*/P if and only if b= L(a/B), in which case its
multiplicity is one.

Proof 1t follows from Proposition 2.3.5 that translation of «a/B does not
change the corresponding S,-module. So we may assume that « and 3 are
minimal possible, as in the picture

]
B
Now, if b # L(a/B), then vy € «, so, by the branching rule, V” does not
appear as a composition factor of resg V*, hence it does not appear in VB
either.
Let b = L(a/B). Note that &/ has shape B. So it follows from Proposit-
ion 2.3.5 that V*/* and V# are isomorphic as CS,,_,-modules. So [resg s V*:

VYR VP] = 1. Then [resg . V*:VERV?]=1. It remains to note that
(VB VY] =[resg s V*: VERIVY]. O

Theorem 2.3.6 follows from Lemmas 2.3.8 and 2.3.10-2.3.12.

Remark 2.3.13 We sketch another interpretation of the graph Y referring the
reader to [KR, Lecture 4] for details. In fact, this interpretation is closer to
what we are going to do later in the book. Let g = gl (C) be the Lie algebra
of all Z x Z-matrices over C with only finitely many non-zero entries. Thus,
the matrix units {E;; | i, j € Z} form a basis of g. The Lie algebra g acts on
the Fock space &, which is the complex vector space, whose basis consists
of the formal semi-infinite wedges v; Av; Av, A--- such that iy > i > ...
and i, = —k for k > 0. To write down the action we follow the usual rules
for the action of Lie algebra on a wedge power of a module. For example,

Ey, 1"V AV_ AV GA = Ug AU AV A ==V AVGAV 5 Axe e
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In fact, more than just g acts on F. Let a, =3, ,_, E, ; be the kth diagonal.
Even though g, is not an element of g, we can still extend the action of g to
it, at least if k£ # 0. For example,

A_py Vg AU_| AV QA =V AV AV, A - =V AV AV, A -

It is convenient to label semi-infinite wedges by partitions: to a partition
a=(a; > a, >...) we associate the vector v, := v, Av; Av, A--- with
i; = a;— j. For example, v, = vy Av_; Av_,A---. Then {v, |a € P} is a
basis of &, and we have in some sense recovered the vertices of Y. For
the edges, note that E; ;, v, = vg where B is obtained from a by removing
a removable node of residue i, if it exists, and otherwise g is interpreted
as 0. Similarly, E;,, ;v, = v., where > is obtained from a by adding an
addable node of residue i, if it exists, and otherwise v.. is interpreted as 0.
Thus the action of the Chevalley generators of g on the basis vectors {v,}
recovers the edges of Y. Is it possible to explain this remarkable coincidence
of two graphs, one coming from representation theory of S, and the other
from (completely different) representation theory of gl (C)? If you want to
know the answer, keep reading this book...

We make one more observation along these lines. It is easy to see that
for i > j we have E, ;v, = evg, where B is obtained from a by removing a
skew hook of length j — i, starting at the node of residue i and ending at the
node of residue j— 1; if no such hook exists, interpret vg as 0. Moreover,
g = (—1)"/B) Tt follows that for k > 0 we have

av, = Z(—I)L(”‘/B)UB

where the sum is over all 8 such that «/B is a skew hook with |a/B| =k.
So the Murnaghan—Nakayama rule can be interpreted as follows: the value
X“(c,) of the irreducible character y* on an element c, with cycle-shape
(P15 p2s---»py) is equal to the coefficient of v, in a,a, ...a,v, Or
better yet:

X (c,) = (vgsa_pa_, ...a_,vy), (2.19)

where (-, -) is the contravariant form on & normalized so that (v, v,) = 1.
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Degenerate affine Hecke algebra

In this chapter we define the degenerate affine Hecke algebra . As a vector
space, J, is the tensor product FS, ® F[x,,...,x,] of the group algebra
FS, and the free commutative polynomial algebra F[x,,..., x,]. Moreover,
FS,®1 and 1 ® F[x,, ..., x,] are subalgebras of #, isomorphic to FS, and
F[x,,...,x,], respectively. Furthermore, there exists an algebra homomor-
phism #, — FS,, which is the “identity” on the subalgebra FS,, that is sends
w® 1 to w, see Chapter 7. However, the relations between the elements of FS,
and F[x,, ..., x,] are not quite the ones coming from the natural action of S,
on F[x,,...,x,] — they are those modulo some “garbage”, which often can
be kept under control, see for example Lemma 3.2.1. In particular, the center
of 7, is what we would like it to be: the ring of symmetric polynomials
Flx,,...,x,]5.

We introduce parabolic subalgebras of J,, the corresponding induction
and restriction functors, and prove a Mackey-type theorem, which as usual
is a result on induction followed by restriction. The only difference with
Mackey Theorem for S, is that here we have a filtration instead of a direct
sum. Some important antiautomorphisms of 7, are defined next. Infor-
mally, the automorphism o swaps the roles of the left- and the right-hand
sides. For example, if we have proved something about the action of x, on
J,-modules, we may then apply o and get a similar result about x,. The anti-
automorphism 7, however, will be used to define a dual of an J,-module.
It will turn out later (see Chapter 5) that the irreducible F,-modules are
self-dual. A non-trivial Theorem 3.7.5 establishes a nice relation between
duality and induction. Finally, we introduce certain intertwining elements
®,, for weS,, whose main property is that they commute with the vari-
ables x; according to the natural action of the symmetric group element w
(no “garbage” this time!)

24
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3.1 The algebras

Let
P, =F[x,...,x,]
be the algebra of polynomials in x, ..., x,. If e = (a,,...,@,) € Z", set
x* =t X
We record the relations
XX = XX, (3.1)

for all 1 < j < i < n (the precise form of the relations is used in the proof of
Theorem 3.2.2).
The group algebra FS, of S, over F will be denoted by G,. Thus, G, is

generated by the basic transpositions s, ..., s,_, subject to relations
st=1, (3.2)
Si8; = SiSi>  SiSip15i = Sip15iSi41s (3.3)

for all admissible i, j with |i — j| > 2. The corresponding Bruhat ordering
on S, is denoted by <. We define a left action of S, on P, by algebra
automorphisms so that

W+ X; = Xyis (34)

foreachweS,,i=1,...,n.

Now we define the main object of study: the (degenerate) affine Hecke
algebra F,. This was introduced by Drinfeld [D] and Lusztig [L]. The
associative algebra J, is given by generators x,,...,x, and §;,...,S,_;,

subject to the same relations as P, (3.1), and as G, (3.2), (3.3), together with

5,X; = X;5;, (3.5)

SixX; =Xy 85— 1, (3.6)

for all admissible i, j with j #i,i+ 1. We will call x, ..., x, polynomial
generators and sy, ...,s,_, Coxeter generators. Note that H| = P, = F|[x].

Also, by agreement, J, = F. The relation (3.6) implies

SiXi = x5+ L (3.7)
By induction, we deduce a convenient general formula
j— s .
sf =GPt 0L (8)

Xipr — X
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for f € F[x,, ..., x,]. In particular, for j > 1 we have
Six{ =x{+ls fo{ {+11 g (3.9)
Si L+l_x +fo( z]+11 ‘. (3.10)

3.2 Basis Theorem

Our first goal is to construct a “PBW-type” basis of #,. There are obvious
homomorphisms ¢ : 7, — X, and ¢ : G, — J, under which the x; or s,
map to the corresponding elements of J,. We also write x* for the image
under ¢ of the basis element x* € P,, and w for the image under ¢ of the
basis element w € S, C G,. This notation will be justified shortly, when we
show that ¢ and ¢ are both algebra monomorphisms. The following lemma
is obvious from the defining relations:

Lemma 3.2.1 Let f € P,, we S,. Then in H, we have

n

wf=(w-Hw+)_ fu, fw=w™-f)+ ) uf,

u<w u<w

Jor some f, f| € P, of degrees less than the degree of f.

It follows easily from this lemma that that J, is at least spanned by
all x*w, a € Z'},w € §,. We wish to prove that these elements are linearly
independent too:

Theorem 3.2.2 The {x*w|a € Z", weS,} form a basis for K,

Proof We give two proofs of this important result.

First proof. Consider instead the algebra 7{ given by generators X;,s;, 1 <
i <n,1<j<n, subject to the relations (3.1), (3.2), (3.5), (3.6), and (3.7).
Thus we have all the relations of J,, except for the braid relations (3.3).
Using these relations as the reduction system in Bergman’s diamond lemma
[Be, 1.2] we see that J, has a basis given by all ¥*i for all a € 77 and all
words w in the §; which do not involve subword of the form § s . Hence, the
subalgebra Tn of H, generated by the %, is isomorphic to .‘Pn. Also let G,

denote the subalgebra of .’f[n generated by the §;, so that §n is isomorphic to
the algebra on generators 5, ..., 5,_; subject to relations §J2 =1 for each j.
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Now, H, is the quotient of f[n by the two-sided ideal J generated by the
elements

a; ;= Eigj - :ngi’ b; = 5514185 — 8115541
for i, j as in (3.3). Let J be the two-sided ideal of §n generated by the same
elements a; i b; for all i, j. Then G,/ = G,, and to prove the theorem it
suffices to show that J = F’nﬂ in }an. In turn, this follows if we can show
that rx; € P,r foreach k=1,...,n, and r € {q, ;, b;}. This is an easy check.

For example,
(5418801 — Sisi+lsi)xi+2 = xi(si+lsisi+l - sisi+lsi)’

using only the relations in .’f[n.

Second proof. By verifying the defining relations of #,, we can see that

X, acts on the polynomials F[y,,...,y,] in n variables by the following
formulas:
f=s;f
x;of =yf, Sj°f= (S_j'f)+—]
Vi1~ Y;
for all admissible i, jand all f € F[y,, ..., y,] (secretly, we consider the action

of J, on the module indi{;xl s, induced from the trivial FS,-module). Now,
to see that the elements x“w are linearly independent, it suffices to show that

they act by linearly independent linear transformations on F[y,,...,y,]. But
this is clear if we consider the action on an element of the form yYy3V ... y"N
for N > 0. U

By Theorem 3.2.2, we have a right from now on to identify P, and G, with
the corresponding subalgebras of 7. Then , is a free right G,-module on
a basis {x* |« € Z"}. As another consequence, if m < n, we can consider J,
as the subalgebra of 7, generated by x, ..., x,,, S5 .-.5S,_;-

Finally, let us point out that there is the obvious variant of Theorem 3.2.2:
J, alsohas {wx*|w € S,, a €Z} asabasis. This follows using Lemma 3.2.1.

n’

3.3 The center of J(,

The following simple description of the center is very important.

Theorem 3.3.1 The center of H, consists of all symmetric polynomials in

XiyenesXpe
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Proof That the symmetric polynomials are indeed central is easily verified
using (3.9). Conversely, take a central element z =3, f,w € H, where
each f, € P,. Let w be maximal with respect to the Bruhat order such that
fu # 0. Assume w # 1. Then there exists i € {1,...,n} with wi # i. By
Lemma 3.2.1, x;z — zx; looks like f, (x; — x,,;)w plus a linear combination of
terms of the form f,u for f, € P, and u € S, with u # w in the Bruhat order.
So, in view of Theorem 3.2.2, 7 is not central, giving a contradiction.
Hence, we must have that z € P,. To see that z is actually a symmet-
ric polynomial, write z =3, .. a; jx’ixé, where the coefficients a; ; lie in

Flxs,...,x,]. Applying Lemma 3.2.1 to s,z = z5; now gives that @, ; = a;;
for each i, j, hence z is symmetric in x; and x,. Similar argument shows that
z is symmetric in x; and x;,; forall i=1,...,n—1. J

3.4 Parabolic subalgebras

Suppose that w = (u,, ..., 4,) is a composition of n. Let
S =Sy, X XSy,

denote the corresponding Young subgroup of §,. Then the subalgebra G, of
G, generated by the s; for which s; € §,, is isomorphic to

FS = 5,885,

We define the parabolic subalgebra J, of the degenerate affine Hecke
algebra J{, in a similar way: it is the subalgebra generated by P, and all s,
for which s; € S,. It follows easily from Theorem 3.2.2 that the elements

(xXwlaeZ, weSs,}
form a basis for J,. In particular,
Hy =TI, @B,

Note that the parabolic subalgebra #, , ) is precisely the subalgebra P,.
We will use the induction and restriction functors between 7, and H,.
These will be denoted simply

indz : H,-mod — H,-mod, res; : H,-mod — H,-mod, (3.11)

the former being the tensor functor 5—[,,®% 2, which is left adjoint to res.
More generally, we will consider induction and restriction between nested
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parabolic subalgebras, with obvious notation. We will also occasionally
consider the restriction functor

res, | : H,-mod — H,_,-mod. (3.12)

3.5 Mackey Theorem

Let u, v be compositions of n. Denote by D, the set of minimal length left
S,-coset representatives in §,, and by D;l the set of minimal length right
§,,-coset representatives. Then D, , := D;‘ N D, is the set of minimal length
(S, S,)-double coset representatives in S,. We recall three known properties,
see for example [DJ, Section 1],

(1) ForxeD,,, S,NxS,x~" and x~'S,xNS, are Young subgroups of §,,.
So we can define compositions wNxv and x~'uNv of n from

SﬂﬂxS,,)c_1 =S and x_lSMxﬂS,,zS'

uNxy xTunp:

(2) For xe D, ,,
isomorphism

the map w — x~'wx restricts to a length preserving

S

wNxv )

x—uny:

(3) For xe D, ,, every w € §,xS, can be written as w = uxv for unique

elements u € S M andves, ND>! . Moreover, S,N D"}, is the set
x~tuny v x~tuny

of minimal length right coset representatives of S,-i,,, in §,.

Now fix some total order < refining the Bruhat order < on D, ,. For

X € DW, set
B, = @ H,yG,, (3.13)
YEDy, . y=x
B., = @ H,yG, (3.14)
YED,, ), y=<x
B,=3B_/B... (3.15)

It follows from Lemma 3.2.1 that B_, and B_, are invariant under right
multiplication by P,. Hence, since X, = G,P,, we have defined a filtration of

vy n»

X, as an (X, X,)-bimodule. We want to describe the quotients B, explicitly.

To this end, note using the property (2) above that for each y € D, ,, there

exists an algebra isomorphism

gDy’] : }[uﬂyv d ﬂv"uﬂv



30 Degenerate affine Hecke algebra

with @ 1 (w) =y 'wy and ¢, (x;) =x -, forwe S, ,. | <i<n IfNisa
left # -1 ,n,-module, then by twisting the action with the isomorphism ¢,

y~luny
we get a left J, u -module, which will be denoted " N.

Nyv
Lemma 3.5.1 Let us view H,, as an (¥, H,,,)-bimodule and I, as an
(H 1 s F,)-bimodule in the natural ways. Then *J(, is an (H,q,,, I,)-
bimodule, and

Nxv»

B, =H,Q®y, K,

unxw

is an (¥, J,)-bimodule.

Proof We define a bilinear map #, x* H, - B, = B_,/B_, by
(h, /')~ hxh' + B_,.

The map is checked to be ¢,

unw-balanced, so it yields an (F(,, 7(,)-bimodule
map

K, O, “H,— B,.
To prove that @ is bijective, note by the Property (3) above that

{xu®vlacZ,, ueS,, ves,ND} .}

x*'/u’w

is a basis of the induced module j{u ®}[WV YH L as a vector space, and the
image of these elements under @ is a basis of B,. U

Now we can prove the Mackey Theorem.

Theorem 3.5.2 (“Mackey Theorem”) Let M be an IJ(,-module. Then
resZindﬁM admits a filtration with subquotients isomorphic to

indﬁm_v M),

X v
(res’_, '

one for each x € D, . Moreover, the subquotients can be taken in any order

v

wnwM appears as a

refining the Bruhat order on D, ,, in particular indzmyres

TR%
submodule.

Proof This follows from Lemma 3.5.1 and the isomorphism

(‘7{/.4. ®7{

Ny

. T %,
TH,) @5 M = mdﬂzmx(res%_le),

which is easy to check. Ul
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3.6 Some (anti) automorphisms

A check of relations shows that J(, possesses an automorphism o and an
antiautomorphism 7 defined on the generators as follows:

T8> =S, X X, (3.16)

i
TIS; S, XX, (3.17)

foralli=1,...,n—1,j=1,...,n.

If M is a finite dimensional J,-module, we can use 7 to make the dual
space M* into an J,-module denoted M”. Note 7 leaves invariant every
parabolic subalgebra of J(,, so also induces a duality on finite dimensional
H,-modules for each composition u of n.

Instead, given any J(,-module M, we can twist the action with o to get a
new module denoted M“. Moreover, for any composition v = (v,, ..., »,) of
n we denote by v* the composition with the same non-zero parts but taken
in the opposite order. For example (3,2, 1)* = (1,2, 3). Then o induces an
isomorphism of parabolic subalgebras . — K. So if M is an J,-module,
we can inflate through o to get an J(,.-module denoted M7. If M = M| X
-+l M, is an outer tensor product module over #, = #, ® ---® H, then
M7 =M7- .- KM/, These observations imply:

Lemma 3.6.1 Let M € H,,-mod and N € H,-mod. Then
(ind),*"MBKIN)? = ind, "N K M".

n

3.7 Duality

Throughout this section, u is a composition of n and v = u*. Let d be
the longest element of D, ,. Note that uNdv = u and d'unv=vw, so
$,dS,=S§,d=dS,. There is an isomorphism

o=@ H,—~> H, (3.18)
see Section 3.5, and for an J{,-module M, M denotes the ]—[M—module

obtained by pulling back the action through ¢. We begin by considering the
situation for G,.

Lemma 3.7.1 Define a linear map ' : G, — ¢G, by
d'w ifweds,

0'(w) =
@) 0 otherwise,
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for each w € S,. Then:

(i) 0" is @ homomorphism of (G, G,)-bimodules;
(ii) ker @ contains no non-zero left ideals of G,;
(iii) the map

f': G, — Homg (,, G,  hr> ho

is an isomorphism of (G,, G,)-bimodules.

Proof (i) Follows easily using S,d = dS,.

(ii) It is enough to show that 6'(G,r) # O for any ¢ € G,. By multiply-
ing ¢t with an appropriate group element on the left, we may assume that
t=73\ep, Yh, witheach h € G, and h, # 0. Now 6'(1) = h, # 0, as required.

(iii)' We remind that 16’ : G, — G, denotes the map with (h6')(r) =
0'(th). Given (i), it is straightforward to check that f” is a homomorphism of
(G,, G,)-bimodules. To see that it is an isomorphism, it suffices by dimension
to show that it is injective. Suppose ¢ lies in the kernel, then (f'(¢))(h) =
0'(ht) =0 for all h € G,. Hence ¢ = 0 by (ii). O

Now we extend this result to .

Lemma 3.7.2 Define a linear map 6 : J, — *J, by

o(f)d'w ifwedsS,

0 otherwise,

0(fw) =

foreach feP,,weS,. Then:

(i) 0 is a homomorphism of (3, (,)-bimodules;
(ii) the map

f: 3, — Homy,, (K,

o

190),  hr> ho

is an isomorphism of (K,

n o

H,)-bimodules.

Proof (i) According to a special case of Lemma 3.5.1, the top factor B, in
the bimodule filtration of #, defined in (3.15) is isomorphic to ¢#, as an
(¥, 7t,)-bimodule. The map 6 is simply the composite of this isomorphism
with the quotient map F, — B,,.

(ii) Recall that {w|w € D'} forms a basis for 7, as a free left 7, -module,
and ?#, is isomorphic to . as a left J,-module. It follows that the maps
{r,|w e D, '} form a basis for Homy (¥, “7(,) as a free right J,-module,
where i, : F, — “F, is the unique left F ,~module homomorphism with
¢, (u) =9,,.1forallue D"
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Given (i), it is straightforward to check that f is a homomorphism of
(H,, F,)-bimodules. So, to prove that f is an isomorphism, it suffices to
find a basis of , as a free right ,-module, which is mapped by f to the
basis {1, |w € D'} of Homy, (¥, H).

The analogous maps ¢, € Homg (G,.“G,) defined by ¢, (u) =§6,,,.1 for
ue D;‘ form a basis for Homg (G,,SG,) as a free right G,-module. So, in
view of Lemma 3.7.1(iii), we can find a basis {a, |w € D;'} for G, viewed

as a right G,-module such that f'(a,) =, for each w € D, ", that is

0 ) 1 ifu=w,
ua,) =
0 otherwise

for every u € D;l. But 7, = G,,. so the elements {a, |w € D,'} also form
a basis for J(, as a right #,-module, and f(a,) = ¢, since 6 =6 on G,.
O

Corollary 3.7.3 There is a natural isomorphism

Homy,, (K,

o

M)=H,Q, M

of J(,-modules, for every left J(,-module M.

Proof Let f: J, — Homy, (#,,97,) be the bimodule isomorphism con-
structed in Lemma 3.7.2. Then there are natural isomorphisms

H, @ M5 Homy, (7, "7,) ® M

= Hom}[”(.’]{, 47, ®g, M) = Homy, (¥, M),

19

the second isomorphism depending on the fact that J¢, is a free left
Jt,-module, see for example [AF, 20.10]. O

Corollary 3.7.4 There is a natural isomorphism
ind)(M") = (ind;("lM))T
for every finite dimensional J{,-module M.

Proof The functor 7oindj, o 7: J,-mod — F,-mod is right adjoint to res},.
Hence it is isomorphic to Hom% (#,,?) by uniqueness of adjoint functors.
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Now combine this natural isomorphism with Corollary 3.7.3 (with w and v
swapped and d replaced by d'). Ul

We finally record an important special case:

Theorem 3.7.5 For M € #,-mod and N € F,-mod, we have
(ind)*"MKIN)" = ind)"}"(N"RM").
3.8 Intertwining elements

We will need certain elements of #, which go back Cherednik. Given 1 <
i < n, define

D, = s5,(x; —x; )+ 1. (3.19)

A straightforward calculation gives:
D7 = (x;— xipy — D) (0 —x;,— 1), 1<i<n, (3.20)
Dx; =x Dy, Pyxyy = x,P;, Pix; = x;,, JFLi+1l,  (321)
QP =P, ©P,, P, =D, DD, li—j| > 1. (3.22)

Property (3.22) means that for every w € S, we obtain a well-defined element
d, € H,, namely,

w

D, =D, ... D,

where w =5, ...s; is any reduced expression for w. According to (3.21),

these elements have the property that
®,x; = x,,P,, (3.23)

for all we S, and 1 <i < n. We note that only the properties (3.20) and
(3.21) will be essential in what follows.



4

First results on 7 -modules

The polynomial subalgebra P, of 7, is a maximal commutative subalgebra,
and so we may try to “do Lie Theory” using P, as an analogue of Cartan
subalgebra. The main difference however is that 2, is not semisimple, so we
have to consider generalized eigenspaces, rather than usual eigenspaces. We
define the formal character of an J{,-module M as the generating function
for the dimensions of simultaneous generalized eigenspaces of the elements
Xy, ...,x, on M. In Chapter 5 we will prove that the formal characters of
irreducible J,-modules are linearly independent (as any reasonable formal
characters should be). The “Shuffle Lemma”, which is a special case of the
Mackey Theorem, gives a transparent description of what induction “does”
to the formal characters.

Our knowledge of the center of 7, allows us to develop an easy theory of
blocks. The central characters of #, (and so the blocks too) are labeled by
the S,-orbits on the n-tuples of scalars.

Next we study the properties of what can be considered as one of the main
technical tools of the theory: the so-called Kato module (cf. [Kt]). Miracu-
lously, if we take the 1-dimensional module over the polynomial algebra P,
on which every x; acts with the same scalar, and then induce it to J¢,,, we get
an irreducible module. This is not hard to prove once you believe it is true. As
a module over symmetric group, any Kato module is just the regular module,
and thus we deal with a remarkable extension of the regular FS,-module to
X, which is irreducible. The simple definition of Kato modules as induced
modules allows us to investigate them in great detail. We conclude the chap-
ter with a study of some “finite dimensional approximations” of projective
covers of Kato modules.
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4.1 Formal characters

Let a € F. Denote by L(a) the 1-dimensional 2,-module with x,v = av for
veL(a). As P, =P, ®---®P,, we obtain the irreducible P,-modules by
taking outer tensor products L(a,)X---X L(a,), for a,,...,a, € F.

Now take any M € P,-mod. For any a = (ay,...,a,) € F", let M, be
the largest submodule of M, all of whose composition factors are isomor-
phic to L(a;)X---X L(a,). Alternatively, M, is the simultaneous general-
ized eigenspace for the commuting operators x,, ..., x, corresponding to the

eigenvalues a,, ..., a,, respectively. Hence:
Lemma 4.1.1 For any M € P,-mod, we have M = @M, as a P,-module.

Note, for M € P,-mod, knowledge of the dimensions of the spaces M, for
all a is equivalent to knowing the coefficients r, when the class [M] of M in
the Grothendieck group K(%,-mod) is expanded as

(M= 3" r,[L(a) XK L(a,)]

aceFn

in terms of the basis {[L(a,)X---®L(a,)]|a € F"}.
Now let M € #,-mod. Recall that 7, , = P,. We define the formal
character of M by:

ch M :=[res] M]e K(P,-mod). 4.1)

Since the functor res| |, is exact, ch induces a homomorphism

ch : K(H,-mod) — K(P,-mod)

at the level of Grothendieck groups. We will later see that this map is actually
injective (Theorem 5.3.1). We will also occasionally consider characters of
modules over parabolic subalgebras #,. The definitions are modified in this
case in obvious ways.

Lemma 4.1.2 Let a = (a,,...,a,) € F". Then

Chind’ll,.“,lL(al) X... ‘ZL(an) = Z [L(awfll) .- IXL(aw*In)]

weS,

Proof This follows from the Mackey Theorem with . = v = (1"). O



4.2 Central characters 37

Lemma 4.1.3 (“Shuffle Lemma”) Let n =m+k, and let M € J,,-mod,
K € H,-mod. Assume

chM = ) r[L(a)K---KL(a,)],

acFm
chK = ) s[L(b)X---KL(b))].

beF*

Then
chind), MXK =" %" r,s,(Q L(c)X---KL(c,)),

acF™ peFk o c
where the last sum is over all ¢ = (c|,...,c,) € F" which are obtained
by shuffling a and b, that is there exist 1 <u, < --- <u,, <n such that
(Cups-vncy)=(ay,...,a,),and (¢, ..., Cps s €y sevns ) =(by, ..., by).
Proof Apply the Mackey Theorem with uw = (1") and v = (m, k). Ul

4.2 Central characters

Recall by Theorem 3.3.1 that every element z of the center Z(¥,) of H,
can be written as a symmetric polynomial f(x,,...,x,). Given g € F", we
associate the central character

Xo:Z(H,) = F, f(x,....,x,)~ fla,...,a,). 4.2)

Consider the action of S, on F" by place permutation. We write a ~ b if a
and b lie in the same orbit with respect to this action. The following lemma
is immediate.

Lemma 4.2.1 For a,b € F", x, = x,, if and only if a ~ b.

Thus the central characters of J, are actually labeled by the set F"/~ of
S,-orbits on F". If vy is such an orbit we set

Xy = Xa

for any a € y.

Now let M be a finite dimensional #,-module and y € F"/~. We let M[y]
denote the generalized eigenspace of M over Z(J{,) that corresponds to the
central character Xy» that is

Mlyl={veM|(z —X,/(z))kv =0 for all z € Z(¥,) and k > 0}.
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Observe this is an F,-submodule of M. Now, for any a € F" with g € v,
Z(7,) acts on L(a;)X---KL(a,) via the central character y,. So applying
Lemma 4.2.1, we see that

Mlyl=PM,,

aey

recalling the decomposition of M as a P,-module from Lemma 4.1.1.
Therefore:

Lemma 4.2.2 Any M € H,-mod decomposes as
M= @ Myl

yeFN [~

as an J,-module.

Thus the {x, |y € F"/~} exhaust the possible central characters that can
arise in a finite dimensional J(,-module, while Lemma 4.1.2 shows that every
such central character does arise in some finite dimensional J,-module.

If ye F"/ ~, let us denote by H,-mod[y] for the full subcategory of
H,-mod, consisting of all modules M with M[y] = M. Then Lemma 4.2.2
implies that there is an equivalence of categories

H,-mod = P H,-mod[y]. 4.3)

yeFn |~

We say that J,-mod[7y] is the block of H,-mod corresponding to y (or to
the central character x,). If M € J(,-mod[y], we say that M belongs to the
block corresponding to y. If M # 0 is indecomposable then M € F,-mod[y]
for a unique y € F"/~.

4.3 Kato’s Theorem
Let a € F. Introduce the Kato module
L(a"):=ind]  L(a)X---KL(a). (4.4)
By Lemma 4.1.2, we know immediately that
chL(a")=n![L(a)X---KL(a)].

In particular, for each k =1, ..., n, the only eigenvalue of the element x, on
L(a") is a.
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Lemma 4.3.1 Let a € F. Set L =L(a)X---K L(a), so L(a") = H,®, L.
The common a-eigenspace of the operators x,, ..., x,_, on L(a") is precisely
1® L. Moreover, all Jordan blocks of x, on L(a") are of size n.

Proof Note L(a") = D,,.s w® L, since by Theorem 3.2.2 we know that 7,
is a free right ,-module on basis {w|w € S,}.

We first claim that the eigenspace of x; is a sum of the subspaces of the
form y® L, where y € S! | = (s,,...,5,_;). Well, any w can be written as
"1 and 0 < j < n. Note that (x;;; —a)v =0 for any

v € L. Now the defining relations of J(, imply

Y8;$,...s; for some y € §

(X1 —a)ys;s,...5;,@v=—ys;...5;_; @v+ (%),
where (*) stands for terms which belong to subspaces of the form
Vs .5 ®L
fory' €S, _, and 0 <k < j—1. Now assume that a linear combination
TI= )Y € Y88 ... 5@V
yes._, 0<j<n

is an eigenvector for x;. Choose the maximal j for which the coefficient ¢, ;
is non-zero. Then the calculation above shows that (x; —a)z # 0 unless j = 0.
This proves our claim.

Now apply the same argument to see that the common eigenspace of x,;
and x, is spanned by y® L for y € (s5, ..., s,_,), and so on, yielding the first
claim of the lemma. Finally, define

V(m):={ze€ L(a") | (x;,—a)"z=0}.

It follows by induction from the calculation above that

’
n—1°

V(m) = span{ys;s,...s;®L|y€S Jj<m},

giving the second claim. Ul

Now we prove the main theorem on the structure of the Kato module L(a"),
compare [Kt].
Theorem 4.3.2 Let a € F and = (W, ..., 1,) be a composition of n:
(1) L(a") is irreducible, and it is the only irreducible module in its block.
(ii) All composition factors of res, L(a") are isomorphic to
L(a*)X---KL(a"),

and socres), L(a") is irreducible.
(iii) socres” | L(a") = L(a"™").
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Proof Denote L(a)X---XK L(a) by L.

(i) Let M be a non-zero J{,-submodule of L(a"). Then res{ M must
contain a P,-submodule N isomorphic to L. But the commuting operators
Xy,...,X, act on L as scalars, giving that N is contained in their common
eigenspace on L(a"). But by Lemma 4.3.1, this implies that N = 1® L. This
shows that M contains 1 ® L, but 1 ® L generates the whole of L(a") over
H,.So M = L(a"). To see that L(a") is the only irreducible in its block use
Frobenius reciprocity and the fact just proved that L(a") is irreducible.

(ii) The fact that all composition factors of res;L(a") are isomorphic
to L(a*)X---K L(a*") follows by formal characters and (i). To see that
socres, L(a") is irreducible, note that the submodule #, ® L of res%L(a”)
is isomorphic to L(a*')X---X L(a*"). This module is irreducible, and so it
is contained in the socle. Conversely, let M be an irreducible #-submodule
of L(a"). Then using Lemma 4.3.1 as in the proof of (i), we see that M must
contain 1 ® L, hence }[# QL.

(iii) By part (ii), L(a") has a unique J(,_; -submodule isomorphic to
L(a"")X L(a), namely #,_,, ® L, which contributes a copy of L(a"™")
to socres” ,L(a"). Conversely, take any irreducible J,_,-submodule M of
L(a"). The common a-eigenspace of x,, ..., x,_; on M must lic in 1 ® L by
Lemma 4.3.1. Hence, M € #,_, ; ® L, which completes the proof. |

n

4.4 Covering modules

Fix a € F and n > 1 throughout the section. We will construct for each m > 1
an J{,-module L,,(a") with irreducible head isomorphic to L(a"). Let J(a")
denote the annihilator in 7, of L(a"). Introduce the quotient algebra

R, (@") :=F,/J(a")" (4.5)

for each m > 1. Obviously J(a") contains (x, —a)™ for each k=1,...,n,
whence each algebra R, (a") is finite dimensional. Moreover, by Theo-
rem 4.3.2, L(a") is the unique irreducible R, (a")-module up to isomorphism.
Let L,,(a") denote a projective cover of L(a") in the category R,,(a")-mod
(for convenience, we also define L,(a") = R,(a") = 0). Then:

Lemma 4.4.1 For each m > 1,R, (a") = L, (a")®"
There are obvious surjections
Ri(@") « Ry(a@") « ..., (4.6)
L(a")y=L,(a") « Ly(a") « ..., (4.7)

where R, (a") and L, (a") are considered as J,-modules by inflation.
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By an argument involving lifting idempotents (see for example [La]) we
may assume that these surjections agree with the decompositions R, (a") =
L, (a")®" for different ms.

Lemma 4.4.2 Let M be an H,-module annihilated by J(a")* for some k.
Then for all m > k there is a natural isomorphism of J,-modules

Hom,, (R,,(a"), M) = M.
Moreover, there is an isomorphism of functors
: n 2) < 1; n 9\&n!
lim Homyg (%, (@), ?)=lim Homy (L,(d"). )

from the category of H,-module annihilated by some power of J(a") to the
category of vector spaces.

Proof The assumption implies that M is the inflation of an R, (a")-module.
So

Homy, (R,,(a"), M) =Homg (R, (a"), M) =M,

all isomorphisms being the natural ones. The second statement follows from
the remark preceding this lemma. UJ

Now let 1 and sgn be the trivial and the sign G,-modules, respectively, and
set

P:=indy"1, Q:=indy"sgn.

The following lemma gives another description of the modules L,,(a").
Lemma 4.4.3 We have L, (a") = P/J(a")"P = Q/J(a™)" Q.

Proof We prove the result for P, the argument for Q being similar. By
definition of L(a"), its restriction from F, to G, is the regular module. So,
using Frobenius reciprocity, we get

Hom,, (P/J(a")"P, L(a")) = Hom,, (P, L(a"))
= Homgy (1, res;{n”L(a”)) =F,

whence P/J(a")" P is an R, (a")-module with irreducible head L(a"). There-
fore P/J(a")™P is a quotient of the principal indecomposable module L,,(a").
However, let JL, (a") be the radical of L, (a"), and let

w:L,(a")— L,(a")/JL,(a") = L(a")
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be the natural projection. Recall again that on restriction to G,, L(a") is the
regular module, so it has a non-zero S,-invariant vector v. Moreover, as the
regular module splits out, there exists an S,-invariant vector w € L,,(a")
such that 7(w) = v. This vector w gives rise to the §,-homomorphism
1— L, (a"), whose image is Fw. By Frobenius reciprocity, this homomor-
phism yields an % ,-homomorphism P — L, (a") and hence an R, (a")-
homomorphism

P/g(a")"P— L, (a"),

which must be surjective by the choice of w. Ul

Let us finally consider two important special cases: n =1 and m = 1. If
n =1, we easily check that R,,(a) = L,,(a) is just the Jordan block of size

m with the eigenvalue a, that is the vector space on basis w,, ..., w,, with
X, w, = awy +w,,, interpreting w,,,; as 0. We can also describe the map
L,(a) « L, (a) from (4.7) explicitly: it is the identity on w, ..., w,, but

maps w,,,; to zero.

If m = 1, we know by Lemma 4.4.1 that R,(a") has dimension (n!). Let
X(an) be the central character of L(a"), cf. (4.2), and Z ., be the kernel of
X(a- By Theorem 3.3.1, Z . consists of all symmetric polynomials in the
x; — a without free term. By Theorem 1.0.2, #,, /7,2, has dimension n!,
and a basis which consists of the cosets of

{(xy—a)"...(x,—a)" |0<a; <iforall 1l <i<n}.

Now, in view of Theorem 3.2.2, 7,/ #,Z . has dimension (n!)* and a basis
which consists of the cosets of

{fwx;—a)"...(x,—a)" |0<a;<iforall 1 <i<n, wes,}.
As J,Z . annihilates L(a"), we must have
J(a") = }[)lz(a") (48)

by dimensions.
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Crystal operators

In this key chapter we begin to study branching rules for affine Hecke algebras.
These are results about restrictions of irreducible J,-modules to some large
natural subalgebras, such as #,_, or H,_, ® H,. The idea of “Robinson’s
a-restriction”, which comes from symmetric groups, is that when you restrict
an irreducible module from J, to J,_, the blocks which can occur are of
very limited form, and all possible blocks can be labeled by just one scalar
parameter a € F. So we can denote the corresponding block component of
the restriction resﬁ}"HM by e,M (of course e¢,M could be 0). There is a
better definition though which works for any module and shows that e, is
actually a functor from J,-modules to ,_,-modules: e, M is the generalized
a-eigenspace of x, on M (considered as an J(,_,-module on restriction).

An important result, which is a subtle generalization of the multiplicity
freeness of the branching rule for symmetric groups in characteristic 0, states
that the socle of the 7(,,_,-module e, M is irreducible when M is an irreducible
J,-module. For affine Hecke algebras this was first proved by Grojnowski
and Vazirani [GV], following earlier result [K,] for symmetric groups. Let
us write e, for the socle of e, M. Then e, is a map from {iso-classes of irre-
ducible #,-modules} to {iso-classes of irreducible F,_,-modules}U{0}. We
also define an important function &, on iso-classes of irreducible 7 ,-modules.
One of the equivalent definitions is: &,(M) = max{m > 0| e"M # O0}.
We prove that this function has many important representation theoretic
interpretations: &,(M) is the multiplicity of e,M as a composition factor
of e,M, it also is the maximal size of a Jordan block of x, on M with
eigenvalue a, and, finally, it is the dimension of the endomorphism algebra
Endy;  (e,M).

If we try to use induction instead of restriction to define the analogues
o> f~a, ¢, of e,, e,, €,, we run into a problem. The trouble is that induction
from F, to J,,, does not preserve finite dimensionality, while inducing
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M® L(a) from H, Q@ H, to K, ,, called V, below, is not “large enough”,
and is quite “defective” in many respects. For example, it is not self-dual,
while e,M is (for irreducible M). We will give “correct” definitions of f,
and ¢, in Chapter 8. Still, V, applied to an irreducible module does produce
a module with irreducible head (always non-zero, which is another difference
with e, ), and so we use it to define the map fa from {iso-classes of irreducible
H,-modules} to {iso-classes of irreducible J¢, , -modules}. It has the follow-
ing nice property: faM = N if and only if e, N = M. We use these operations
fa to get a notation for irreducible J¢,-modules. This cannot be called labeling
yet, because one irreducible can have several different notations.

5.1 Multiplicity-free socles

Let M € J,-mod and a € F. Define A ,M to be the generalized a-eigenspace
of x, on M. Equivalently

a

AM= & M, (5.1)
acF", a,=a B

recalling the decomposition from Lemma 4.1.1. Note since x,, is central in the

parabolic subalgebra J#, , | of #,, A, M is invariant under this subalgebra.

So, in fact, A, can be viewed as an exact functor

A, : H,-mod - H, , ,-mod, (5.2)

n—1,

being defined on morphisms simply as restriction. Slightly more generally,
given m > 0, define

At H,-mod — F(,_,, ,-mod (5.3)
so that A . M is the simultaneous generalized a-eigenspace of the commuting
operators x, for k=n—m+1,...,n. In view of Theorem 4.3.2(i), A .M

can also be characterized as the largest submodule of res” M all of whose

composition factors are of the form N X L(a™) for irreducible N e H,_,,-mod.
The definition of A, implies functorial isomorphisms
Hom,, (NXL(a™),A,.M)

m
n—m,m a

(5.4)
= Homy, (ind,_,, ,NXL(a™), M)

n—m,m

for N € H,_,,-mod, M € H,-mod. Also from definitions we get:

Lemma 5.1.1 Let M € 7,-mod with
chM =" r[L(a)RN---KL(a,)].

acF"
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Then we have

ch Ay M =Y r,[L(b) B K L(b,)],

summing over all be F" withb,_,, ., =---=b,=a.
Now for a € F and M € J,-mod, define
£,(M) =max{m>0|A,.M #0}. (5.5)

Lemma 5.1.1 shows that &,(M) can be worked out just from knowledge of
the character ch M: it is the length of the “longest a-tail”.

Lemma 5.1.2 Let M € H,-mod be irreducible, a € F, ¢ = ¢,(M). If NX
L(a™) is an irreducible submodule of A ;. M for some O <m < g, then € ,(N) =
e—m.

am

Proof The definitions imply immediately that £,(N) < & — m. For the reverse
inequality, the property (5.4) and the irreducibility of M imply that M is a
quotient of ind;_, N X L(a™). So applying the exact functor A

that A .M # 0 is a quotient of

weE see

a®?

A (ind!_ N L(a™)).

n—m,m

In particular, A_.(ind!_ ~NKL(a™)) #0. Now we get that £,(N) > e—m

n—m,m

applying the Shuffle Lemma and Lemma 5.1.1. |

Lemma 5.1.3 Let m >0, a€ F and N € H,-mod be irreducible with
g,(N) = 0. Set M =ind"*"NX L(a™). Then:

(i) AaM=NXL(a™),
(ii) hd M is irreducible with ,(hd M) = m;
(iii) all other composition factors L of M have €,(L) < m.

Proof (i) Clearly a copy of NX L(a™) appears in A, M. But by the Shuffle
Lemma and Lemma 5.1.1, dim(A,.M) = dim(N X L(a™)), hence A, M =
NXL(a™).

(ii) By (5.4), a copy of NX L(a™) appears in A,.Q for any non-zero
quotient Q of M, in particular for any constituent of hd M. But by (i),
N X L(a™) only appears once in A, M, hence hd M must be irreducible.

(iii) We have shown that A .M = A_.(hd M). Hence, A
other composition factor of M by exactness of A

L =0 for any
U

am

am-
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Lemma 5.1.4 Let M € H,-mod be irreducible, a € F, and € = ¢,(M). Then
A M is isomorphic to N L(a®) for some irreducible J,_ -module N with
e,(N)=0.

Proof Pick an irreducible submodule N X L(a®) of A,.M. Then ¢,(N) =0
by Lemma 5.1.2. By (5.4) and the irreducibility of M, M is a quotient of
ind!__ NXL(a®). Hence, A, M is a quotient of

n—e,e

Aind!  NXL(a®).

n—e,e

But this is isomorphic to N X L(a®) by Lemma 5.1.3(i). This shows that
A.M=NKL(a). O

Lemma 5.1.5 Let m >0, a € F and N € J(,-mod be irreducible. Set
M =ind} " (NKL(a™)).

m

Then hd M is irreducible with e,(hd M) = ¢,(N) + m, and all other compo-
sition factors L of M have ¢,(L) < g,(N)+m.

Proof Let € = ¢,(N). By Lemma 5.1.4, we have that
AN =KXL(a®)

for an irreducible K € #,_,-mod with &,(K) = 0. By (5.4) and the irreduci-
bility of N, N is a quotient of ind’__ KX L(a®). So the transitivity of

n—e,e

induction implies that ind”*”" N X L(a™) is a quotient of ind"*” KX

n,m n—e,e+m

L(a®*™). Now everything follows from Lemma 5.1.3. UJ

Theorem 5.1.6 Let M € H,-mod be irreducible and a € F. Then, for any
0<m<=<eg,(M), socA,.M is an irreducible K -module of the form

a™m n—m,m

LX L(a™), with e,(L) = &,(M) — m.

Proof Let € = ¢,(M). Suppose that LIX L(a™) is a constituent of soc A . M.
By Lemma 5.1.2, we have &,(L) = ¢ —m. So every such L contributes a
non-trivial submodule to res,~7% A,.M. But A,.M is irreducible of the
form N X L(a®) by Lemma 5.1.4, and so by Theorem 4.3.2(ii), the socle
of res; =55, ,AM is NX L(a* ™)X L(a™). Hence socA,, M must equal

LXL(a™). O

We can also apply the theorem to study res),_, M, meaning the restriction
of M to the subalgebra J,_, C ¥, see (3.12). Define the functor

e,:=res' "' oA, : H,-mod — F{, ,-mod. (5.6)
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Record the following obvious equalities:
£,(M)=max{m >0|e’M # 0}, (5.7)
res;_ M=, reM. (5.8)
Also, it is clear from (5.1) that

if chM=) c,[L(a;)X---KL(a,)] then

acF”"

ch(e,M)= 3 Cl.a  wlll@)X---KL(a, )]

aeFn-1

(5.9)

Corollary 5.1.7 For an irreducible M € J,-mod with €,(M) > 0, the socle
of e,M is irreducible, and ¢,(soce, M) =¢e,(M) — 1.

Proof Let L be an irreducible submodule of e,(M). The central element
z:=x,+---+x, of H, acts as a scalar on the whole M by Schur’s Lemma,
and similarly the central element 7’ :=x, +---+x,_, of J{,_, acts as a scalar
on L. Hence x, = z— 7' acts on L as a scalar, too. Now it follows that the
scalar must be a, and that L contributes a composition factor LX L(a) to the
socle of A, (M). It remains to apply Theorem 5.1.6. |

Corollary 5.1.8 For irreducible M € J{,-mod, the socle of res) M is
multiplicity-free.

Proof We have res! M = @, , e,M, with all but finitely many summands
zero. Now, the socle of each non-zero e, M is irreducible by Corollary 5.1.7.
Finally e,M and e,M are in different blocks for a # b, so their socles are
definitely not isomorphic. |

5.2 Operators ¢, and f,
Let M be an irreducible module in % ,-mod. Define
é,M:=soce,M, f,M:=hdind’}'MXL(a). (5.10)

Note faM is irreducible by Lemma 5.1.5, and e,M is irreducible or 0 by
Corollary 5.1.7. Also from Corollary 5.1.7 we have

&,(M)=max{m >0|e'M # 0}, (5.11)
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while a special case of Lemma 5.1.5 shows that

e,(f,M)=¢e,(M)+]1. (5.12)

Lemma 5.2.1 Let M € H,-mod be irreducible, a € F and m > 0.

(i) socA,.M=(e!M)XL(a™).

(ii) hdind! "MK L(a") = f"M.

Proof (i) If m > ¢,(M), then both parts in the equality above are zero.
Let m < ¢g,(M). By Corollary 5.1.7 and Theorem 5.1.6, (e, M)X L(a) is a
submodule of A, M. By applying this m times we deduce that (¢" M) X L(a)*"
is a submodule of res, ;1" A, .M, whence (e}f M) X L(a™) is a submodule
of A_,.M by Frobenius reciprocity and Theorem 4.3.2(i). Now the result
follows from Theorem 5.1.6.

am

(ii) By exactness of induction and Theorem 4.3.2(i), f. ™M is a quotient of
ind”*" M X L(a™). Now the result follows from the simplicity of the head,

n,m

see Lemma 5.1.5. ]

Now we refine Corollary 5.1.7.

Lemma 5.2.2 Let M € J,-mod be irreducible, a € F and m > 0. Then the
socle of €™M is isomorphic to (e"M)®™.

which comes from the action on the Kato module L(a™). Recall that F(,, is
a free (right) module over the polynomial subalgebra 2, of rank m!, and P,
is a free module over the ring of symmetric functions Z,, of rank m! (see
Theorem 1.0.2). So 7, is a free module over Z,, of rank (m!)>. It follows
that

U:= indgi"”)(

is a non-zero J{,,-module, all of whose composition factors are isomorphic to
L(a™), and the multiplicity of L(a™) in U is m!. But by Frobenius reciprocity
we have

dim Homy, (U, L(a™)) = m!,

so by Schur’s Lemma, U = L(a™)®"™.

Now, let L be an irreducible submodule of e/’M. As in the proof of
Corollary 5.1.7, Schur’s Lemma implies that any symmetric function in the
variables x, ..., x,, and any symmetric function in the variables x,, ..., x

n—m
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act on L with scalars. It follows that the symmetric functions in the vari-
ables x,_,.,...,X, also act on L with scalars (one way to see this is to
express the elementary symmetric functions in the variables x,,_,,_,..., X, in
terms of those in the variables x,, ..., x, and the variables x,, ..., x,_,,). This
means that the center Z,, of the subalgebra 7, = 1Q K,, C K,_,, ® K, acts
on L with scalars, and it is clear that the corresponding central character
is x. Hence we have a non-zero H,_,, ® Z,,-homomorphism from L X y to
M (whose image equals L). Frobenius reciprocity now yields a non-zero

homomorphism

LRU =indy 57" LE Y — M,

n—m [

whose image contains L. As LK U is a direct sum of copies of the irreducible
module LX L(a™), it follows that the #,_,, ® H,,-submodule generated by
L is isomorphic to L X L(a™). Now the result follows from Lemma 5.2.1(i).

U

Lemma 5.2.3 Let M € J(,-mod and N € J{, -mod be irreducible modules,
and a € F. Then f{,M = N if and only if e,N = M.

Proof By Lemma 5.1.5, f,M = N is equivalent to Hom,,  (ind}}'M X
L(a), N) # 0, which in turn is equivalent to
Hom,, (MXL(a),A,N)#0,

thanks to (5.4). The last property means that M X L(a) appears in the socle
of A,N, which is equivalent to M = ¢,N in view of Lemma 5.2.1(i). Ul

From Lemma 5.2.3 we immediately deduce the following:

fN if

2,N

Corollary 5.2.4 Let M, N € H,-mod be irreducible. Then f,M =
e M

and only if M = N. Similarly, providing e,(M), e,(N) > 0,
ifand only if M = N.

5.3 Independence of irreducible characters

We can now prove a very useful result (we follow the argument of
[V,, Section 5.5]):

Theorem 5.3.1 The map ch : K(#,-mod) — K(P,-mod) is injective.
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Proof We need to show that the characters of the irreducible modules in
J,-mod are linearly independent in K(Rep, P,). Proceed by induction on n,
the case n = 0 being trivial. Suppose n > 0 and there is a non-trivial Z-linear
dependence

S ¢,chL =0 (5.13)

for some irreducible modules L € #,-mod. Choose any a € F. We will show
by downward induction on k =n, ..., 1 that ¢, =0 for all L with ¢,(L) = k.
Since every irreducible L has &,(L) > 0 for at least one a € F, this is enough
to complete the proof.

Consider first the case that k = n. Then AL =0 except if L = L(a"), by
Theorem 4.3.2(i). Applying A . to the equation (5.13) and using Lemma 5.1.1,
we deduce that the coefficient of ch L(a") is zero. Thus the induction starts.
Now suppose 1 < k < n and that we have shown ¢, =0 for all L with
g,(L) > k. Apply A to the equation to deduce that

> ¢ chAL=0.
Lwithe, (L)=k
Now each such AL is isomorphic to (eL) X L(a*), according to
Lemmas 5.14 and 5.2.1(1). Moreover, for L ¥ L', L 2 ¢'L' by
Corollary 5.2.4. So now the induction hypothesis on n gives that all such
coefficients ¢, are zero, as required. O

Corollary 5.3.2 If L is an irreducible module in J(,-mod, then L = L".

Proof Since 7(x;) = x;, T leaves characters invariant. Hence it leaves irre-
ducibles invariant, since they are determined up to isomorphism by their
character according to the theorem. |

Now we can deduce the following criterion for irreducibility:

Lemma 5.3.3 Let M € J{,-mod and N € JH,-mod be irreducible modules.
Suppose:

(i) ind”""MXN =ind"""NXM;

m,n n,m

(il) MK N appears in res’””indﬁj’M X N with multiplicity one.

m,n

Then ind:Z;"M XN is irreducible.

Proof Suppose for a contradiction that K :=ind”""M X N is reducible.

m,n

Then we can find a proper irreducible submodule S, and set Q = K/S. By
Frobenius reciprocity, M XN appears in res”*" 0 with non-zero multiplicity.

n
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Hence, it cannot appear in res*"S by assumption (ii). But assumption (i),
Corollary 5.3.2, and Theorem 3.7.5 show that K = K". Hence, K also has a
quotient isomorphic to §” = S, and the Frobenius reciprocity argument implies

that M X N appears in res”*"S, giving a contradiction. Ul

m,n

5.4 Labels for irreducibles

We introduce some notation to label the isomorphism classes of irreducible
representations. Write 1 for the (trivial) irreducible module of #, = F. If
L is an irreducible module in #,-mod, we easily show using Lemma 5.2.3
repeatedly that

L=,

for at least one tuple a = (a,, a,, ..., a,) € F". So if we define

L(a)=L(ay,....a,) = f, ... fu fu 1. (5.14)

we obtain a labeling of all irreducibles by tuples in I". For example,
L(a,a,...,a) (n times) is precisely the Kato module L(a") introduced in
(4.4). Of course, the problem with this labeling is that a given irreducible
L will in general be parametrized by several different tuples a € F". But basic
properties of L(a) are easy to read off from the notation: for instance the
central character of L(a) is x,.

5.5 Alternative descriptions of €,

In this section we give three new interpretations of the functions ¢,,.

Theorem 5.5.1 Let a € F and M be an irreducible module in J(,-mod. Then:

(1) [e,M]=¢e,(M)[e,M]+> c,[N,] where the N, are irreducible modules
with €,(N,) < g,(e,M) =¢,(M)—1;

(i1)) &,(M) is the maximal size of a Jordan block of x, on M with
eigenvalue a;

(iii) The algebra Endy; (e, M) is isomorphic to the algebra of truncated
polynomials F[x]/(x*™). In particular,

dimEnd,; (e, M) = ¢,(M).
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Proof Let e =¢,(M) and N =¢ M.
(i) By Lemma 5.1.4 and Frobenius reciprocity, there is a short exact
sequence

0— R—ind,_ NXL(a®°) — M — 0.

n—e,e

Moreover, by Lemma 5.1.3(iii), ¢,(L) < & for all composition factors L
of R.Applying the exact functor A,, we obtain the exact sequence

0— A,R— A,ind,_, NXL(a’) — A,M — 0.

n—e,e

As A,N = 0, the Mackey Theorem yields
A,ind’_  NXL(a®)=ind"""! NXA,L(a®).

n—e,e n—e,e—1,1

By considering characters, we see that
[A,L(a")] = e[L(a" ) K L(a)].
Hence,

[A,ind"_  NKL(a®)]=eg[ind’""! | NRL(@* "R L(a)]. (5.15)

n—e,e n—e,e—1,1

By Lemma 5.2.1(ii), the head of
ind"”"!  NRL(a* ") XL(a)

n—e,e—1,1

is (fj‘lN) X L(a) which is the same as (e,M)X L(a), and all other compo-
sition factors of this module are of the form L X L(a) with &,(L) < e —1,
thanks to Lemma 5.1.3. Moreover, all composition factors of A R are of the
form LX L(a) with ¢,(L) < &€ — 1. So we have now shown that

[A,M] = e[e, MR L(a)]+ ) ¢,[N,KL(a)]

for irreducibles N, with ¢,(N,) < ¢,(e,M), which implies (i).

(ii) We know that A, .M = N X L(a®). So, applying the automorphism o
to Lemma 4.3.1, we deduce that the maximal size of a Jordan block of x, on
A_M is e. Hence the maximal size of a Jordan block of x, on A, M is at
least e. However, the argument given above in deriving (5.15) shows that the
module A, ind”__ N L(a®) has a filtration with & factors, each of which is

n—e,e

isomorphic to

ind/"') | \NRL(a*")XL(a).
Since (x, —a) annihilates ind"} | \NXL(a®')K L(a), it follows that

n

(x, —a)® annihilates A ind,_, ,NX L(a®). So certainly (x, —a)® annihilates
its quotient A, M. So the maximal size of a Jordan block of x,, on A M is at
most &.
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(iii) The left multiplication by the element (x, — a), which centralizes the
subalgebra #, | of J,, induces an H,_,-endomorphism

0:e,M — e, M.

By (ii), 6°7' 40 and 6° = 0. Hence, 1, 0, ..., 8°~! give ¢ linearly independent
Jt,_,-endomorphisms of e, M. They span a subalgebra of End,  (e,M)
isomorphic to the algebra of truncated polynomials F[x]/(x®). However,
e,M has irreducible head e,M, and this appears in e,M with multiplicity &

by (i). So the dimension of End,, (e, M) is at most &. O

The following result is quite surprising.

Corollary 5.5.2 Let M, N € H,-mod be irreducible modules with M % N.
Then, for every a € F, we have Homy,  (e,M,e,N)=0.

Proof Suppose there is a non-zero homomorphism 6 : e,M — e,N. Then,
since e, M has irreducible head ¢, M, we see that e, N has e, M as a composi-
tion factor. Hence, by Theorem 5.5.1(i), ¢,(e,N) > ¢,(e,M). However, ¢,N
has irreducible socle e¢,N, so e,M has e,N as a composition factor, which
gives the inequality the other way round. Thus ¢,(e,N) = ¢,(e,M). But
then, e¢,M is a composition factor of e¢,N with g,(e,M) = ¢,(e,N), hence
by Theorem 5.5.1(i) again, e,M = ¢,N. But this contradicts Corollary 5.2.4.

O
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Character calculations

In the first section of this chapter we explain how to reduce the study of
irreducible J,-modules to special blocks, namely the blocks corresponding
to the orbits S, -a such that g;s appearing in a cannot be split into two
subsets BU C with the property a; —a; # *1 for any a;, € B and any a; €
C (note a; = a; is allowed). The precise statement is Theorem 6.1.4. One
implication of this result is that we may concentrate on the so-called integral
representations of J¢,, see Chapter 7. Theorem 6.1.4 is also useful for concrete
calculations in the small rank cases, that is the cases of representations of
H, for n <4.

The explicit character information for some small rank cases obtained
in this chapter is exactly what we need in order to verify that the linear
operators e, on the Grothendieck group, induced by the exact functors with
the same name, satisfy Serre relations of an affine Kac—-Moody algebra, see
Lemma 9.2.4.

We also use this small rank character information to define and investigate
some generalizations f,,,. of the operators f, on the irreducible modules.
These will be used only in a couple of technical points in Section 8.4.

6.1 Some irreducible induced modules
Given a = (a,, ..., a,) € F", let

ind(a) =ind(a,, ..., a,) :=ind] |L(a;)X---KL(a,).

AAAAA

By Lemma 4.1.2, every irreducible constituent of ind(a) belongs to the block
corresponding to the orbit S, - a.

54
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Lemma 6.1.1 Let a € F". Then:

(i) res{ |L(a) has a submodule isomorphic to L(a,;)X---KL(a,);

(ii) ind(a) contains a copy of L(a) in its head;

(iii) every irreducible module in the block corresponding to the orbit S, - a
appears at least once as a constituent of ind(a).

Proof (i) Proceed by induction on n, the case n = 1 being clear. Let n > 1.
By Frobenius reciprocity, there is a non-zero, hence necessarily injective,
H,_, ;-module homomorphism from L(ay, ..., a, )X L(a,) tores,_, L(a).

Hence by inductive assumption we get a copy of
L(al) - IZlL(anfl) IEL(an)
inresf | L(a).
(ii) Use (i) and Frobenius reciprocity.
(iii) By (ii), L(a) appears in ind(a). But for any other b in the same
orbit, ind(b) has the same character as ind(a), hence they have the same

set of composition factors thanks to Theorem 5.3.1. Hence, L(b) appears in
ind(a). U

Lemma 6.1.2 Let a € F", b € F" be tuples such that a, — b, # 0, £1 for all
1<r<mandl<s<n. Then

ind)"L(a) X L(b) = ind))}"L(b) X L(a)

n,m

is irreducible.

Proof By the Shuffle Lemma, L(a)X L(b) appears in
res;*"ind), " L(a) X L(b)
with multiplicity 1. So, in view of Lemma 5.3.3, it suffices to show that

ind)""L(a) K L(b) = ind; )" L(b) X L(a).

m,n n,m

By the Mackey Theorem and central characters argument

res;*"ind t" L(b) X L(a)

n,m

contains L(a) X L(b) as a summand with multiplicity one, all other constituents
lying in different blocks. Hence by Frobenius reciprocity, there exists a non-
zero homomorphism

frind)""L(a) X L(b) — ind,,"L(b) K L(a).

n,m
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Every homomorphic image of ind), " L(a) ) L(b) contains an 7, ,-submodule

isomorphic to L(a) X L(b). So, by Lemma 6.1.1(i), we see that the image of
f contains a P, ,-submodule V isomorphic to

L(a)®---®L(a,)KL(b,)K---HL(b,).

Next we claim that the image of f also contains a P, ,,-submodule isomor-
phic to

L(b)R---RL(b,)RL(a,)R--- K L(a,,). (6.1)

Indeed, let V = Fv, and consider ®,,v. By (3.20) and the assumption that
a, — b, # £1, ®? acts on v by a non-zero scalar. So by (3.21), ®,V #0 is
a P, ,-submodule isomorphic to

L(a)X---RL(a,,_,)XL(b,)XL(a,)RL(b,)X---KL(b,).

Next apply ®,,_,, ..., , to move L(b,) to the first position, and continue in
this way to complete the proof of the claim.
Now, by the Shuffle Lemma, all composition factors of

res] ™" ind” " L(b) K L(a)

,,,,, n,m

isomorphic to (6.1) necessarily lie in the irreducible J¢, ,,-submodule 1®
L(b)X L(a) of the induced module. Since this generates all of ind;',"L(b) X
L(a) as an *,,,-module, this shows that f is surjective. Hence f is an

isomorphism by dimension, which completes the proof. 0

Remark 6.1.3 Keep the assumptions of the lemma. Set

Y= Sm -4,
6:=S,-b,
‘yua = Sm+n ' (QUQ)’

(v,0):=S, xS, (a, D).

Then the argument as above shows that the functor ind,!" induces an equiv-
alence of categories

}[m ® }[n_mOd[(y’ 8)] = ‘7{m+n_m0d[‘yu 8]
Theorem 6.1.4 Let a € F",b € F" be tuples such that a, — b, # +1 for all
l1<r<mandl1<s<n. Then

ind”*"L(a) X L(b) = ind” " L(b) X L(a)

m,n n,m
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is irreducible. Moreover, every other irreducible ¥, ,-module lying in the
same block as ind)""L(a) X L(b) is of the form ind),"L(a") R L(b") for

m,n

permutations a' of a and b’ of b.

Proof We prove the first statement by induction on m + n, the case m+n = 1
being trivial. For m +n > 1, we may assume by Lemma 6.1.2 that there exists
¢ € Fthatappearsinboththetuples a and b. Note then thatforeveryr=1, ..., m,
either a, = cora, —c # %1, and similarly forevery s =1, ..., n, either b, = ¢
or b, — ¢ # %£1. So by the induction hypothesis, we have that

L(a)=ind"_ L(d)XL(c") and L(b)=ind”__ L(b)XL(c")

n—r,r m—s,s

for some r,s > 1, where @', b are tuples with no entries equal to c¢. By
Lemma 6.1.2,

ind™ " L(c"YKL(B) 2 ind" L) K L(c").

r,m—s m—s,r

So using Theorem 4.3.2(i) and transitivity of induction,

ind " L(@) BL(B) = ind!™", ., L@)BLEBELE™),  (62)
and similarly

ind; " L(b) ¥ L(a) = ind]")! L(V)YRL(a)XRL(c™), (6.3)

n—r,m—=s,r+s

Now, the right-hand sides of (6.2) and (6.3) are irreducible and isomorphic
to each other by the induction hypothesis and Lemma 6.1.2. This proves the
first statement of the theorem. The second statement is an easy consequence
of the first one and Lemma 6.1.1(iii). UJ

6.2 Calculations for small rank
We will need to know the characters of certain J¢,-modules for small n.

Lemma 6.2.1 Let a,b € F with a—b = £1. We have:
(i) chL(a,b)=[L(a)XL(b)], and there is a non-split short exact sequence

0 — L(a, b) — ind(b, a) —> L(b,a) — 0.

(ii) If p =2 then
chL(a,a,b) =2[L(a)XL(a) X L(b)],
chL(a,b,a) =[L(a) KL(b)X L(a)],
chL(b,a,a) =2[L(b))X L(a)X L(a)],
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and there are non-split short exact sequences
0— L(a,a,b)— ind;’lL(a, b)X L(a) — L(a, b,a) — 0,
0— L(a, b, a) — ind;IL(b, a)X L(a) — L(b,a,a) — 0.
Proof (i) Set M =ind(b, a). An easy calculation shows that N:= (x, —a)M
is an H,-submodule of M with character [L(a) X L(b)]. Then ch M/N =
[L(b)K L(a)]. It follows that N = L(a, b) and M/N = L(b, a). To prove that
the extension is non-split apply Lemma 5.1.5.

(i) Set M :=ind3,L(a, b) ¥ L(a), and let L(a, b) = Fv and L(a) = Fw.
Then we have x;v = av, x,v = bv, s;,v = v, and x;w = aw. Moreover,

{Ievew,s, v w, 55, v w}

is a basis of M. Using this and relations in J; we easily check that N:=
(x5 —a)M is an irreducible 2-dimensional F;-submodule of M with character
2[L(a) X L(a) K L(b)]. Then M/N has character

[L(a) X L(b) K L(a)]

so must be isomorphic to L(a, b, a). Next, we obtain the character of
L(b, a,a), by twisting L(a, a,b) with o, see Section 3.6. To prove that
the short exact sequences do not split apply Lemma 5.1.5. UJ

For a, b € F with a # b set
0ifa—b+# %1,
kgp=11ifa—b==x1and p>2, (6.4)
2ifa—b==1and p=2.
Lemma 6.2.2 Let a,b € F with a— b = *£1, and set k = k,,. Then
L(a*™', b) = L(d", b, a),
and, for every r,s > 0 with r +s =k,
L(a",b,a™") =ind,*; | L(a", b, a*) ¥ L(a)
=~ ind’l‘f;(ilL(a) X L(a",b,a’)
with character
r1(s+ D![L(a)®* R L(b) R L(a)®C+V]
+ (r+ DIS![L(a)®"*Y R L(b) KR L(a)™].
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Proof The isomorphism
indiﬁ,lL(a’, b,a’)X L(a) = indlff,{ilL(a) X L(a", b, a’)

will follow from Corollary 5.3.2 and Theorem 3.7.5, once we prove that the
first induced module is irreducible.
Let
M =ind ] L(a", b)K L(a).
In view of Lemma 6.2.1 and Theorem 4.3.2, we have
res; T M = L(d", b)) X L(a) ® L(a"*") R L(b). (6.5)

So the #,, ;-submodule (x,,, —a)M is isomorphic to L(a**") R L(b). To
prove that M is irreducible, it suffices to show that this submodule is not
invariant under s, ,, which is an explicit calculation. Hence, there is an
irreducible #;_,-module M with character

(k4 D[L(a)2*“* DR L(b)] + k![L(a)** K L(b) X L(a)].
Moreover, ¢,M = L(a*, b) and e,M = L(a**!') by (6.5). So
M = L(d", b, a) = L(a"*', b),

thanks to Lemma 5.2.3.

Now consider the remaining irreducibles in the block. There are at most k
remaining, namely L(a"ba**") for r > 0, s > 1 with r +s = k. Twisting with
the automorphism ¢ and using Lemma 3.6.1 gives a new irreducible module
ind{*},L(a) X L(b, a*) with character

(k+ 1)![L(b) ¥ L(a)®** V] 4+ k![L(a) R L(b) K L(a)®].

If p> 2, it must be L(b,a,a), and we are finished. Let p = 2. Consider
M:= indg’lL(a, b,a)X L(a). By Lemma 6.2.1 and the Shuffle Lemma,

ch M = 2[L(a) K L(a) B L(b) K L(a)] +2[L(a) R L(b) K L(a) K L(a)].

Moreover the character of L must be o-invariant, as otherwise we would
produce two new modules in our block. So either chL =chM or chL =
(1/2)ch M. We claim that the former happens. Indeed,

L(a)X L(a)KL(b)X L(a) Cresy, L
implies by Frobenius reciprocity and Theorem 4.3.2 that

L(a®)XL(b)X L(a) Cres; L.
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Finally, we use Lemma 6.1.1(i) to identify the last module as L(a, b, a, a)
and the previous one as L(b, a, a, a). O

6.3 Higher crystal operators

In this section we will introduce certain generalizations of the crystal operators
;- To simplify notation, we will write simply ind in place of ind;, throughout
the section.

Lemma 6.3.1 Let a, b € F with a# b. For any r, s >0 with r +s = k,,, and
m >0,
indL(a", b,a’)KL(a™) =Zind L(a")XK L(a", b, a*)

is irreducible.

Proof We may assume that a — b = =£1, as otherwise the result is immediate
from Theorem 6.1.4. Now, we claim that

indL(a", b,a*)XL(a™) =Zind L(a")X L(a", b, a*).
Indeed, transitivity of induction and Lemma 6.2.2 give that
indL(a", b, a*)X L(a™) =ind L(a", b, a’) K L(a) X L(a™")
~ind L(a)X L(a", b, a’) X L(a™™"),

and now repeating this argument (m — 1) more times gives the claim.
Hence, by Corollary 5.3.2 and Theorem 3.7.5,

K:=ind L(a", b, a’)X L(a™)

is self-dual. Now suppose for a contradiction that K is reducible. Then we
can pick a proper irreducible submodule S of K, and set Q := K/S. Applying
Lemmas 6.2.1 and 4.1.3, we see that ch K equals

m

> <nt1) (r+0)!(s+m—0)![L(a)2"* X L(b) X L(a)XC+m0].

t=0

By Frobenius reciprocity, Q contains an J(,, . ,-submodule isomorphic to
L(a",b,a’)X L(a™).

So by Lemma 6.1.1(i), the irreducible 2, ., ,-module

V:=L(a)® R L(b) R L(a)Xt+™
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appears in Q as a submodule, hence in fact by Theorem 4.3.2(i) it must appear
with multiplicity r!(s+m)! (viewing Q as a module over J¢, ., ). It follows
that V is not a composition factor of S. But this is a contradiction, since, as
K is self-dual, S = S7 is a quotient module of K, hence it must contain V by
the argument above applied to the quotient Q = S. |

Lemma 6.3.2 Let a, b € F with a # b, and m be a non-negative integer. For
any r > 1 and s > 0 with r +s =k, and any irreducible module M € J(,-mod,

hdind M X L(a™)X L(a", b, a®)
is irreducible.
Proof By the argument in the proof of Lemma 5.1.5, it suffices to prove this

in the special case that ¢,(M) =0. Let t = m+r+ s+ 1. Recall from the
previous lemma that

N:=ind L(a")X L(a", b, a*)
is an irreducible J¢,-module. Moreover by Lemma 6.2.1,
chL(a", b, a*) = (r)(s)[L(a)® K L(b) K L(a)®].

So, since £,(M) =0 and r > 0, the Mackey Theorem and a block argument
give
res,'ind M X L(a")X L(a", b,a’) = (MXN)®U

for some J, ,-module U all of whose composition factors lie in different
blocks to those of M XIN. Now let

H:=hdind MX L(a")XR L(a", b, a*).

It follows from above that res!*'H = (MXIN) & U, where U is some quotient
module of U. Then:

Homy, (H,H) = Homy, (indMX L(a™)X L(a", b,a’), H)
= Hom,, (MXN,res, " H)
= Homy, (MXN, MRXN®U)
=Homy, (MXN,MXN)=F.

Since H is completely reducible, this implies that H is irreducible, as required.
U
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Now we can define the higher crystal operators. Let a, b € F with a # b, and
r>1,s> 0 satisfty r+s = k,,. Then the special case m =0 of Lemma 6.3.2
shows that

furpeM:=hdind MR L(d’, b, a’)

is irreducible for every irreducible M € F,-mod.

Lemma 6.3.3 Take a, b € F with a # b and set k =k,,. Let M € H,-mod be
irreducible.

(i) There exists a unique integer r with 0 < r < k such that for every m > 0
we have

sa(f:l.fbM)Zm_‘_sa(M)_r'

(ii) Assume m > k. Then a copy of f;”fbM appears in the head of
ind (f"*M)YRL(a", b, d™"),
where r is as in (1). In particular, if r > 1, then

fyth = fa"l7a"*"f~:17kM'

Proof Let & = &,(M) and write M = fN for an irreducible H,, ,-module N
with ¢,(N) = 0. It suffices to prove (i) for any fixed choice of m, the result
for all other m > 0 then following immediately by (5.12). So take m > k.
Note that " f,M = ff,f?N is a quotient of

ind NX L(a®) X L(b) K L(a)®* X L(a"™),
which by Lemma 6.2.1 has a filtration with factors isomorphic to

F. :=ind NXL(a®)XL(a",b,a* " )RL(a""), 0<r<k.

So f;” f,,M is a quotient of some such factor, and to prove (i) it remains
to show that &,(L) = e +m — r for any irreducible quotient L of F,. The
inequality &,(L) < e+ m —r is clear from the Shuffle Lemma. However, by
transitivity of induction and Lemma 6.3.1

F, =ind NX (ind L(a’, b, d*") K L(a®*t"%)).
Moreover
NK (1nd L(a", b, ak—r) X L(aa+m—k))

is irreducible by Lemma 6.3.1 again. So by Frobenius Reciprocity, it is a
submodule of res,_, ., ,L. Hence g,(L) > e+m—r.
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For (ii), note by Lemma 6.3.1 and transitivity of induction that we also
have

F =ind NXL(a"*"*)X L(a", b,a"™").

Now, by the Shuffle Lemma and Lemma 5.1.5, the only irreducible factors
K of F, with ¢,(K) = € +m — r come from its quotient

indfa’”_k“N X L(a", b, ak_’) = indf(:”_kM X L(a", b, ak_’).

Finally, in case r > 1, the head of the last module is precisely

fa’,b,ak—’fg:nikM’
see Lemma 6.3.2. O
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Integral representations and cyclotomic
Hecke algebras

Starting from this chapter, we will consider only integral representations of
X,. By this we mean those representations for which the eigenvalues of
Xy, ..., X, are all “integral”, that is belong to I =Z-1 C F. In the beginning
of the first section we explain why we can restrict ourselves to the category
Rep, 7, of integral representations essentially without loss of generality. This
category is very natural from another point of view. The affine algebra J, has
a natural family of finite dimensional quotient algebras, which are degenerate
analogues of cyclotomic Hecke algebras of [Ch, AK, BM]. So any module
over such cyclotomic quotient can be inflated to an J(,-module. Now it turns
out that the category Rep, H, consists precisely of all such inflations from
all cyclotomic quotients. As we now work in Rep, K, the es, &s, fs, etc.
will be labeled not by arbitrary a € F but only by i € I. So from now on we
will only have e;s, g;s, fis, etc. fori e l.

Note that the set I can be identified with the labeling set for simple roots of
the Kac—Moody algebra g of type A](,l_) if p>0and A if p=0. Moreover
the notation e; might suggest that we want to think about these functors
as the Chevalley generators of the positive part of g. At this stage, all the Lie
theoretic notation we are going to bring in will seem completely artificial.
For example, we will label the cyclotomic quotients by the dominant weights
for g, and in Chapter 8 we will introduce a “Lie theoretic” notation for
blocks! However it will gradually become clear that relations Lie Theory are
not superficial at all.

Two main theorems of the chapter are Basis Theorem and Mackey Theorem
for cyclotomic Hecke algebras. We also show that cyclotomic Hecke algebras
are Frobenius. Finally, we draw the reader’s attention to the small Section 7.4,
where the irreducible J(,-modules factoring through to the cyclotomic
quotient K are characterized in terms of the functions &}, which are the
“left-hand versions” of the ¢,.

64
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7.1 Integral representations

Recall the set I from (1.1). Let N be an irreducible F,-module, whose
character we would like to understand. If N belongs to the block corresponding
to the orbit S, -a of S, on F”, then, in view of Theorem 6.1.4, we may assume
that a, —a, € I for all 1 <r, s < n. Indeed, otherwise M can be decomposed
as ind, M XK for some irreducible 7, -module M and some irreducible
H,-module K, where n = m + k, and we are reduced to smaller ranks. Also,
we may assume that a; € I, because this can be achieved by twisting the

action of J(, with the algebra automorphism
H,—>H,, x;—>x;+b, s;>s,

which just shifts the formal character by a constant b € F. Thus, it is suffi-
cient to understand the irreducible J{,-modules, which are integral in the
following sense.

Definition 7.1.1 A P,-module M is called integral if it is finite dimensional
and all eigenvalues of x,, ..., x, on M belong to /. An J,-module, or more
generally an J#{,-module for u a composition of n, is called integral if it is
integral on restriction to P,. We write Rep, #, (resp. Rep; P,, Rep,; 7, for

the full subcategory of J{,-mod (resp. ,-mod, F,-mod) consisting of all
integral modules.

Lemma 7.1.2 Let M be a finite dimensional J,-module and fix j with
1 < j < n. Assume that all eigenvalues of x; on M belong to 1. Then M is
integral.

Proof 1t suffices to show that the eigenvalues of x, belong to / if and only
if the eigenvalues of x,,, belong to I, for an arbitrary k with 1 <k < n.
Actually, by an argument involving conjugation with the automorphism o, it
suffices just to prove the “if ” part. So assume that all eigenvalues of x;,, on
M belong to I. Let a be an eigenvalue for the action of x, on M. Since x;
and x;,, commute, we can pick v lying in the a-eigenspace of x; so that v
is also an eigenvector for x;_,, of eigenvalue b say. By assumption we have
b e 1. Now let &, be the intertwining element (3.19). By (3.21), we have
X1 P = Dy So if Dpv #£0, we get that

a®v=®, x50 =x, D,

whence a is an eigenvalue of x, ., and so a € I by assumption. Else, ®,v =0
so ®2v = 0. So applying (3.20), we again get that a € . Ul
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Lemma 7.1.3 Let u be a composition of n and M be an integral J,,-module.
Then ind:’LM is an integral H,-module.

Proof By Theorem 3.2.2, ind:’LM is spanned by elements w ® m for w € S,
and m € M, in particular it is finite dimensional. Let

Y, =[[(x;—i), 1<j<n

iel

(If 1 is infinite, take a product [T%,(x ;— 1) for sufficiently large K instead).
By Lemma 7.1.2, it suffices to show that ¥}" annihilates ind} M for sufficiently
large N. Consider YYw® m for w € S,,,
foruesS, ,=S, , and 0 <k < n. Then Y} commutes with u, so we just
need to consider ¥'s, ...s, ® m. Now using the commutation relations, we
check that Y¥s,...s, ® m can be rewritten as an J,-linear combination of
elements of the form 1 ® YjN’m forl<j<nand N—k <N'<N. Since M is
integral by assumption, we can choose N sufficiently large so that each such
term is zero. U

m € M. We may write w = us, ...s,

It follows that the functors ind;’L, resz restrict to well-defined functors
indj, : Rep, 7, — Rep, 7, res;, : Rep; #, — Rep,; H, (7.1)

on integral representations. Similar remarks apply to more general induction
and restriction between nested parabolic subalgebras of 7, .

7.2 Some Lie theoretic notation

We introduce some standard Lie theoretic notation, which at first will be used
just as a book-keeping device, but later it will turn out to be deeply connected
with the theory we are considering.

Assume first that p > 0. In this case we set £ = p — 1 and denote by g the
affine Kac—Moody algebra of type Ail) over C, see [Kc, Ch. 4, Table Aff 1].
In particular, we label the Dynkin diagram by the index set I = {0, 1,..., ¢}
as follows:

Q_./O\._O if ¢>2, and o==o  ifl=1.
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The weight lattice is denoted P, the simple roots are {¢;|i € I} C P and
the corresponding simple coroots are {h;|i € I} C P*. The Cartan matrix

(Chs, aj>)osi,.fsl is

2 -1 0 -+ 0 0 -1
-1 2 -1 0o 0 O
0o -1 2 0o 0 O
if £>2,
0o 0 O 2 -1 0
0o 0 O -1 2 -1
-1 0 O 0o -1 2

and

2 -2
it e=1.

Let {A;|i € I} C P denote fundamental dominant weights, so that (h;, A ;) =

8, ;> and let P, C P denote the set of all dominant integral weights. Set
¢ ¢
c=)Y_h, =)« (7.2)
i=0 i=0

Then the A,,...,A,,6 form a Z-basis for P, and (¢, ;) = (h;,0) =0
foralliel.

In the case p =0, we make the following changes to these definitions.
First, we let £ = oo, and g denotes the Kac—Moody algebra of type A, see
[Kc, Section 7.11]. So I = Z, corresponding to the nodes of the Dynkin diagram

Note certain notions, for example the element ¢ from (7.2), only make
sense if we pass to the completed algebra a.., see [Kc, Section 7.12], though
the intended meaning whenever we make use of them should be obvious
regardless.

Now, for either £ < oo or £ = oo, we let Uy denote the Q-subalgebra of
the universal enveloping algebra of g generated by the Chevalley generators
e;, fi» h; (i € I). Recall these are subject only to the relations

(A, h_/] =0, [eis f;] = 5[,_/hi’ (7.3)
(7, ej] = (h;, aj>ej’ (A, f;] =—(h,, aj)f_j’ (7.4)
(ade)' e, =0, (adf)' " f, =0 (75)
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for all i, j, k € I with i # k. We let Uy denote the Z-form of Uy generated by
the divided powers

e =e'/n! and £ = fr/nl.
Then U, has the usual triangular decomposition
U, =U, UyU;.
We are particularly concerned here with the plus part U, generated by all

ef"). It is a graded Hopf algebra over Z via the principal grading where
deg(e™)=nforalliel n>0.

7.3 Degenerate cyclotomic Hecke algebras

For A € P, we set
f)\ = l_[('xl - i)<hh)\> € ‘7{)1' (76)
iel
(Note the product is finite even if £ = o0). Let J, denote the two-sided ideal

of , generated by f,, and define the (degenerate) cyclotomic Hecke algebra
to be the quotient

H=7H,/7,.

Also, by agreement, H; = F. The algebra H* defined for A € P, should not
be confused with the parabolic subalgebra J,, C ¥, defined earlier for u a
composition of n.

The following result explains the relation between integral modules and
cyclotomic Hecke algebras. It shows that an J(,-module is integral if and only
if it is an inflation of a finite dimensional *-module for some “sufficiently
large” A.

Lemma 7.3.1 Let M be a finite dimensional F,-module. Then M is integral
if and only if ;M =0 for some A € P,.

Proof 1If 7, M = 0, then the eigenvalues of x, on M are all in /, by definition
of J,. Hence M is integral in view of Lemma 7.1.2. Conversely, suppose
that M is integral. Then the minimal polynomial of x, on M is of the form
[T, (t —i)* for some A; > 0. So if we set

A=AAg+MA 4+ MA, €P,,

we certainly have that 7, M = 0. U
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Lemma 7.3.1 allows us to introduce the functors
pr* : Rep, #, — F{*-mod, infl" : #*-mod — Rep, %, (7.7)

Here, infl* is simply inflation along the canonical epimorphism H,— H},
while on a module M, pr*M = M/J, M with the induced action of F*. The
functor infl* is right adjoint to pr?, that is there is a functorial
isomorphism

Homy,) (pr*M, N) = Hom,, (M, infl'N). (7.8)

Note we will generally be sloppy and omit the functor infl* in our notation.
In other words, we generally identify 7*-mod with the full subcategory of
Rep; H, consisting of all modules M with 7, M = 0.

7.4 The %-operation

Suppose M is an irreducible module in Rep, K, and 0 < m < n. Using
Lemma 3.6.1 for the second equality in (7.10), define

&M = (e,(M?))”, (7.9)
fiM = (f,(M?))” =hdind}*'L(i)) ¥ M, (7.10)
el(M)=¢;,(M?) =max{m > 0| (e)"M # 0}. (7.11)

We may think of the “starred” notions as left-hand versions of the orig-
inal notions, which are right-hand versions. For example, &f(M) can be
worked out just from knowledge of the character of M as the maximal k
such that [L(i)*X...] appears in ch M, while for &;(M) we would take
[--- X L(i)®*] here.

Recalling the definition of the ideal J, generated by the element (7.6),
Theorem 5.5.1(ii) has the following important corollary.

Corollary 7.4.1 Let M be an irreducible module in Rep, J(, and A € P,.
Then pr*M = M if and only if €(M) < (h;, A) for all i € I.

Proof In view of Theorem 5.5.1(ii), (M) is the maximal size of a Jordan
block of x; on M with eigenvalue i. The result follows immediately. U
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7.5 Basis Theorem for cyclotomic Hecke algebras

The goal in this section is to describe the Ariki—Koike explicit basis for F*,
see [AK]. Our method does not use representation theory of H* and so it is
very different from that of [AK].

Let d = {c, A). Then f, is a monic polynomial of degree d. Write

fr=xtag T +ax +ag.
Set f, = f, and for i =2, ..., n, define inductively
Ji=sioifimisioy-

The first lemma follows easily by induction using (3.9).

Lemma 7.5.1 Fori=1,...,n, we have
fi= x4+ (terms lying in P,_,x¢G, for 0 < e < d).
Given Z={z, <---<z,} €{l,...,n}, let
fr=Foto oy € 55,
Also, define
I, ={(a,Z2)|Z < {1,...,n}, @ € Z', with a; < d whenever i ¢ Z},
I = {(@,2) €11, | Z £ ).

Lemma 7.5.2 H, is a free right G,-module on basis
(x*fz (@, Z) €1L,.}.

Proof Define a lexicographic ordering on Z',: a < ' if and only if

/
n>

=a GO =y, 0 < O
for some k=1, ..., n. Define a function
v: 10, — Z
by y(a, Z) := (vy,---,Y,), Where
o; ifigZ,

"Ta+d ifiez.

Using induction on n and Lemma 7.5.1, we prove for («, Z) € II,

x*f, = x"*% 4 (terms lying in x# G, for B < y(a, Z)). (7.12)
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Since vy : I, — Z' is a bijection and we already know that the
(x“|aeZ}

form a basis for J, viewed as a right G,-module by Theorem 3.2.2, (7.12)

implies the lemma. Ul

Lemma 7.5.3 For n > 1 we have G,_, 1,9, = .5,

Proof 1Tt suffices to show that the left multiplication by the elements
Sy, ..., 8, leaves the space f,G, invariant. But this follows from the defini-
tion of f, and braid relations in S,,. UJ

Lemma 7.5.4 We have J, =) _P,f.G,.

i=1
Proof We have

‘7)\ = }[nfl‘f]{n = }[nfl?n‘gn = }[n.flgn

= ?ngnflgn = Z Z 5Dnsi71 "'Sluflgn

i=1ues, ,
n n
= Z"Pnsifl e S]fl\gn = Z‘,Pnfign’
i=1 i=1
as required. Ul

Lemma 7.5.5 For d > 0 we have 5, = Y x°f,G,.

(@, Z)elly

Proof Proceed by induction on n, the case n = 1 being obvious. Let n > 1.
Denote J; := J,_, /H,_;, s0

‘7): = Z xa,fz/gn—l (713)

(/. Z')ell*

n—1

by the induction hypothesis. Let

g: Z xafZ-gn'

(@, Z)elT,}

Obviously J € J,. So in view of Lemma 7.5.4, it suffices to show that
x*f.G, S d foreach a € Z, andeachi=1,...,n.
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Consider first x*f,G,. Write x* = x%x for B € Z"~'. Expanding x* in
terms of the basis of ,_, from Lemma 7.5.2, we see that

xafngn g Z xgnxa/fl’\gnflfngn’

(«,Z)ell,

which is contained in J thanks to Lemma 7.5.3.
Finally, consider x*f,G, with i < n. Write x* = x%x? for B € Z"~'. By the
induction hypothesis,

xafign :xf(:nxﬂfign g Z xg"xa fZ’\gn

(oz’,Z’)el'l;l1

Now we show by induction on e, that x*x% f, G, C g for each (a/,Z') €

[T} ,. This is immediate if @, < d, so take a, > d and consider the induction

step. Expanding f, using Lemma 7.5.1, the set
X [ 1,6, 9

looks like the desired x x £, G, plus a sum of terms belonging to x®~4+¢J: G,
with 0 < e < d. It now suffices to show that each such x?*"’“? 1§, < d. But
by (7.13),

xa,l—d+e‘7/(9n C Z X% —d+e o fZ’

(', Z’)el'[n |

and each such term lies in J by induction, since 0 < a,—d+e < a,,. |

Theorem 7.5.6 The canonical images of the elements
{(x*w|aeZ witha,,...,a,<d, weSs,}
form a basis for FCX.
Proof By Lemmas 7.5.2 and 7.5.5, the elements {x*f, | (a, Z) € IL} form

a basis for J, viewed as a right G,-module. Hence Lemma 7.5.2 implies that
the elements

{(x*|aeZ with ay,...,a, <d}

form a basis for a complement to J, in J(, viewed as a right G,-module. The
theorem follows at once. U

Remark 7.5.7 It follows from Theorem 7.5.6 that F™ is isomorphic to the
group algebra FS,,.
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7.6 Cyclotomic Mackey Theorem

We will need a special case of a Mackey Theorem for #*. Given any
€ ¥, we will denote its canonical image in F* by the same symbol. Thus,
Theorem 7.5.6 says that

B, ={x"w|aeZ} witha,,...,a, <d, wes,} (7.14)
is a basis for 7). Also Theorem 7.5.6 implies that the subalgebra of F(}, |

generated by X, .- x and w, for w € S, is isomorphic to H. We will

write ind,/ ”*' and res/ ”*' for the induction and restriction functors between
A

J' and A R

and (3.12). So,

to avoid confusion with the affine analogue from (3.11)

ind ”“M 5-[,;\+1®}[HAM.

Lemma 7.6.1
(i) 7)., is a free right H-module on basis

{xis;...5,|0<a<d, 1<j<n+1}.
(i) As (H}, HM)-bimodules
j();\+] = j(r;\sn"]-[A @ @ xZ+|ﬂrf\'

O<a<d

(iii) For 0 < a < d, there are isomorphisms

A~ A
n*n n+l‘7{ ‘7{

His, Hy = Hy Qgr K, and
of (F}, H)-bimodules.

Proof (i) By Theorem 7.5.6 and dimension considerations, we just need to
check that ;‘H is generated as a right /*-module by the given elements.
This follows using (3.9).

(ii) It suffices to notice, using (i) and (3.9), that

{xis;...5,10<a<d, 1<j<n}

is a basis of H s, H* as a free right F*-module.
(iii) The isomorphism x“  H* = F* is clear from (i). Furthermore,

the map

n+1

A A A A
Hrx Hy — His,H, (u,v) = us,v
is H ,f‘f ,-balanced, so it induces a homomorphism

. A A A A
O H) @40 I — H)s, K,
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of (¥, 7(})-bimodules. By (i), ;) ® 4 J, is a free right J(-module on
a basis

xisio..8, ,Q1|1<j<n, 0<a<dj}.
Jj°J n—1

But ® maps these elements to a basis for H's, H* as a free right 7 }-module,
using a fact observed in the proof of (ii). This shows that ® is an isomorphism.
U

We have now decomposed (2, as an (), F})-bimodule. So the same
argument as for Theorem 3.5.2 gives:

Theorem 7.6.2 Let M be an J}-module. Then there is a natural isomorphism

Foppro T ~ Ag®d i g HE )
res ;1 mdﬂ,? M=M eamdﬂ,ﬁ]reSWLM

of F}-modules.

7.7 Duality for cyclotomic algebras

A
j{n+1

We wish next to prove that the induction functor ind, ;" commutes with the

7-duality. We need a little preliminary work.

Lemma 7.7.1 For 1 <i<n and a >0, we have

a—2
a __a : : A A k A
Sy XIS LS, = X0+ (terms lying in H s, K+ anﬂ.‘}(n> .
k=0

Proof We apply inductionon n=1,i+1,.... In case n =1, the result follows
from a calculation using (3.9). The induction step is similar, noting that s,
centralizes H* |. O

Lemma 7.7.2 There existsan (¥}, H,\)-bimodule homomorphism 6 : 7(}, | —
) such that ker 0 contains no non-zero left ideals of H}, .

Proof By Lemma 7.6.1(ii), we know that

n+1

d-2
A d—lara a A A A
Hy=x, K, 69@)5”“%” DH, s, I,
a=0

as an (#}

n?

})-bimodule. Let 6 : F) |, — x| H} be the projection on to

the first summand of this bimodule decomposition, which by Lemma 7.6.1(iii)
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is isomorphic to H as an (H}, #*)-bimodule. So we just need to show

that if y € #(}, | has the property that 8(hy) = 0 for all h € F2, |, then y = 0.
Using Lemma 7.6.1(i), we may write

d—1 d—1 n

Y= Xnilat DD K]S Sl

a=0 a=0 j=1
for some elements 7,,u,; € Hr. As 6(y) =0, we must have 7, , =0.
Now 6(x,,,y) =0 implies ¢, , = 0. Similarly 7, ; =1¢, , =--- =0. Next,
considering 6(s,y), 0(x,,,5,), 0(x2,;s,y), ..., and using Lemma 7.7.1, we
getuy_y, =uy4_,,=---=0. Now repeat the argument again, this time consid-
ering 0(s,5,_1Y), 0(X,415,8,_1¥) . .., to get that all u, ,_, = 0. Continuing in
this way we eventually arrive at the desired conclusion that y = 0. |

Now we are ready to prove the main result of the section:

Theorem 7.7.3 There is a natural isomorphism

}[:H Qg M = Homy (Fh 1 M)

n+12

for all F-modules M.

Proof We show that there exists an isomorphism

@: H)\, — Homyn (), 7))

of (), #})-bimodules. Then, applying the functor ?®gc0 M, we obtain
natural isomorphisms

:]_[)\

eRid
1 @ M —> Homﬂ}(ﬂ’\

n+1°

F)) @500 M = Homyen (H,)

n+1°

M),

as required. Note the existence of the second isomorphism here uses the fact
that (7, is a projective left #(}-module and [AF, 20.10].
To construct ¢, let 6 be as in Lemma 7.7.2, and define ¢(%) to be the map

h#, for each h € 7}, |, where

he: H . — H

n+1 n?

W+ O(h'h).

We can easily check that ¢ : H* | — Homy,) (FA

el "1, HY) is then a well-
defined homomorphism of (2, , #})-bimodules. To see that it is an isomor-

phism, it suffices by dimensions to check it is injective. If ¢(h) = 0 for some
h € (), then for every x € F(2, |, 0(xh) =0, that is the left ideal !, h is
contained in ker . So Lemma 7.7.2 implies h = 0. |
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Corollary 7.7.4 F is a Frobenius algebra, that is there is an isomorphism
of left H*-modules ! = Hom(FH?, F) between the left regular module and
the F-linear dual of the right regular module.

Proof Proceed by induction on n. For the induction step,

‘7{3 = ‘7{;:\ ®ﬂ,¢71 ‘7{1;\4 = ‘7{';\ ®7'[)‘71 HomF(:]{'{iI’ F)

= Homy (7€, Homy (%, F)) = Hom(J(;._, Qcr | I, F)
=~ Hom, (K}, F),
applying Theorem 7.7.3 and adjointness of ® and Hom. 0

For the next corollary, recall the duality induced by 7 (3.17) on finite
dimensional J,-modules. Since 7 leaves the two-sided ideal J, invariant, it
induces a duality also denoted 7 on finite dimensional F*-modules.

Corollary 7.7.5 The exact functor ind,/ ”“ is both left and right adjoint to

A
‘,}[n+l

0 . Moreover, it commutes with duallty in the sense that there is a natural
lsomorphism

Ies

ind7g;” (M7) = (indyg; M)"

for all finite dimensional ﬂrf‘-modules M.

Proof The fact that ind ”“ = T, @y ? is right adjoint to res ﬂ”f‘ is immedi-
ate from Theorem 7.7. 3 s1nce Hom}[r( A +1 , ?) is right adjoint to restriction

by adjointness of ® and Hom. But on finite dimensional modules, a standard
check shows that the functor 7oind,, "“ o T is also right adjoint to restriction.
Now the remaining part of the corollary follows by uniqueness of adjoint
functors. U

Let r > 1. By Theorem 7.5.6, the subalgebra

/e
-9;' o <sn—r+l3 sn—r+29“‘s > C Vl+r

is isomorphic to G,. This subalgebra commutes with the subalgebra F*, and
HIG s isomorphic to A} ® G,. From now on we will consider ' ® G, as a
subalgebra of ¢ . in this way. Our goal is to generalize Theorem 7.7.3 and
Corollary 7.7.5 from subalgebra #(} C 2, to subalgebras G, = H}®
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G, C 7}, . First, we need to decompose (., as an (H}G., 7} G.)-bimodule.

To this end, note that the set of distinguished double coset representatives
D(n,r),(n,r) = {l =00p,01,---, Um}’

where m = min(n, r), and

i—1
op=[ln—jn+i=j)  (O=i<m).

j=0

Denote the corresponding double cosets by
= (Sn XSr)a-i(Sn XSr) (Oilim)
Recall the basis B,,, of H}

n+r

from (7.14).

Theorem 7.7.6 Set
A T
X:= ‘7{ 9r n+1 n+r‘7{n9
and
Aol L Gixl ar el
Y:= Z:]{ gr n-:H—l xn+ra-i'7{n 9r’
the sum running over all 0 <i <m and 0 <a;, | <--- <a, <d such

that a; +---+a, <r(d—1) if i =0. Then, as (H G, F}G)-bimodules,
X=HG, and

}(,f‘Jrr—X@ Y.
Moreover, X has basis
{x . ,,T,’wEBnJr, lwes, xS,
byyy=-=b,,=d—1},
and Y has basis
By =B, \ By.

Proof Introduce a partial order on B, , by putting

hy =X xw < by =0 X
if and only if either we C; and u € C; with i < j,ori=jand b, +---+
bn+r < Cpti +--+ Crptre
We now prove that .'}[,f‘ﬂ = X+ Y. It suffices to prove that every element
of B, , belongs to X + Y. Suppose this is false. Let

.— bl bn+r
h=x'...x,;;weB,,,
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be a minimal element with respect to our partial order such that 7 ¢ X 4+ Y.
Assume that w € C;. Let

V=span(h' € B, , | <h) T X+Y,

and write = for equality modulo V. Let w = g, 0,8, for g,, g, € S, x S,. Using
Lemma 3.2.1, we get

Y b,  bui byir
h=x"...x"x, ... x5\ 808
by b, byt butr
=XKLy X 082

As sets, {gr'(n+1),...,g7 ' (n+n}={n+1,...,n+r}. So, renaming bs
with c¢s, we can write

h_x[l71 . x gl'xn'rl] n’rrro-gZ’
Moreover, if g € S, x S, fixes all numbers, except possibly n+i+1,...,n+4r,
then g commutes with ;, and so w = g,0,g, = £,80,¢ ' g,. So by changmg

g toggand g, to g~ gz, if necessary, we can achieve ¢, , | <--- <c,,,
Finally, using Lemma 3.2.1 again, we have

X TR MATIOE vt Y
= T B Do,
SRR A LACHNERE A T
The last element is in X + Y, because x,' ... x"g, and xn”*lﬂrl x.'"'g, belong
to J}G.. Hence h € X +Y, giving a contradiction. Thus %} =X +7Y.

Next, note by Theorem 3.3.1 that the element x4 7| ... x?.!

%33;, so the statement about the basis of X follows immediately. It also
follows that X = }(331 Now, it suffices to show that elements of Y are
linear combinations of elements from B,. But Y is spanned by elements of
the form

commutes with

. b b, a; - c o
G:=x|"...xrgx il X, xrg,,
withg, 8, €S,xS,,0<a;,b;,c, <d,0<a;,, <---<a,.,<d,anda,+---+
a, <r(d—1) if i =0. So it suffices to show that G is a linear combination
of elements from B,. Write g, = yz for y € S, and z € S'. Then

_ b b c (8] Cn—itl ¢
G - 'xl b 'xn"yxl . n lz'xn+l+l n+ro-t'xn i+1 'xnngZ'
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Note yx|'...x;"7 € H*, so it can be written as a linear combination of

n’
h/ /

the standard basis elements of the form x|’ Xy for y € S,. So we may

assume that

I Ait1 Cn—i+1 c
G= Xy x yzxn+t+1 n+ra-1xn i+1 - xn”gZ‘
Assume first that i = 0. Then
I b a; a, I a
G=x,"...x"yzx,\ ... x5 & = x| . xbn XL XY

In view of Lemma 3.2.1 applied to zx',...x,,, we conclude that G is a
linear combination of elements in By .
Now, let i > 0. Applying Lemma 3.2.1 to o;x,"| ... x% we see that this

can be written as a linear combination of elements of the form

n+1

dn—H»l n+] dll+i
RN S A Ml
where either o = o; or the degree
dyip+---+d,+d,  +---+d,; <i(d-1). (7.15)
So we may assume that
_ b dit1 a, dy_it d,  dnt1 dyyi
G - xl X yzxn+l+] xn+rxn7i+l s 'xl xn+| .. xn+z Ug2

and (7.15) holds. Using Lemma 3. 21 to commute z past the element

a d, .
X0 X X x% and y past x2S x%, we conclude again that G
is a linear combinatlon of elements from By, as the maximal possible degree
r(d—1)onx,,,,...,x,,, cannot be achieved. O

Corollary 7.7.7 There exists an (H}G., HG')-bimodule homomorphism
0: 7}, — H}G. such that ker § contains no non-zero left ideals of ().,

Proof Using the notation of Theorem 7.7.6, let 6 be the projection to X along
Y. So we just need to show that if y € (2, has the property that hy € Y for
all h € 7}, ., then y = 0. Assume for a contradiction that there is a non-zero
such y. By applying the antiautomorphism 7 to the bases By and B, we see

that X also has a basis

/ by b, d—1
By ={wx]"...xx . xf ) weS, xS, 0<by,....b, <d},

and Y also has basis
By = {wx]'...x5 | wgS, xS, or b+ +b,,, <r(d—1)}.

Write y as a linar combination of basis elements from By :

— bl bn+r
y= Z Cb,wwxl e -xn+r .
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Multiplying on the left with elements from S, ,, we may assume that some
terms with w = w,, the longest element of S, ,, appear. Order them lexico-
graphically so that

by bn+r Cntr
WoX| L X, < wox| e
if b, < ¢, and ¢, = b, for any [ > k. Let wyx}' ... x," be the top term. Then,

in view of Lemma 3.2.1, the product
il
contains the term
wox)' . xoxd o xd)
(when decomposed in terms of the basis By U Bj). But then wy'y
contains

C —
Xy xSyl

/
n “n+l EBX’

giving a contradiction. Ul

Corollary 7.7.8 Let r > 1. Then:

(i) There is a natural isomorphism
'7{71+r ®.’7{A®9 M= Hom%"o@g ( n+r’ M)

for all 5{’\ ®, modules M.
(ii) The exact functor 1nd%’;g S, is both left and right adjoint to the functor
}[Il+l
H}RG,"
a natural isomorphism

res Moreover, it commutes with duality in the sense that there is

1ndﬂﬁgg (M™) = (1ndj{';gg M)"
for all finite dimensional 7 ® G,-modules M.

Proof The proof is the same as that of Theorem 7.7.3 and Corollary 7.7.5,
except that it uses Corollary 7.7.7 instead of Lemma 7.7.2. UJ

7.8 Presentation for degenerate cyclotomic Hecke algebras

Cyclotomic Hecke algebras are usually given by generators and relations, and
in this section we describe such a presentation for # . Note this result will
not be used anywhere in this book.



7.8 Presentation for degenerate cyclotomic Hecke algebras 81

Proposition 7.8.1 The algebra () is generated by its elements x, and

S1s .- 8,1, subject only to the following relations:
[Tic;(x; — )N =0, (7.16)
x5, =5x (2=<l<n), (7.17)
xy (5108 +51) = (51151 4+ 51) %7, (7.18)
St =1, S8 =SSt SeSi Sk = Sk Sk - (7.19)

for all admissible k and m, with |k —m| > 1.

Proof Let A be the algebra given by generators y, and ¢,...,t,_, and
relations (7.16)—(7.19) with y, instead of x, and #;s instead of s;s. It suffices
to show that there exist algebra homomorphisms

a: A— FH

n?

X, s (1 <k<n),
B:H—> A, x>y, s>t (1<k<n).

The existence of a follows from the easily checked fact that elements s,
and x, in J! satisfy the same relations as the elements 7, and y, in A.
To construct B it suffices to construct an algebra homomorphism

B:H,—> A, x>y, s>t (1<k<n), (7.20)

such that B(f,) =0, see (7.6). Well, let us define B using (7.20) and the
recurrent formula

B: X > tk—lB(xk—l)tk—l +ty (2=<k=n).

All we have to check is that this makes sense, that is that B(sk) and
,é(xm) satisfy the defining relations of J(,, of which only the relations
(3.1) and (3.6) are not immediate. Now we verify all the relations of the
form (3.1) and (3.6) involving B(xk) using induction on k =1,2,...,n and
relations in A. U
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Functors e} and f}

In this chapter we will finally define the “induction analogues” f?, f?, and

¢} of e, e, and g;, respectively. These will depend crucially on A, that is
on the cyclotomic algebra #* we are working with. In this respect they will
differ from e}, ¢!, and &}, which are the same as ¢;, ¢;, and ¢,, if we consider
a module over 7} as a module over J, via inflation. This crucial role of the
cyclotomic Hecke algebras in the definition of £}, f?, and ¢} explains why
we could not define these notions in Chapter 5.

One natural definition of fl.)‘ is easy to come up with if we recall that for an
JH,-module M, e;M is roughly speaking restriction from 7, to #,_, followed
by a projection to a block. If M is integral, which we always assume, then it
is also a module over H* for some sufficiently large A, and we can think of
e; as the restriction from # to # | followed by a projection to a block. It
is crucial here that if an J,-module factors through J(,f‘, then its restriction
to H,_, factors through H* . Now, we can define f} as induction from H}
to .7(,;\“ followed by a projection to a block. We can see immediately that
this definition depends crucially on A.

Although the definition of f} in terms of induction of cyclotomic Hecke
algebras is quite natural, we will need a different description of this func-
tor, see Lemma 8.2.3. This “inverse limit” description is one of the key
observations of Grojnowski. It allows us to describe the function go;‘, defined
originally in (8.17), as the “stabilization” point of the limit, which should be
thought of as the analogue of the description of ¢; given in Theorem 5.5.1(ii).
The tricky definition of f} is responsible for the fact that the analogue of
Theorem 5.5.1 is quite difficult to get. This is achieved by the end of this
chapter, see Theorem 8.5.9.

Finally, we mention that important “divided power” generalizations of the
functors e;, e}, and f} are studied in Section 8.3.

82
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8.1 New notation for blocks

We will use a new notation for blocks in Rep; #,. In view of Section 4.2
the blocks (or central characters) in the category Rep, J, are labeled by the
S,-orbits on [". If i € I", define its content cont(i) € P by

cont(i) =Y y,a;, where vi=t{j=1,....n|i;=i}. (8.1)
iel

So cont(i) is an element of the set I', of non-negative integral linear combi-
nations y = )_,.,; v,o; of the simple roots such that >_,.; y; = n. Obviously,
the S,-orbit of i is uniquely determined by the content of i, so we obtain
a labeling of the orbits of S, on I" by the elements of I',. We will also
use the notation y, for the central character y;, where [ is any element
of I" with cont(i) = y. We will write as usual Rep, J,[y] for the corre-
sponding block, M[vy] for the corresponding block component of the module
M, etc.

We can extend some of these notions to }[,f‘-modules, for Ae P.. In
particular, if M € F-mod, we also write M[y] for the summand M[y] of
M defined by first viewing M as an J,-module by inflation. Also write
H*-mod|[y] for the full subcategory of H*-mod consisting of the modules
M with M = M[vy]. Then we have a decomposition

F¢*-mod = @ H}-mod[y]. (8.2)

vel,

Note though that we should not yet refer to #*-mod[y] as a block of Rep FH*:
the center of 7! may be larger than the image of the center of #,, so we
cannot yet assert that Z(F*) acts on M[y] by a single central character. Also
we no longer know precisely which y € I, have the property that Z}-mod[7y]
is non-trivial. These questions will be settled in Section 9.6.

8.2 Definitions

Fix A € P, throughout the section. Recall from (5.6) the functors e; for i € I.
If M is an F*-module then e;M is automatically an F*  -module (recall
that we always identify the category of #*-modules with a full subcategory
of J,-modules via inflation). So the restriction of the functor e¢; gives a
functor

el : H*-mod — F* -mod. (8.3)

1
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There is an alternative definition of this functor: if M is a module in
F*-mod[y] for some fixed y = > jear v, €T, then

) .
res_ " M)[y—«a;] ify, >0,
€I)‘M — ( }[’;\_1 )[’y l] 71 (84)
0 if y;=0.
This description suggests how to define an analogous (additive) functor
£} -mod — F), -mod. (8.5)

Using (8.2) and additivity, it suffices to define this on an object M belonging
to #;}-mod[y] for fixed y =Y., v;a; € I,. Then we set

A
FAM = (indy M)y +a]. (8.6)
To complete the definition of the functor f}, it is defined on a morphism 6
A
simply by restriction of the corresponding morphism indi”j' 0.

n

Remark 8.2.1 Note that the functor f* depends fundamentally on A, unlike
e}, which is just the restriction of its affine counterpart e;.

Lemma 8.2.2 For A€ P_ and each i€ I:

(i) e} and f* are both left and right adjoint to each other, hence they are
exact and send projectives to projectives;
(ii) e} and f} commute with duality, that is there is a natural isomorphism

et (M) = (el M), fHM7) = (f M)

for each finite dimensional F*-module M.

A . ]{)\
Proof We know that ¢! M and M are summands of resﬁ"A M and ind ;"' M

n—1

respectively. Moreover, 7-duality leaves central characters invariant because
7(x;) = x; for each j. Now everything follows easily, applying Corollary 7.7.5.

O
From (5.8) and Lemma 8.2.2(i), we have
A
resg’i M=@e'M, indﬁ:{'M =P fm. (8.7)

n—1 . .
! iel iel

We will use an alternative description of e} and f. Recall the definition
of the #,-modules L,,(i) for i € I, m > 0 from Section 4.4. The limits in the
next lemma are taken with respect to the systems induced by the maps (4.7).
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Lemma 8.2.3 For every M € H}*-mod and i € I, there are natural isomor-
phisms

erM = li_n)1pr)‘Hom%; (L,,(i), M),

fim = lim priind’”t' MX L, (i),

n,1

where F(| denotes the subalgebra of J,_, | generated by x, and the J(,_,-
module structure on Homy (L, (i), M) is defined by

(hf)() = h(f(v))
for f € Homy,, (L,,(i),M), he H,_,, and v € L,,(i).

Proof For e, it suffices to consider the effect on M € F*-mod[y] for
Y =2 avY;e; €L, with v, > 0, both sides of what we are trying to prove
clearly being zero if 7y, = 0. Then, for all sufficiently large m, Lemma 4.4.2
(in the special case n = 1) implies that

A
Homyg, (L,, (i), M) = (res,, M)[y — ],

Hence
tim pr*Hom g (L, (1), M) = (resy i, M)y -] = e} M.

To deduce the statement about f}, it now suffices by uniqueness of
adjoint functors to show that l(ir_npr’\indﬁjl 7R L, (i) is left adjoint to
li_n)lpr)‘Hom%]f (L, (i), 7). Let N € Z} -mod and M € F*-mod. As explained
in the previous paragraph, the direct system

pr)‘Homﬂ; (L,(i), M) — pr)‘Homﬂ;(Lz(i), M) ...
stabilizes after finitely many terms. We claim that the inverse system
priind’ ' NX L, (i) « priind’ ' NK L, (i) « ...

also stabilizes after finitely many terms. To see this, it suffices to show that
the dimension of pr"ind:frllN X L, (i) is bounded above independently of m.
For, let w be a vector which generates the “Jordan block” L, (i) as an F/-
module, and W = Fw be the 1-dimensional subspace of L, (i) spanned by
w. Then indﬁle X L, (i) is generated as an F,,,-module by the subspace
W =1 (N ® W), of dimension independent of m. Finally, we need to observe
that pl‘)‘ind;:j] NKL,,(i) is a quotient of the vector space #\,, ® W', whose
dimension is independent of m.
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Now we can complete the proof of adjointness. Using the fact that the
direct and inverse systems stabilize after finitely many terms, we have natural
isomorphisms

Hom gy (lim prlind,_, \NXL, (i), M)
= lim Hom, (priind,_, NXL, (i), M)
= l'i)nHomg{n(indzfl,lNﬁLm(i), M)
= li_r>nH0rnj{"7]‘l (NX®L,,(i),res, , M)
= li_n)lHom}[M (N, Homy, (L,,(i), M))
= lim Homy | (N, pr*Homy, (L, (i), M))
= Homy (N, li_r)nprAHom%{ (L, (i), M)).

This completes the argument. |

Now we define the cyclotomic crystal operators on irreducible modules
¢t =prt o, oinfl’, (8.8)
f[)‘ =pr* ofi oinfl* (8.9)
for each i € I and A € P, (cf. Section 5.2). Let B(oc) and B(A) denote the set
of isomorphism classes of irreducible modules in Rep, %, and H*-mod for

all n > 0, respectively. Note that we may consider B(A) as a subset of B(co)
via inflation. We have maps

¢; : B(oo) — B(o00) U {0},
f; : B(o0) — B(0),
e, £} B(\) - B(A)U{0}.
Remark 8.2.4 As with ¢! and f?, there is an important difference between

¢! and f}. The operator &! is just the restriction of & from B(c0) to B(\),
that is

~ . A ~ . A
pr* o, oinfl*M = &, oinfl* M

for all irreducible #*-modules M. This is certainly not the case for fl even
though fi)‘ also “tries” to be the restriction of f,-, but the problem is that fl
does not leave B(A) invariant, so it will often be the case that fi"M =0, even
though f;M is never zero.
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Theorem 8.2.5 Let A € P, and i € 1. Then for any irreducible J-module
M we have:

(i) e'M is non-zero if and only if &M # 0, in which case e} M is a self-dual
indecomposable module with irreducible socle and head isomorphic to
erM;

(i) f*M is non-zero if and only iffi)‘M # 0, in which case MM is
a self-dual indecomposable module with irreducible socle and head
isomorphic to fAM.

Proof (i) By Corollary 5.1.7, ¢} M has irreducible socle e} M whenever e* M
is non-zero. The remaining facts follow since M is self-dual by Lemma 5.3.2,
and e} commutes with duality by Lemma 8.2.2(ii).

(ii) Let M € H}-mod, N € ¥, ,-mod be irreducible modules. Then, by
Lemma 8.2.2(i), Homy (f}M, N) = Homy, (M, ¢} N). By (i), the latter is
zero unless M = ¢'N, or equivalently N = fiM by Lemma 5.2.3, in which
case the Hom-space is 1-dimensional. By Schur’s lemma we now have that
hd fAM = f)M. Finally, note f}M is self-dual by Lemma 8.2.2(ii) so every-
thing else follows. Ul

8.3 Divided powers

Continue with A € P_ and fix i € I. We can generalize the definitions of
e, e, fX to define functors denoted e!”, (e})®, (f})®. It will be the case
that efl) =e;, ()W =e;, (f)V = f>. For the definitions, we make use of
the covering modules L,,(i") from Section 4.4.

Let M be a module in Rep, K. If r > n, we set ef-r)M = 0. Otherwise, let
J{! denote the subalgebra of J(, generated by

X X,, S

n—r+l1s > %psOp—r41s > Snfl'

We have a direct system
Homy,, (L, (i"), M) < Homy, (L,(i"), M) — ...
induced by the inverse system (4.7). Now define

gl(.r)M = h'_n)1H0mj{’/_ (L, (i), M). (8.10)

As in the case r = 1, if M is an F}-module, then ¢’ M is an F(*_ -module,
S0, on restriction, e gives a functor

i

(eM : FH*-mod — F -mod.

n—r
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Lemma 4.4.3 yields another description of (e!)". Let M be a module in
F}-mod[y] for some fixed y € I,. Then we have a functorial isomorphism
(€)M = (res), My —ra,]), (8.11)

where —5 stands for the invariants of the symmetric group

S; = <sn—r+l’ Sp—r42s + o Sn—l>’ (812)
which is a subgroup of the multiplicative group of %, commuting with

H* . Equivalently, instead of considering resﬁg M|y —ra;], we could take
the simultaneous generalized i-eigenspace of the last r polynomial generators
w_rils - -+ X, ON M, which is invariant with respect to K . We could also
take coinvariants in the definition (8.11), in view of the following functorial

isomorphism:

X

A
(e M = (res;[[:AﬂM[y —ra])g. (8.13)

This follows from the following lemma.

Lemma 8.3.1 Let G be a finite group, A be an associative F-algebra, and
€ be the full subcategory of A ® FG-mod which consists of the modules
whose restrictions to FG are free. Then the functors (=)¢ and (=) from €
to A-mod are isomorphic.

Proof Lete:=} ;g€ FG and Aug be the augmentation ideal in FG. Take
M € G. Then M® = eM and M; = M/ Aug-M. Consider the map

©y Mg — MS, m+Aug-M > em.

This is well-defined because e- Aug = 0. Since FG commutes with A, ¢,, is
an A-homomorphism, and, by assumption, it is an isomorphism of A-modules.
Moreover, this isomorphism is clearly functorial in M. 0

Finally, in view of Lemma 4.4.3, we could also take the largest submodule
on which S/ acts as the sign representation instead of taking S/ -invariants in
(8.11) (or the largest quotient module on which S/ acts as the sign represen-
tation instead of taking S/-coinvariants in (8.13)).

To define (f}), which as usual only makes sense in the cyclotomic case,
let M be an #}*-module. We have an inverse system

ML (i") « MXL,(i") « ...
of J{, .-modules induced by the maps from (4.7). Define
(MM = lim priind/ "MK L, (i"). (8.14)
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As in the case r = 1, we verify that the limit stabilizes after finitely many
steps and so (f})*) is a functor #}-mod — #} -mod. As in the proof of
Lemma 8.2.3 we show that (") is right adjoint to (¢!). Now we use
the uniqueness of adjoints to get another description of (f)”. Let M be a
module in H*-mod[7y] for some fixed y € T,, and let 1 and sgn stand for the
trivial and sign G,-modules, respectively. Then

90,
HA®G,

(fMM = (ind MX1)[y+ra;]

o (8.15)
n+r

= (indy) o

M Xsgn)[y+ ro;],

the isomorphisms being functorial.
We collect the main properties of (¢})"”) and (f})” in the following
theorem.

Theorem 8.3.2 Let Ac P, ic I, r> 1, and M be an irreducible }(,j\—module.

(1) (e and (fM)O are both left and right adjoint to each other; in
particular, they are exact and send projectives to projectives.

(ii) There exist isomorphisms of functors

e; ~ (el(r))@r!’ (e;\)r o~ ((ell_\)(r))@r!’ (f‘i)t)r o~ ((fi)\)(r))@r!_

(iii) €, (M), and (f*) commute with duality.

(iv) (eMN'M is non-zero if and only if (e})"M # 0, in which case ()M
is a self-dual indecomposable module with irreducible socle and head
isomorphic to (e})"M.

) (fNYM is non-zero if and only if (f)"M %0, in which case (f*)*'M
is a self-dual indecomposable module with irreducible socle and head
isomorphic to (f})"M.

Proof (i) To see that the functors are both right and left adjoint to each other,
use Lemma 8.3.1, Corollary 7.7.8(ii) and the alternative descriptions of the
functors obtained in (8.11), (8.15).

(ii) Lemmas 4.4.1 and 4.4.2 show that there is an isomorphism of functors
(eM)" = ((eM))®". So, by (i), both ((f})")®" and f/ are adjoint to (e}')".
Therefore they are isomorphic by uniqueness of adjoint functors.

(iii) is proved as Lemma 8.2.2(ii) but using Corollary 7.7.8(ii) instead of
Corollary 7.7.5.

(iv) In view of (ii), (e!)"”"M # 0 if and only if (¢})"M # 0, which, in view
of (5.7) and (5.11), is equivalent to (2})"M # 0. The self-duality of (¢})") M
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follows from (iii) and self-duality of M. The result on the socle is contained
in Lemma 5.2.2, and the result on the head follows from self-duality.

(v) Arguement as in the proof of Theorem 8.2.5(ii). ]

Since we have defined the exact functors above on module categories
we get induced linear maps denoted by the same symbols at the level of
Grothendieck groups, namely,

el : K(Rep, %) — K(Rep, %,_,),
(eM : K(H}-mod) — K(F*  -mod),
(fHY : K(F-mod) — K(F,,-mod).

Also, in view of Theorem 8.3.2(i), we get linear maps on Grothendieck groups
of projective modules:

(e : K(7¢,-proj) — K (It ,-proj),
(fH : K (3 -proj) — K(I,),,-proj).

We record a corollary of Theorem 8.3.2(ii):

Lemma 8.3.3 As operators on the corresponding Grothendieck groups,

e =(rel”, (e = ()N, (Fy =ns".

8.4 Functions ¢}
Fix A € P__throughout this section. Let M be an irreducible #;*-module. Define
g (M) = max{m > 0| (e")"M # 0}, (8.16)
@} (M) = max{m = 0| (f")"M # 0}. (8.17)

As ¢! is simply the restriction of ¢;, we have & (M) = &;(M), see Remark 8.2.4
and equation (5.11). On the other hand, ¢} depends crucially on A. We will
see shortly (Corollary 8.4.4) that ¢(M) < oo always, so that the definition
makes sense.

Recall that we interpret #;' as F. Let 1, = F denote the trivial irreducible
H}-module.

Lemma 8.4.1 For any i € I we have €}(1,) =0 and ¢*(1,) = (h;, A).
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Proof The statement involving &? is obvious. For ¢?, note that f[”l A =L@
and

L) =m (L") =0

for every j # i. Hence by Corollary 7.4.1, pr*L(i™) # 0 if and only if m <
(h;, A). This implies the required result. O

Lemma 8.4.2 Let i, j €l with i # j and M be an irreducible module in
Rep; H,,. Then &;(f"M) < &;(M) for every m > 0.

Proof Follows from the Shuffle Lemma. |

Lemma 8.4.3 Let i, j € I with i # j. Suppose that M is an irreducible F(-
module such that qoj.‘ (M) > 0. Then

QD,/\(J;;M) _8?(ij) = %A(M) _81/'\(M) — (hi» ).

Proof Set
g:=e (M), ¢:= (M), k:=—(h;, a;).

By Lemma 6.3.3, there exist unique r, s > 0 with r+s = k such that si(ij) =
& —r. We need to show that ¢*(f M) < ¢ +s, which follows if we can show
that pr* f" f M =0 for all m > ¢+ s. It suffices to prove that

eX(fI M) = X (f" M) (8.18)

for all m > 0. Indeed, by the definition of ¢, we have pr)‘ fi’"M =0 for any
m > ¢. In view of Corollary 7.4.1, this means that &7 ( M) > (h ;» A) for some
j € 1. But by Lemma 8.4.2, such j can only equal i. Thus, &*(f"M) > (h;, A)
for all m > ¢. So (8.18) implies that & (f"f;M) > (h;, A) for all m > ¢+,
hence by Corollary 7.4.1 once more, pr* f/" f M =0 as required.

To prove (8.18), note that r < g, so s+ & > k. Hence, Lemma 6.3.3(ii)
shows that there is a surjection

indn+m+s+l MX L(l'mfr) X L(l‘r, j7 lY) — f;M+SfiM.

n,m—r,r+s+1
By Lemma 6.2.1, res/ "' L(i", j, i*) = L(i") ® L(j, i*). Hence by Frobenius
reciprocity, there is a surjection

ind” M LGYRL(G, i) — L3, j, i).

r,s+1

Combining, we have proved existence of a surjection

ind ™S MR LMY KL, ) — f7 M.

n,m,s+1
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Hence by Frobenius reciprocity there is a non-zero map

(indn+rnM X L(lm)) |ZL(], l:) s I.esll+m+5+1fm+Sf M.

n,m n+m,s+1

Since the left-hand module has irreducible head f "MXL(j, i), we deduce
that f’”“ f M has a constituent isomorphic to f’”M on restriction to the
subalgebra ¢, , € 7, ... This implies the claim. UJ

Corollary 8.4.4 Let \ € P, and M be an irreducible J{}-module with central
character ., for some y € I',. Then

@} (M) —e!(M) < (hi, A—).

Proof Proceed by induction on n, the case n = 0 being immediate by
Lemma 8.4.1. For n > 0, we may write M = f;N for some irreducible F¢ A -
module N with goj‘ (N) > 0. By induction,

@} (N) =&} (N) = (hi, A=y +a;).

The conclusion follows from Lemma 8.4.3. [

8.5 Alternative descriptions of ¢}

Now we wish to prove the analogue of Theorem 5.5.1 for the function .
This is considerably more difficult to do. Let M be an irreducible #*-module.
Recall that

: n+1
M = l(lr_npr)‘md TMXL, (i)
and that the inverse limit stabilizes after finitely many terms. Define ! (M) to

be the stabilization point of the limit, that is the least m > 0 such that fi)‘M =
priind, ' M X L,,(i). Later it will turn out that ! = ¢?, see Corollary 8.5.7.

Lemma 8.5.1 Let M be an irreducible F*-module and i € 1. Then:

() [f*M] =@ (M)[f*M]+ Y c,[N,] where the N, are irreducible JC},
modules wzth g (N,) < e)M(f*M).

(ii) The algebra Endg{nA+1 (f*M) is isomorphic to the algebra of truncated
polynomials k[x]/(x% ),

Proof For any m > 1 denote

v

m

:=ind/\'MKL,(i).
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(i) Since pr* is right exact, the natural surjection L,, (i) — L,,_,(i) and the
natural embedding L, (i) = L, (i) of the “Jordan blocks” (see Section 4.4)
induce a commutative diagram

priV, — = priv, LN pr'v,

|

a, B
pr'V, SLALEN PV, o pr*V, — 0

where the rows are exact. Note if «,, = 0 then «,,,, = 0. It follows that if 3,
is an isomorphism so is 3,, for every m’ > m. So by definition of ¢} (M), the

maps B, B, ..., Bz are not isomorphisms but all other B, m’ > oM M),
are isomorphisms.
Now to prove (i), we show by induction on m =0, 1,..., (M) that

[fAM] = [pr"V,] = m[fi)‘M] + lower terms,

where the lower terms are irreducible 7, ,-modules N with &}(N) <&} (f}M).
This is vacuous if m = 0. For m > 0, ,, is not an isomorphism, so «,, # 0.
Hence, by Lemma 5.1.5, the image of «,, contains a copy of J;,.’\M plus lower
terms. Now the induction step is immediate.

(ii) Take m = @}(M). We easily show, using the explicit construction of

L, (i) in Section 4.4, that there is an endomorphism
0:L,(0)— L,

of #(,-modules, such that the image of 6 is isomorphic to L,,_,(i) for each
0 < k < m. Functoriality yields algebra homomorphisms

Endy, (L,,(i)) — Endy, | (MXL,(i)) = Endy (V).

, such that the image of 6* is
isomorphic to V,,_, for 0 < k < m. Now apply the right exact functor pr* to

So 0 induces an 7, ;-endomorphism 0 of v,

get an !, -endomorphism

0: M — f'm
induced by 6. Note 6" =0 and 6! # 0 because its image coincides with
the image of the non-zero map «,, in the proof of (i). Hence, 1,0, ..., 6!
are linearly independent, endomorphisms of f*M. Now the proof of (ii) is
completed in the same way as in the proof of Theorem 5.5.1(iii). |

Corollary 8.5.2 Let M, N be irreducible H*-modules with M % N. Then for
every i € I we have Homy (f*M, f}N)=0.
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Proof Repeat the argument in the proof of Corollary 5.5.2, but using * and
Lemma 8.5.1(i) in place of &; and Theorem 5.5.1(i). UJ

We now start proving that @} = ¢?. Note right away from the definitions
that for any irreducible #}-module M we have @}(M) = 0 if and only if

oM (M) =

Lemma 8.5.3 If M is an irreducible J-module then

L
> (8} (M) — &} (M) = (c. A).

i=0

Proof Using Lemma 8.5.1(ii), decompositions (8.7), Frobenius reciprocity,
Theorem 7.6.2, Schur’s Lemma, and Theorem 5.5.1(iii), we have that

¢ ¢
> @MM) = 3o dimEndyy (£M)
i=0 i=0

= dimEnd;n | (ind st g M)

"]{)H»l

0 ind ”“M)

= dim Homy,, (M, res
= dim End,, (M)®

+dim Hom (M, ind” 50 res i M)
1

u

)\M)

‘7{)\

= (¢, A) +dimEnd,; (res
= (c, A>+Zs?(M),
i=0

and the conclusion follows. ]

Lemma 8.5.4 Ler M be an irreducible F*-module and i € I. Then:

(i) [e}fM:M] =&} (fM)@) (M) and
LFReM M M) = &) (M) & M);
(i) socerfAM = M®#M and soc fre} M = M@ M),

Proof (i) follows from Theorem 5.5.1(i) and Lemma 8.5.1(i).
(i) Let N be an irreducible #*-module. Then by Lemma 8.2.2(i),

Homy, (N, e f'M) = Homya (f'N, fM),
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and the first part of (ii) follows from Corollary 8.5.2 and Lemma 8.5.1(ii).
The second part is similar. Ul

The proof of the next lemma is based on [V,, Lemma 6.1].

Lemma 8.5.5 Let M be an irreducible H-module and i € I. There is an
FHr-module homomorphism s : fre’M — e} fAM such that the following
composition is surjective:

can

A A L A £A A £
fieiM — e fiM — e} fM/soce; f'M,

Proof Let k = @}(M) and
T indﬁﬁlM XL, (i) — priind’ ' MR L, (i) = M

n,1

be the quotient map. Let | denote the subalgebra of J, generated by
x,. Recall from Section 4.4 that viewed as an J|-module, we have that
L, (i) = H|/((x, — i)¥). In particular, L,(i) is a cyclic module generated by
the image 1 of 1 € .

We first observe that for any m > &*(M) + k, the element (x, — i)™ anni-
hilates the vector

5, ® (u®@v) € ind! ' MKE L, (i)

for any u € M, v € L,(i). This is obtained using the relations (3.10) in ¥, ,:
We ultimately appeal to the facts that (x, — i)e?(M ) annihilates u (see Theo-
rem 5.5.1(ii)) and (x,,, —i)* annihilates v.

Therefore, for any m > &}(M) + k, the following equality holds in f}M:

(x, — i)mﬂ'(sn Qu® v)) =0. (8.19)
Next, itis not difficult to check that there exists aunique 7, _, ;-homomorphism
(eM)RH| — res!_ e, f!M, u®l> (s, ® u®1)),

for each u € e;,M C M. 1t follows from (8.19) that this homomorphism factors
to induce a well-defined J(,_,; ,-module homomorphism (e,M) XL, (i) —
res; | ,¢; fAM. We then get from Frobenius reciprocity an induced map

, ind,_, (e M)XL, (i) —> e, f'M (8.20)
for each m > &}(M) + k. Each i, factors through the quotient
pr’\indZ_Ll (eeM)XL,, (i),
so we get an induced map

b flelM = 1<i1_npr)‘ind2_l’1(eiM) XL, (i) — ef'M=elf'M.
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It remains to show that the composite of iy with the canonical epimorphism
from e} fA*M to e} f*M/soc el f*M is surjective.
By Mackey Theorem there exists an exact sequence
0 —> MK L, (i) — res/ ! (ind) | MK L, (i)
—ind)"!| | " ((resi_, ;M)XL,(i)) — 0.
In other words, there is an J, ;-isomorphism from
indﬁf],],f“ ((requ’]M) X L(i))
to
res/ ! (ind! ' MR L, (i)) /(MR L, (i),
with
h®(u®v)— hs, Qu®uv+MXL,(i)

for h € H,,u € M,v € L,(i), where M X L, (i) is embedded into
res”“(lnd"HM&Lk(l)) as 1® M ® L, (i). Since dim L, (i) = k, Lemma 8.5.4
(ii) gives

sS"'MR L, (i) = M® = soce! f*M.
So, applying the exact functor e, to the isomorphism above, we get an isomor-
phism
ind”_| e;M KL, (i) —> e;(ind" ' MBI L(i))/soce) f* M,
h@u®v +— hs,@u®v+soce f*M.
(Note that ‘soc e f* M is not the socle of e, (ind/ ;' MK L, (i)), so ‘soc e} fAM’

just means some submodule isomorphic to soc e? fAM.) It follows that there
is a surjection

0:ind]_, ,e;M XL, (i) — e} f*M/soce} M,
such that the diagram

ind”_, | (e,M)RL, (i) —=> e fAM

| b

ind"_, (e;M)X L, (i) LN e.f*M/soc e f*M

n—1,1

commutes for all m > (M) + k, where ,, is the map from (8.20) and
the left-hand arrow is the natural surjection. Now surjectivity of 6 implies
surjectivity of canoi,, and of can o). |
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Lemma 8.5.6 Let M be an irreducible F-module with e*(M) > 0. Then

(e M) = g} (M) + 1.

Proof Let us first show that
PME M) = @} (M) + 1. (8.21)

Recall that ¢*(M) = 0 if and only if (M) = 0. Suppose first that
®M(M) = 0. Then ¢?(e?M) # 0 in view of Lemma 5.2.3. Now, @*(M) =0
and @} (e} M) # 0, so the conclusion certainly holds in this case. Next, assume
that ¢ (M) > 0, hence @}(M) > 0. Note by Lemma 8.5.4,

[e)fAM/soce fAM : M) = e (fAM)pM (M) — @} (M)
= &} (M)@} (M) #0.

In particular, the map ¢ in Lemma 8.5.5 is non-zero. Now Lemma 8.5.5
implies that the multiplicity of M as a composition factor of im s is strictly
greater than & (M)} (M), since at least one composition factor of socim ¢ C
soc e} f* M must be sent to zero on composing with the second map can. Using
another part of Lemma 8.5.4, this shows that (M)} (e} M) > e} (M)@} (M)
and (8.21) follows.

Now using (8.21) and Lemma 8.5.4, we see that in the Grothendieck group,

[e} [ M — fle} M : M] < (§} (M) — &} (M)),
with equality if and only if equality holds in (8.21). By central character
considerations, for i # j, we have [} f*M : M] =[f}e¢} M : M] = 0. So using
(8.7) we deduce that
0T

ﬂn{]resﬂLM: M) <Y (@} (M) — & (M))

i=0

FHr . A .
[res ﬂ}“ mdﬂ}:f‘ M —ind

with equality if and only if equality holds in (8.21) for all i € I. Now
Lemma 8.5.3 shows that the right-hand side equals {c, A), which does indeed
equal the left-hand side thanks to Theorem 7.6.2. |

Corollary 8.5.7 For any irreducible F*-module M we have
¢} (M) = &} (M).

Proof We proceed by induction on ¢?(M), the conclusion being known
already in the case ¢}(M) = 0. For the induction step, take an irreducible
H}-module N with ¢}(N) > 0,so N = &'M, where M = f'N is an irreducible
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F, -module with e}(M) > 0, ¢} (M) < ¢}(N). Then by Lemma 8.5.6 and

n+1
the induction hypothesis,

PHN) =&l (e M) = &} (M) +1 = ¢} (M) +1 = ¢} (&} M) = ¢} (N).
This completes the induction step. Ul

As a first consequence, we can improve Corollary 8.4.4:

Lemma 8.5.8 Let M be an irreducible J(}-module of central character Xy
for yeT,. Then

¢} (M) — &} (M) = (hy, A= ).
Proof In view of Corollary 8.4.4, it suffices to show that
¢
g(QD?(M) — &} (M)) = (c, A).
But this is immediate from Lemma 8.5.3 and Corollary 8.5.7. |

We are finally ready to assemble the results of the section to obtain the
full analogue of Theorem 5.5.1 for ¢?:

Theorem 8.5.9 Ler i € I and M be an irreducible F*-module. Then:

(i) [f*M] =@ (M)[f)M]+ Y c,[N,] where the N, are irreducibles with
er(N,) < @} (M) = ¢} (M) = 1;

(ii) (M) is the least m > 0 such that f*M = prtind! ' MK L, (i);

(iii) the algebra Endg{nA+1 (f*M) is isomorphic to the algebra of truncated

polynomials k[x]/(x*'®). In particular,
dimEndy (M) = ¢} (M).

Proof (i) Since ¢}(M) = (M) by Corollary 8.5.7, we know by
Lemma 8.5.1(i) that

[} M) = @} (M)[f*M]+_ c,[N,]

where the N, are irreducibles with &}(N,) < &(f*M). Suppose that M €
Rep, X, A, for y € T,. Then f*M and each N, have central character X,i0

n?

since they are all composition factors of f*M. So by Lemma 8.5.8,
¢} (N,) = (hyy A=y — ;) + €} (N,),
OH(fM) = (i A=y — ) + &} (f} M).
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It follows that @*(N,) < @} (f*M):
(i) This is just the definition of @}(M) combined with Corollary 8.5.7.
(iii) This follows from Lemma 8.5.1(ii) and Corollary 8.5.7. U

Now we can generalize some results from ¢! and f to (e})"” and (1),
respectively.

Proposition 8.5.10 Let i € I, M, N be irreducible F}-modules with M % N,
e =g (M), and ¢ = ¢}(M). Then:

(i) [(eHM] = (°)[(e)) M]+ X c,[N,], where the N, are irreducibles
with €!(N,) < e} (&))" M) =¢&—r;

i) [(FHIM] = (‘f)[(fi’\)’M]—i—Zc,[Nr], where the N, are irreducibles
with }(N,) < @} (F)'M) = ¢ —r;

(ii) Homyy ((e})"M, (e)'N) =0;

(ii") Homye ((fH)M, (fHP'N) =0.

Proof Parts (i) and (i') follow by applying Theorems 5.5.1, 8.5.9 r times and
using Lemma 8.3.3. Parts (ii) and (ii") follow from (i) and (i'), see the proofs
of Corollaries 5.5.2 and 8.5.2. U

8.6 More on endomorphism algebras

The results of this section will only be referred to in Section 11.2.

We want to study the endomorphism algebras End H/Lr((ef‘)(’)M ) and
Endy ((f))”'M) for an irreducible %)-module M and arbitrary r. For
r =1 the result is Theorems 5.5.1(iii) and 8.5.9(iii).

First, we slightly refine Theorem 5.5.1(iii).

Lemma 8.6.1 Let i € I, M be an irreducible module in Rep; ,, and & =
&;(M). Let 0 be the endomorphism of e;M given by multiplying with (x, —i).
Then id=6°,0, ...,0° " is a basis of Endy;  (e;M), 6° =0, and im e =
soce,M = e, M.

Proof The only thing not proved in the proof of Theorem 5.5.1(iii) is the fact
that the image of 6°~! is the socle of ¢;M, which we know is isomorphic to
¢;M. Assume the image is strictly bigger. As the head of ¢;M is also ¢;M, we
see that the module im 6°~! is not irreducible and has irreducible head and
socle both isomorphic to ¢;M. Therefore there exists a non-trivial nilpotent
endomorphism ¢ of im §°~! with im ¢y = socim 6°~!. It follows that ¢y 0 6°~!
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is an element of End,,  (¢;M) such that 6°,6',...,60°!, o ! are linearly
independent. This contradiction completes the proof of the lemma. |

Proposition 8.6.2 Let i € I, r > 1, M be an irreducible J{,f‘—module, and
e=¢&M(M). Then

dimEnd,, ((e)M) = (8>
n—r r

Proof We can work with the affine Hecke algebra 7, instead of H*. If r > &,
the equality obviously holds, so let r < &. As e,@M is indecomposable with
irreducible head &/ M, and the multiplicity of &M in e\” M is (°), it follows that

dimEnd, (M) < <8>
ner r

For the converse inequality, recall the subgroup S/ from (8.12) and consider
the set of elements:

Y= {y(w’ Ay _pi1s-+vs an) = w('xn—H—l - i)a”_w—l s (‘le - i)an}’

where w runs over all elements of S/, and the a,s run over all integers
satisfying 0 < a,_, < € —k for 0 < k < r. The elements of ¥ commute with
H,_,, so multiplying e;M with y € Y gives an endomorphisms f, of e;M.

Now, e'M = (¢!” M)®", so
dimEnd,, (/M) = (r!)*dimEnd,, (e{”M).

As |Y] = r!(%), it suffices to prove that {f, | y € Y} are linearly independent.
Assume there is a non-trivial linear combination

> ¢ f,=0 (8.22)
yey
in Endy; (efM). Let X ={y €Y |c,#0}. Let X, be the set of the elements
y=y(w;a,_,,,...a,) €X, which have minimal possible value of a,. Say,

this value is b,. Now, (8.22) implies
> e fy(x, — )M = 0.

yeX

By Lemma 8.6.1, if y € X\ X, then f,(x,—i)*'"»M =0, and if y =
y(w;a,_,iys-..»a, 1, b,) € X, then

fy('xn - l.)€7]7hnM
= w(xn—r+l - i)an_H—] e (xn—l - i)a“_l (xn - i)£7lM

= w(xnfr+l - l')an,,qu R (X,171 - i)anil EiM’
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where ¢;M = soce;M. Thus, we have

Z Cyw(xan»l - i)uni’qrl s (X,171 - i)akl EtM = O’

yeX,
where the summation is over all y = y(w; a,_,;,...,b,) € X,,. Next, let
X,_, be the set of the elements y(w; a,_,,,,...,a,_,,b,) € X, which have

minimal possible value of a,_,. Say, this value is b,_,. Then, arguing as above,
we get
Z Cyw(xn—rﬂ - i)a”ﬂ+1 ct (xn72 - i)“"i2 éle = 0’

yeXy_

where the summation is over all y = y(w; a,_,,,....b,_;,b,) € X and
e?M is considered as a submodule of e?M by considering it as the socle
of e;e;M, where e;M is the socle of ¢;M. Continuing in this manner r —2
more times, we get a non-empty subset X, .., of ¥ such that ¢, # 0 for any

vy € X,_,1, and such that

n—1»

> cwelM=0, (8.23)
YEX )41
where the summation is over all y = y(w; b,_,,,...,b,) € X,_,,;, and e/M

is a submodule of e/ M.

By Theorem 8.3.2(ii),(iv), soc e’ M = soc (¢” M)®" = (2/m)®"'. However,
socA,; M = (ef!M)X L(i"), and the dimension of the Kato module L(i") is
r!, so any irreducible submodule é/M of e/M is an F,_,-submodule of the

n—r

H,_, ,-module (e/M)XL(i") =socA,M. As L(i") over S is just the regular

module, (8.23) implies that ¢, =0 for all y € X,,_,,, which is a contradiction.
O

Remark 8.6.3 Recently, Chuang and Rouquier [CR] have pushed this result
a little further and actually described Endﬂnir(efr)M ) as an algebra. Namely,

Endy, (¢"M) = 2,/(2,NP,2}), (8.24)

where P, (and Z,) are embedded into P, in the last r variables, and we
use notation of Theorem 1.0.2. This result can be recovered by a more
careful analysis of the proof above as follows. Note that the elements of the
subalgebra J{] C J{, act naturally on the restriction resi:ﬂM and hence on
e/ M as endomorphisms. In fact, all J(,_,-endomorphisms of e/ M come from
J], since the endomorphisms from the spanning set Y certainly do. Therefore
Endy,  (ejM)=J(,/J,, where J, is the annihilator in J] of ] M.

We also know that End,, (efM) is the r!x r! matrix algebra over

Endﬂﬁ(e,(-r)M ), and dimEnd,, (e M) = (). So, if we can exhibit a central
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subalgebra A in End,, (e;M) of dimension (f) it will follow that A =
Endﬂw(el@M ). In fact, it is even sufficient to exhibit (f) linearly indepen-
dent central elements of End,,  (ej M) — they will automatically span a central
subalgebra of the right dimension. Such elements are easy to come up with.
Consider the monomial symmetric polynomials in (x,_,,, —a), ..., (x, —a)
of degree at most £ —r in each variable. These are central even in 7/,
and, in view of the linear independence of elements of Y, produce linearly
independent endomorphisms.

It remains to understand the subalgebra A of #//J spanned by our special
symmetric polynomials. It is clear from above that this subalgebra is exactly
the image of the center of J{/, which consists of all symmetric polynomials
in (x,_,.; —a),...,(x,—a). Now, note that K /J. embeds into H/J,.
Also, in view of Lemma 5.1.4 and (4.8), J, is the ideal generated by the
symmetric polynomials in (x,_,,, —a), ..., (x, —a) without the free term.
So A=2./(Z,NHZH=Z,/(Z2,NP.ZT).

Remark 8.6.4 Proposition 8.6.2, Lemma 8.5.8, and Remark 9.4.5 below
imply for i € I, r > 1, and an irreducible #*-module M:

dim EndHLr((fi)‘)(r)M) = (gof‘iM)) (8.25)

We do not know how to get a description of End | ((fHVM) as an algebra
in the spirit of (8.24).
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Construction of U; and irreducible modules

In this chapter we obtain some major results connecting representation theory
of affine and cyclotomic Hecke algebras with affine Kac—Moody algebras.
First, we form the Grothendieck group K(oo) of integral representations of
all affine algebras #,, n > 0, and show that the operations of parabolic
restriction and induction define on K(o0) a structure of a commutative (but
not cocommutative) graded Hopf algebra over Z. We will construct an explicit
isomorphism of graded Hopf algebras between the Kostant-Tits Z-form U,
of the positive part of g and the graded dual K(c0)*, see Theorem 9.5.3.

Now fix A and consider the Grothendieck group K(A) of finite dimensional
representations of all cyclotomic algebras #, n > 0. In this case the graded
dual K(A)* can be identified with the Grothendieck group of the projective
modules over all }[,f‘, n >0, and there is a natural decomposition map
w: K(A)* = K(A), sending a projective module to the linear combination of
its composition factors with multiplicities. We will prove that w is injective
(this does not follow from general nonsense!). This will allow us to identify
K(MA)* as a sublattice of K(\). Further, K(A) is embedded into K(co) via
inflation, and is in fact a right subcomodule of K(o0), see (9.12). So it
naturally becomes a left module over K(o0)* = U,. Using the explicit nature
of the last isomorphism, we can check that the action of the generator e /r!
of U; (on the Grothendieck group K(A)) comes from the exact functor (e}))
(on the module category). Now we define the action of the whole U, on K())
with the action of f7/r! coming, of course, from the exact functors (f)".
The action of A; is given in terms of A and block data, see (9.19). It turns
out that Chevalley relations are satisfied and so we do get an action of the
Z-form U, on K(A). Moreover, K(A)* C K(A) is invariant with respect to
this action.

The next step is to extend the scalars to Q to get the action of Uy on
K(A)g. The natural pairing between K(A)* and K(A) yields a non-degenerate
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symmetric bilinear form (.,.) on K(A)q, under which the two sublattices
K()), K(A)* C K(A) are dual to each other. The important Theorem 9.5.1
identifies the Uy-module K(A)q, constructed purely in terms of representation
theory of affine and cyclotomic Hecke algebras, as the irreducible integrable
Ug-module V(A) of highest weight A. Moreover, under this identification:

o the highest weight vector v, corresponds to the class [1,] of the trivial
H-module in the Grothendieck group;

e the form (., .) is nothing but the Shapovalov—Jantzen contravariant form
on V(A), satisfying (v,,v,)=1;

e blocks of the algebras F* correspond to the weight spaces of V(A) (this
will follow only after Corollary 9.6.2 is proved);

o the sublattice K(A)* C K(A)q corresponds to the smallest sublattice Uy, v,
of V(A) containing v, and invariant with respect to the Kostant-Tits
Z-form Uj,.

In the end of this chapter we will prove Theorem 9.6.1, which claims that
two modules over a cyclotomic Hecke algebra * are in the same block if
and only if their inflations are in the same block of the affine Hecke algebra
J,. This, of course, would be immediate if we knew that under the natural
projection #, — J the center of #, mapped on fo the center of F*. Even
though this is probably true, we have no idea how to prove it. The following
fact is proved instead: if, in the category Rep, #,, we have an extension X
of an irreducible module M by an irreducible module N, and both M and N
factor through F*, then X also factors through . The proof of this fact
relies on a nice property of the functors e; proved in Corollary 5.5.2. Note
that Theorem 9.6.1 provides us with a convenient classification of blocks for
cyclotomic Hecke algebras, as the blocks of affine Hecke algebras are easy
to understand, see Section 4.2.

9.1 Grothendieck groups

Let us write

K(oo) = P K(Rep, 7¢,) 9.1)

n>0

for the sum over all n of the Grothendieck groups of the categories Rep, F¢,,.
Also, write

K(0)g = Q®; K(c),
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extending scalars. Thus K(o0) is a free Z-module with canonical basis given
by B(o0), the isomorphism classes of irreducible modules, and K(oo), is the
Q-vector space on basis B(oc). We will always view K(oo) as a lattice in
K(00)q.

We let K(o0)* denote the restricted dual of K(oc), namely the set of
functions f: K(oo) — Z such that f vanishes on all but finitely many elements
of B(c0). Equivalently, K(o0)* is the graded dual of K(o0). Thus K(o0)* is
also a free Z-module, with canonical basis

{8u | [M] € B(c0)}

dual to the basis B(oc) of K(o0), that is 6,,([M]) =1, 6,,([N]) =0 for
[N] € B(oo) with N 2 M. Note for an arbitrary N € Rep,; #,,, 6,,([N]) simply
computes the multiplicity [N: M] of the irreducible module M as a composi-
tion factor of N. Finally, we write

B(c0)g := Q®z B(e0)",
which can be identified with the restricted (or graded) dual of B(c0).
Entirely similar definitions can be made for each A € P_. Set
K(X) = P K(H}-mod). 9.2)
n>0
Again, K(A) is a free Z-module on the basis B(\) of isomorphism classes of
irreducible #(}-modules. Moreover, infl* induces canonical embeddings

infl* : K(A\) = K(o0), infl*: B(A) = B(0). 9.3)

We will generally identify K(A) and B(A) with their images under these
embeddings. We also define K(A)* and K(A)g = Q®; K(A) as above. Note
that K(0), K(00)q, K(20)*, K(A), etc. are all naturally graded.

Recall the functors e; and more generally the divided power functors e
for r > 1, defined in Chapter 8. These induce linear maps

l(")
e/” 1 K(00) — K(o0) 9.4)
for each r > 1. Similarly, () and (f*)” from Chapter 8 induce maps
(e, (MY KA) — K(A). (9.5)
Note by Lemma 8.3.3 that
g=(e”. () =N U =N 96)

Extending scalars, the maps e”, (¢*)®, (f*)) induce linear maps on K (00)g
and K(A)q, too.
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9.2 Hopf algebra structure

Now we wish to give K(oo0) the structure of a graded Hopf algebra over Z.
Note that X induces the canonical isomorphism

K(Repl ‘7{m) ®Z K(Repl ‘7{11) - K(Repl }[m,n) (97)

+n
n

for each m, n > 0. The exact functor ind " induces a well-defined map

ind”*" : K(Rep, H,. ) — KRep, H,.,).

m,n

Composing with the isomorphism (9.7) and taking the direct sum over all
m, n > 0, we obtain a homogeneous map

o1 K(00) ®, K(00) — K(c0). (9.8)

By transitivity of induction, this makes K(oo) into an associative graded
Z-algebra. By Corollary 5.3.2, the duality 7 induces the identity map at the
level of Grothendieck groups, so Theorem 3.7.5 implies that the multiplication
¢ 1s commutative. Moreover, there is a unit

L:Z — K(0) 9.9)

mapping 1 to the class of the trivial module [1] € K(Rep; H;) C K(0).

n
m,n—m

Now we define the comultiplication. The exact functor res induces

a map

res! : K(Rep, H,) — K(Rep, K,

m,n—m 1,11—m)'

On composing with the isomorphism (9.7), we obtain maps

Al :K(Repl }[n) e K(Repl }[m) ®Z K(Repl anm)’

m,n—m

A"= Y A’ :K(Rep, *,)

ny,ny
ny+ny=n

g @ K(Rep[ :]{”1) ®Z K(Repl ‘{]{nz)'
ny+ny=n

Now taking the direct sum over all n > 0 gives a homogeneous map
A K(00) = K(o0) ®,, K(00). (9.10)

Transitivity of restriction implies that A is coassociative, while the homoge-
neous projection onto K(Rep, H,) = Z gives a counit

£g:K(00) > Z. (9.11)
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Thus K(o0) is also a graded coalgebra over Z. Now finally:

Theorem 9.2.1 (K(), ¢, A, t, €) is a commutative, graded Hopf algebra
over 7.

Proof 1Tt just remains to check that A is an algebra homomorphism, which
follows using the Mackey Theorem (Theorem 3.5.2). |

Remark 9.2.2 For A € P, there is in general no natural way to give K(A) the
structure of a Hopf algebra, unlike K(o0). An exception arises in the special
case A = A, where F(* = G . In this case, the parabolic subalgebras §.<85,
can be used to make

K(Ag) = @ K(S,-mod)

n>0

into a graded Hopf algebra in exactly the same way as K(oo) above. We will
not make use of this.

The following lemma, explaining how to compute the action of e; on K(o0)
explicitly in terms of A, follows from the definitions:

Lemma 9.2.3 Let M be a module in Rep, F,. Write
AZ—I,I[M] = Z[Mr] ® [Nr]
for irreducible F,_,-modules M, and irreducible J{,-modules N,. Then

alMl= Y (M.

r with N,=L(i)

Lemma 9.2.4 The operators e; : K(o0) — K(o0) satisfy the Serre relations,

that is
ee;=eje; ifli—jl>1,
clej+ee; =2eee ifli—jl=1, L=p—1>1,
cje;+3ee;e; =3ejeje; +eje; ifli—jl=1, £=p—-1=1.

Proof In view of Lemma 9.2.3 and coassociativity of A, this reduces to
checking it on irreducible J(,-modules for n = 2, 3, 4 respectively. For this,
the character information in Lemmas 6.2.1 and 6.2.2 is sufficient. [
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Now consider K(A) for A € P,. This has a natural structure as K(oo)-
comodule: viewing K(A) as a subset of K(o0), the comodule structure map is
the restriction

A" K(X) = K(A) ®, K(0) (9.12)

of A. In other words, each K(A) is a subcomodule of the right regular K(oo)-
comodule. This follows from the fact that the restriction from %, to ¥, _,,
of an J,-module, which factors through F?, itself factors through F .

The dual maps to ¢, A, ¢, € induce on K(o0)* the structure of a cocommu-
tative graded Hopf algebra. Moreover, each K(A) is a left K(co0)*-module in
the natural way: f € K(oo)* acts on the left on K(A) as the map (id ® f) o A*.
Similarly, K(o0) is itself a left K(o0)*-module, indeed in this case the action
is even faithful.

Lemma 9.2.5 The operator e,(-r) acts on K(co) (resp. K(A) for any A € P,)
in the same way as the basis element 8,y of K(oo)*.

Proof Let M be an irreducible module in Rep, F, or #}-mod. Write

An—r,r[M] = Z[MY] ® [Nc]

s

for irreducible #? -modules M, and irreducible J(,-modules N,. By the
definition of the action of K(o0)* on K(A), it follows that

8L(i")[M] = Z [M,].

s with N=L(i")
Hence, since
[res L(i)] = (r[LEH™ ],

we get that 0}, acts in the same way as (r!)d, . So in view of (9.6), it
just remains to check that §,; acts in the same way as e;, which follows by
Lemma 9.2.3. U

Lemma 9.2.6 There is a unique homomorphism m: U} — K(o0)* of graded
Hopf algebras such that W(e?r)) =0y r foreach i€l and r > 1.

Proof Since K(oo) is a faithful K(oo)*-module, (9.6) and Lemmas 9.2.4
and 9.2.5 imply that the operators 0 satisfy the same relations as the
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generators e,@ of U, . This implies existence of a unique such algebra homo-
morphism. The fact that 7 is a coalgebra map follows because

ABLi) =0, ®1+1®8,;

by the definition of the comultiplication on K(o0)*. O

9.3 Contravariant form

Now we focus on a fixed A € P,. For an *-module M, we let P,, denote its
projective cover in the category #*-mod. Since # " is a finite dimensional
algebra, we can identify

K()" =@ K(3¢)-proj) 9.13)

n>0

so that the basis element §,, corresponds to the isomorphism class [P,,]
for each irreducible J(,f‘-module M and each n > 0. Moreover, under this
identification, the canonical pairing

(v ) K(A)"xXK(A) = Z (9.14)
satisfies
([Py], [N]) = dim Homy, (Py, N). (9.15)

for #}-modules M, N with M irreducible.
There are natural maps

K(F¢*-proj) — K(H}-mod), [P]+— > [P: M][M)] (n>0),

where the summation is over all isomorphism classes of irreducible F}-
modules M. They induce a homogeneous map

w:K(A)* = K(A). (9.16)
In Theorem 9.3.5 we will prove that w is injective.
In view of Theorem 8.3.2(i), the actions of (e})"” and (f)"” are defined
on K(A)*.
Lemma 9.3.1 The operators (eM)?, (f1)® on K(A)* and K(A) satisfy
()% ) = N, (FHx3) = (x, () )
for each x € K(A)* and y € K()).

Proof This follows from (9.15) and Theorem 8.3.2(i). O
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Corollary 9.3.2 Suppose

(e)‘)(r) Z aMN [N], (f,-A)(r)[M] = Z bM,N[N
[N]eB(A) [N]eB(})
for [M] € B(A). Then
(e?)(r)[PN] = Z bM,N[PM]’ (f: )(r) Z Ay, vl
[M]eB(A) [M]eB(A)

for [N] € B(M).
Proof In view of (9.15), we have ([Py], [N]) = 8y (v for irreducible F;-
modules M, N. Now the result follows from Lemma 9.3.1. O

Lemma 9.3.3 Let M be an irreducible H-module, set € = e}(M), ¢ =
@} (M). Then for any m > 0 we have

(e;\)(’”)[PM] = Z aN[P(é;‘)mN]

[N] with s,)‘(N)zm

for coefficients ay € Z,. Moreover, in case m = & we have

5 ete
(O[] = ( )[P<@¢)EM] T Y alPaal
€ [N] with e}(N)>e
Proof By Corollary 9.3.2, we have
() ™[Pyl= 3 [(FH™K: M][Pg].

[KleB())

Soif the term [ Py | appears in the right-hand side with non-zero multiplicity then
¢}(K) > m — otherwise (f)"™ K = 0 by Theorem 8.3.2(v) and the definition
(8.17) of . For such K denote the (non-zero) modules (/)" K by N. This gives

@O d= X U@ N MIPeey].

[NleB(A) with e}(N)>m

and the first part of the lemma follows.

Now let m = &. If &}(N) = &, then we have &}((¢})*N) =0, and so by
Lemma 8.5.1(i), the only composition factor of (f)"™ (&))" N whose &} = &
is (f))"(2))"N = N. It follows that N = M, and

(@ m = (7 9)
£
thanks to Theorem 8.5.9(i). U

We also need:
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Theorem 9.3.4 Given an irreducible F*-module M, the element [P,] €
K(F}-proj) can be written as an integral linear combination of terms of the

Jorm (f)) . (fHW1,].

Proof Proceed by induction on n, the conclusion being trivial for n = 0. So let
n > 0 and the result be true for all smaller n. Suppose for a contradiction that
we can find an irreducible #}-module M for which the result does not hold.
Pick i with & := &*(M) > 0. Since there are only finitely many irreducible
}[,f‘-modules, we may choose M so that the result holds for all irreducible
H*-modules L with &}(L) > &. Write

(fiA)(s)[P(éf‘)”M] = Z a,[P,]

[L]elrr 3¢}
for coefficients a; € Z. By Corollary 9.3.2,
a, =[(e)L: () M].

In particular, a, = 0 unless &*(L) > &. Moreover, if a, # 0 for L with
e}(L) = &, then by Theorem 5.5.1(i), we have that

(e)PL= () L= (e) M,
whence L = M and a,, = 1. This shows:

[Py]= (fi/\)(e)[P(z;‘)sM] - Z a,[P,] 9.17)

L with s?(L)>s

for some a; € Z. But the inductive hypothesis and choice of M ensure that
all terms on the right-hand side are integral linear combinations of terms
(PN (FHU[1,], hence the same is true for [Py], a contradiction.  [J

The next two theorems are very important.
Theorem 9.3.5 The map o : K(A)* — K(A) from (9.16) is injective.

Proof We show by induction on n that the map o : K(#}-proj) —
K(H}-mod) is injective. This is clear if n =0, so assume n > 0 and the
result has been proved for all smaller n. Suppose we have a relation

ZaMw([PM]) =0

where M runs over the isomorphism classes of irreducible *-modules, and
not all coefficients a,, are zero. We may choose i € I and M such that
ay #0, e:=¢&'(M)>0and ay =0 for all N with e'(N) < e.
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Apply (¢')® to the sum. By Lemma 9.3.3, we get
e+@MN)
(T )aotrgad+x =0
N with e}(N)=¢

where X is a sum of terms of the form ([P, ]) with &}(L) > &. Now
the inductive hypothesis shows that X =0 and that a,, =0 for each N with
e}(N) = . In particular, a,, = 0, a contradiction. ]

In view of Theorem 9.3.5, we may identify K(A)* with its image under w,
S0 from now on

K(A)" S K(A)

are two lattices in K(A)y. Extending scalars, the pairing (9.14) induces a
bilinear form

() K(A)gxK(A)g — Q (9.18)
with respect to which the operators ¢! and f} are adjoint.

Theorem 9.3.6 The form (.,.) : K(A)g X K(A)q — Q is symmetric and non-
degenerate.

Proof 1t is non-degenerate, since bases {[P,,]} and {[N]} are orthonormal to
each other, see (9.15). So we just need to check that it is symmetric. Proceed
by induction on n to show that

(-,.): K(#}-mod)y x K(H}-mod)y — Q

is symmetric. The case n =0 is clear. Let n > 0. In view of Theorem 9.3.4,
any element of K(.‘H,f‘-mod)Q can be written as a linear combination of
elements of the form fx for x € K(#,'_-mod). So it suffices to show that
(fx,y) = (y, fx) for any y € K(#;)-mod),,. Well, we have

(frx,y) = (x, ely) = (e}y, x) = (v, fx)

by the induction hypothesis and Lemma 9.3.1. |

9.4 Chevalley relations

Continue working with a fixed A € P,_. We turn now to considering the
relations satisfied by the operators e, f* on K(A).
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Lemma 9.4.1 The operators e}, f! : K(A) — K(A) satisfy the Serre rela-
tions (7.5).

Proof We know the e, satisfy the Serre relations on all of K(co) by
Lemma 9.2.4, so they certainly satisfy the Serre relations on restriction to
K(X). Moreover, e} and f} are adjoint operators for the bilinear form (., .)

according to Lemma 9.3.1, and this form is non-degenerate by Theorem 9.3.6.
The lemma follows. U

Now we consider relations between the e} and f7. For i € I and an irre-
ducible #*-module M with central character X, for y € T, define

i [M] = (hi, A= y)[M]. (9.19)
Recall, according to Lemma 8.5.8 that we have equivalently that
i [M] = (¢} (M) — &} (M))[M]. (9.20)

More generally, define

(") sk — koo, e (20 g

r

where (')") denotes m(m—1)...(m—r+1)/(r!). Extending linearly, each (hf)
can be viewed as a diagonal linear operator K(A) — K(A). The definition
(9.19) implies immediately that:

Lemma 9.4.2 As operators on K(A),
[n},e}]= (h;, a‘j)"fj'L and [h?’ f,{\] = —(h;, aj)f;\

2 J

foralli,jel.

Lemma 9.4.3 As operators on K(A),
[e}, f11=8, h} (9.21)

i,j"%

foralli,jel

Proof Let M be an irreducible % }-module. It follows immediately from

Theorems 5.5.1(i) and 8.5.9(i) (together with central character considera-

tions in case i # j) that [M] appears in e} f}[M]— f}e}[M] with multiplicity
)\ )\ . . .

8, (¢} (M) — &}(M)). Therefore, it suffices simply to show that ¢} f[M] —

A A . .
“e;[M] is a multiple of [M].
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By Lemma 8.2.3, for m > 0 we have a surjection

ind, ' MXL,(j) > f}M.

n,1
Apply pr' oe; to get a surjection

prieind, ' MRL, (j) — e f}M. (9.22)

n,l

By the Mackey Theorem, there is an exact sequence
0 — M®" — ¢ind! ' ML, (j) — ind!_, ,(e,M)X L, (j) — 0,
For sufficiently large m we have
pr/\ind:;—l,l (eiM) ‘Z Lm(.]) =. /)\et)\M

So on applying the right exact functor pr* and using the irreducibility of M,
this implies that there is an exact sequence

0 — M®" — pr'eind" ' MX L, (j) —> f;‘e‘f‘M — 0, (9.23)

n,l

for some m,. Now let N be any irreducible #}-module with N 2 M. Combin-
ing (9.22) and (9.23) shows that

[fle!M —e! f?M:N]=0. (9.24)

Summing over all i, j and using (8.7) gives [indres M —resind M : N] > 0. But
Theorem 7.6.2 shows that equality holds here, hence it must hold in (9.24)
foralli,jel. |

To summarize, we have shown in (9.6), Lemmas 9.4.1, 9.4.2, and 9.4.3
that:

Theorem 9.4.4 The action of the operators e}, f}, h} on K(\) satisfy the
Chevalley relations (7.3), (7.4), and (7.5). Moreover, the actions of (e?)("),
(M, and (hf) for all i € I,r > 1 make K(A)q into a Uy-module so that
K(M)*, K(A) are Uy-submodules.

Remark 9.4.5 A stronger result than Lemma 9.4.3 holds: the relation (9.21)
holds in the module category, not just on the level of the Grothendieck groups.
If i # j this means that the functors e} f} and f’e} are isomorphic (which is
easy to see). If i = j this means the following. Let M be an F*-module with
central character x, for y € I,. If (h;, A—y) >0, then there is a functorial
isomorphism

eMfIM = fretM @ MO
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otherwise there is a functorial isomorphism
eMfAM @ MO~ AT fhekpg

This is proved in [CR, 5.28] (see also [V, ] for the case where M is irreducible).

9.5 Identification of K(o0)*, K(A)*, and K(A)

We recall some basic notions from representation theory of Uy from [Kc,
Chapters 3,9, 10]. A Uy-module V is called integrable if it decomposes as a
direct sum of its weight spaces, and all elements e;, f; act on V locally nilpo-
tently. Let O, be the category of integrable Uy-modules V with the additional
property that for every v € V there exists N > 0 such that ¢; ...¢; v=0
for any i,,...,iy € 1. The category O, is semisimple, and its irreducible
modules are

(VM) [ Ae Py,
where V() is the Uy-module generated by a vector v, with defining relations

hv, = (h;,\), ev,=0, fT"Yy =0. (9.25)

1

We refer to the module V(A) as the irreducible Uy-module of highest weight
A and the vector v, as its highest weight vector. Every V(A) has a unique (up
to scalar) non-degenerate symmetric contravariant bilinear form

(-, ) V(D) x V(D) - Q,
sometimes called the Shapovalov-Jantzen form. Thus we have
(uv, w) = (v, k(U)w) (u € Uy, v,we V(A)),
where
k:Uy— Uy, e f, fir> e, hi—h (iel
is the Chevalley anti-involution. The weight spaces of V(A) are orthogonal to
each other with respect to this form.

Theorem 9.5.1 For any A€ P:

(i) K(A)q is precisely the irreducible integrable highest weight Ugy-module
V(A) of highest weight A, with highest weight vector [1,];

(ii) the bilinear form (., .) from (9.18) on the highest weight module K(A)q
coincides with the usual contravariant form satisfying ([1,],[1,]) = 1;
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(iii) K(A)* C K(A) are integral forms of K(A)q containing [1,], with K(A)*
being the minimal lattice U;[1,] and K(A) being its dual under the
contravariant form;

(iv) The classes [M) of the irreducible J-modules M € F}-mod[y] form
a basis of the (A —y)-weight space V(A),_,. The same is true for the
classes [Py;] of projective indecomposable modules in J}-mod[7y].

Proof It makes sense to think of K(A)q as a Up-module according to Theo-
rem 9.4.4. The actions of ¢; and f; are locally nilpotent by Theorems 5.5.1(i)
and 8.5.9(i). The action of h; is diagonal by definition. Thus K(A), is an inte-
grable module. Clearly [1,] is a highest weight vector of highest weight A.
Moreover, K(A)g = Ug[1,] by Theorem 9.3.4. This completes the proof of
(i), and (ii) follows immediately from Lemma 9.3.1.

For (iii), we know already that K(A)* C K(A) are dual lattices of K(A)q,
which are invariant under U, . Moreover, Theorem 9.3.4 again shows K(A)* =
U;[1,]. Finally, (iv) follows from (9.19). Ul

We need the following well-known result:
Lemma 9.5.2 Let u € U act as zero on every V(A), A € P,.. Then u=0.

Proof We may assume that u is in the weight component (U,}) ., for some p.
Pick A with (h;, A) > 0 for every i. By assumption, uv = 0 for every v €
V(A),_,,- It follows that

0= (uv, v)) = (v, kK(Wv)),

where k is the Chevalley anti-involution. As (.,.) is non-degenerate and
v € V(A),_, is arbitrary, we have k(u)v, = 0. But, since we have chosen A
to be very large, it follows from the definition of V(A) in (9.25) that there is
an isomorphism (U;)_, — V(A),_,, given by multiplying v, with elements
of (U;)_,- So k(u) =0, whence u = 0. O

Theorem 9.5.3 The map 7: U, — K(o0)* constructed in Lemma 9.2.6 is an
isomorphism.

Proof Note by Lemma 9.2.5 that the action of the efr) € U, on K(o0) and
on each K(A) factors through the map 7. So if x € ker 7, we have by
Theorem 9.5.1 that x acts as zero on all integrable highest weight modules
K(A), A e P,. Hence x =0 in view of Lemma 9.5.2, and 7 is injective.
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To prove surjectivity, take x € K(o0). As 7 is homogeneous and all graded
components are finite dimensional, it suffices to show that (7(u), x) =0 for
all u € U; implies that x = 0. Note

(7(w), x) = (m()7(w), x) = (7(1), 7(u)x) = (7(1), ux),

where the second equality follows because the right regular action of K(oo)*
on itself is precisely the dual action to the left action of K(o0)* on K(c0), and
the third equality follows from Lemma 9.2.5. Hence, if (7(u), x) = 0 for all
u € U, we have that (7(1), ux) = 0 for all u € U, . Now, (1) is the identity
in K(00)*, so (7(1), ux) is just the coefficient of [1] in ux, where [1] € K(o0)
is the class of the trivial F,-module 1.

Let us choose A € P__ sufficiently large so that in fact x € K(A) C K(c0).
Then, using identification (9.13), we have ([1,],ux) =0 for all u € U;,
where (.,.) now is a canonical pairing between K(A)* and K(A). Hence by
Lemma 9.3.1, (v[1,], x) =0 for all v € U . But then Theorem 9.3.4 implies
that x = 0. U

9.6 Blocks

Let A € P,. We now classify the blocks of the algebras H, following [G;].

Theorem 9.6.1 Let M and N be irreducible H*-modules with M % N, and
0 — inf*'M — X — infl*N — 0 (9.26)

be an exact sequence of J,-modules. Then pr*X = X.

Proof Let us denote infl*M by M’ and infl'N by N’. We may assume that

M’ and N’ are in the same block for F,, as otherwise the sequence (9.26)

splits, and the result is clear. Recall the ideal J, = ¥, f, /X, from Section 7.3,
and set J := J,. Note that

pr? = (H,/7) Q2.
So applying this right exact functor to (9.26) yields the exact sequence
c+v —> Tor!"(#,/T,N') —> M' —> pr*X — N' — 0.

We have to show that & = 0. This will follow if we can prove the claim that
there is a surjection of left J,-modules

ind;,_, jres, | | N'— Tor]"(#,/7, N').
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Indeed, if the claim is true and « # O then the space
Homy, (res, N’ res; M’)
2 Homy,  (res, , N’ res; , M)
= Homy, (ind,_, res; , \N', M’)
is non-zero, which is false in view of Corollary 5.5.2.
Finally, for the claim, consider the resolution
d; dy
e —> }[)1(8%”_]]}(” e %n — %n/j—) 0

of the right #,-module ¥ ,/J, where d, is the natural projection, and
d(a®b) =af,b for a,b € H,. Let X =kerd,. Then we have two exact
sequences of J{,-bimodules

0—J—H,— H,/T—0,
0— X — H,Qy ,, H,— T —0.

On tensoring with N’ these yield the following exact sequences of left
J,-modules

0 —> Tor{" (H,/I,N') —> T @ N’
5 (9.27)
— }[’1 ®_7{n N/ e }[”/j®%rz N, —_— O,
> H, Qe  H, Ry N —> TRy N — 0. (9.28)
Now note that f is an isomorphism, as H, ®4, N’ = N’ and
H,/T @4, N Zpr*N' =N’

Hence from (9.27), Tor\ " (#,/J, N') = J ®g;, N'. Now, the claim follows
from (9.28), as

‘7{;1 ®}L’

n—1,1

!~ n n !
H, Qg N' = ind,_, jres,_, |N'".
0

Recalling the definitions from Sections 4.2 and 8.1 and using Theorem 9.5.1,
we immediately deduce the following corollary which determines the blocks
of K

Corollary 9.6.2 The blocks of cyclotomic algebras F(* are precisely the
subcategories J*-mod[y] for y € T',. Moreover, F*-mod|[y] is non-trivial if
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and only if the (A — y)-weight space of the highest weight module K())q is
non-zero.

Remark 9.6.3 Recently, Chuang, and Rouquier [CR] have proved that the
blocks of the algebras #* (for various n) corresponding to two weights 7y,
and vy, of V(A) in the same W-orbit are derived equivalent. A key notion
introduced in [CR] is that of an 3[,-categorification. We refer the reader
to the original paper for the precise definition, but, informally speaking, a
categorification is a pair of endo-functors E and F on an appropriate category
2 adjoint to each other on both sides, together with natural transformations
X € End(E) and T € End(E?), and a scalar a € F, satisfying the following
additional properties:

e linear operators e = [E] and f = [F] on the Grothendieck group K(2()q
give a locally finite 31, (Q)-representation;

e the classes of irreducible objects of 9 are weight vectors;

e ToT =1, 0nE* To(1;X)oT+T =X1, on E?, and (1,T) o (T1;)o

(11 = (T1;) 0 (1;T) o (T1) on EY;

e X —a is locally nilpotent.
The main result of [CR] is that an 3[,-categorification leads to a complex of
functors, which induces a self-equivalence of D?(2[).

This can be applied to the category A = &,.,H*-mod, functors E = ¢;,
F = f,, and a = i. The natural transformations X and 7" come from the action
of x, on e;M and the action of s, on ¢’M for an H*-module M. From
what was proved in this chapter it follows easily that this gives us an 3[,-
categorification. The main result of [CR] now gives a self-equivalence of the
derived category, which on restriction to blocks gives the desired result.
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Identification of the crystal

In this chapter we will push one step further the deep connection between
degenerate affine and cyclotomic Hecke algebras on the one hand and
Kac—Moody algebras on the other. Namely, we will explain how some natural
representation theoretic data coming from affine algebras ¢, and cyclotomic
algebras H* can be used to define crystals in the sense of Kashiwara. More-
over, we will identify these crystals with those corresponding to Uy and V(A),
respectively. These crystals are explicitly known, which provides us with rich
new information on representation theory of affine and cyclotomic algebras.
For the case A = A,, when (" is the group algebra of the symmetric group,
this will be exploited in the next chapter.

10.1 Final properties of B()

Recall the “starred” versions of ¢;, f,-, g;, from Section 7.4.

Lemma 10.1.1 Let M € Rep, H,, be irreducible.
(i) For any i€ I, either si(fi*M) =g&;(M) or g;,(M)+1.
(i) Forany i, j €1 with i # j, we have &,(f; M) = &,(M).

Proof We prove (i), the proof of (ii) being similar. By the Shuffle Lemma, we
certainly have that g;(f;*M) < &;(M)+1. Now let N = f*M. Then obviously,
g;(efN) <¢g;(N).Hence, g;(M) <¢;(ffM),as & fM = M, see Lemma 5.2.3.

O

Lemma 10.1.2 Letr M < Rep, H,, be irreducible and i, j be elements of
I (not necessarily distinct). Assume that &,(f7 M) = &,(M). Then, writing
e:=¢,(M), we have

efiM = fretM.

120
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Proof Setn=m—¢.Let N=¢’M, so N is an irreducible J¢,-module with
g(N)=0and M = f’N.For0<b <eg,let

Q,=e"fIM.

Theorem 5.5.1(i) implies that in the Grothendieck group, Q, is some number
of copies of 7" f M plus terms with strictly smaller ;. In particular, &;(L) <
b for all composition factors L of Q,, while Q, consists only of copies of
e fiM.

We will show by decreasing induction on b = ¢, —1, ..., 0 that there is
a non-zero J,_,,;-module homomorphism

y, 1ind} L) RNK L") — Q.

Incase b=¢, Q, = f]?‘M is a quotient of ind;’f;lL(j) XM (see (7.10)), and
M is a quotient of ind,’ N X L(i®), so the induction starts. Now we suppose
by induction that we have proved 7y, # 0 exists for some b > 1 and construct
Yo-1-

Consider res!t>"'ind}*""' L(j) ) N® L(i*). By the Mackey Theorem, this
has a filtration 0 C F|, C F, C F; with successive quotients

F =ind{"5 res;?) | L())RNEL(®),
F)/F, = ind’;jﬁ%,b,lwresizzfl,l,bl‘(j) XNKL(),
Fy/F, = ind/ % NRL(*) KL L()),
where w is the obvious permutation. As 7, # 0, Frobenius reciprocity implies
that there is a copy of the 7, ,-module L(j) XN K L(i’) in the image of

Y,- Now b > 0, so the i-eigenspace of x,,,,, acting on L(j)XN KX L(i’) is
non-trivial. We conclude that the map

Yy = ei(v,) : eiind'l’;l”;'L(j) @N&L(ib) = €,0, =0,

is non-zero.

If i # j, then it follows from the description of F;/F, and F,/F, above that
e;(F5/F,) =0 (for F,/F, we need to use the fact that &;(N) = 0). So in this
case, we necessarily have that y,(F,) # 0. Similarly if i = j, ¢,(F,/F,) =0,
so if ¥, (F;) =0 we see that ¥, factors to a non-zero homomorphism

resﬁii’lind:fbf’ilN RLG")RLGE) — 0,_-

But this implies that Q,_, has a constituent L with &;(L) = b, which we know
is not the case. Hence we have that ¥, (F;) # 0 in the case i = j too.
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Hence, the restriction of y, to F; gives us a non-zero homomorphism
n+b,1: b+n,1 1,n,b . -b
res, ., indy 0y gres L) RNKLGE) — Q.

Now finally as all composition factors of res) ,L(i’) are isomorphic to
L(i*~1), this implies the existence of a non-zero homomorphism

Yo-1 3indf;?b71L(j)®N&L(ib_l) = Q)

completing the induction.

Now taking b = 0 we have a non-zero map v, : indf;lL(j) XN — Q,. But
the left-hand side has irreducible head f]T*N = f;‘éfM , while all composition
factors of the right-hand side are isomorphic to e? f]f‘M . This completes the

proof. |

We will also need the “starred” versions of Lemmas 10.1.1 and 10.1.2,
which are obtained by applying the lemmas to the module M7:

Lemma 10.1.3 Let M € Rep, H,, be irreducible.
(i) For any i€ I, either sj‘(flM) =& (M) or ei(M)+1.
(ii) For any i, j € I with i # j, we have 8}*(ij) =& (M).

Lemma 10.1.4 Let M < Rep, H,, be irreducible and i, j be elements of
I (not necessarily distinct). Assume that &;(f;M) = &;(M). Then, writing
a:= g (M), we have

@) f;M = f,@) M.
Corollary 10.1.5 Let M € Rep,(H,,) be irreducible and i € I. Let M, =

e M and M, = (") M. Then &(M) = £:(M,) if and only if £,(M) =
&,(M,).

Proof Suppose g;(M) = g;(M,). Lemma 10.1.1 implies that

g((f'M) =e,((f)'My),  k=0,1,....e/(M)—1.
Now, using Lemma 10.1.2, we obtain

M, =M =g M (f) 00 M, = (F7)10E Y M, (10.1)
Note that &7(M,) = 0, hence a}"(éf"(M)Mz) = 0. Now (10.1) shows that
e(M,) = £;(M). We have shown that &,(M) = g,(M,) implies (M) =

£7(M,). The converse is obtained in exactly the same way, but using Lemmas
10.1.3 and 10.1.4 instead of Lemmas 10.1.1 and 10.1.2, respectively. |
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Lemma 10.1.6 Let M € Rep, K, be irreducible and i € I satisfy si(fl.*M) =
g(M)+1. Then e,fiM = M.

Proof Set & :=¢g(M) and N = e M. By the Shuffle Lemma and
Theorem 5.3.1, we have

[ind]'}., L) N KL =[ind})"} ., NRL()]

1,m—eg,e m—e,e+1

(in the Grothendieck group). Hence by Theorem 5.5.1(i),

[ind”t!' L(i)RNXL(®)]

1,m—e,e

equals [f**'N] = [f,M] plus terms [L] for irreducible L with &,(L) < .
However, ind"!' L(i)® N X L(i®) surjects onto M. So the assumption

1,m—e,e

si(fl.*M) = e+ 1 implies fiM = fi*M, or, applying ¢;, M = E,fl.*M. O
Again, we record the “starred” version of the above:

Lemma 10.1.7 Let M € Rep, K, be irreducible and i € I satisfy & (f,M) =
e (M)+1. Then ef f;M =M.

10.2 Crystals

Let us now recall some definitions from [Ka]. A crystal (of type g) is a set B
endowed with maps

¢, :B—>ZU{—x} (i€l),

!

:B— BU{0} (iel),

T

i

wt:B— P

such that:

(C1) ¢;(b) =&;(b)+ (h;, wt(b)) for any i € I,

(C2) if b € B satisfies ;b # 0, then ¢;(e;,b) = &,(b) — 1, ¢;(¢;b) = ¢,(b) +1,
and wt(e;p) = wt(b) + a3

(C3) if b € B satisfies f,b # 0, then &,(f,b) = &,(b) + 1, ¢,(f;b) = ¢,(b) — 1,
and wt(e;p) = wt(b) — a;;

(C4) for b,, b, € B, b, = f,b, if and only if b, = &,b,;

(C5) if @,(b) = —oo, then &;b = f,b =0.
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Informally, we can think of a crystal as a colored directed graph with
the set of vertices B, and an arrow of color i € I going from vertex b; to
vertex b, if and only if b, = fibl. Moreover, to every vertex b we asso-
ciate its weight wt(b) and a bunch of numbers &;(b), ¢;(b) satisfying certain
axioms.

For example, for each i € I, we have the crystal B; defined as a set to be
{b,(n) | n € Z} with

_]-n if j=1i, _n if j=1i,
8j(bi(n))_:_oo if o s %‘(bi(n))—:_oo if j £ i
i b(n+1) if j=i,
e,-(b,(n)):{o(” g
s b(n—1) if j=i,
fj(b,-(n))={0’(n ) o

and wt(b;(n)) = na;. We abbreviate b;(0) by b;. Also for A € P, we have the
crystal T, equal as a set to {t,}, with &,(t,) = @,(1,) = —o0, 2,1, = fi1, =0
and wt(t,) = A.

A morphism ¢ : B— B’ of crystals is a map ¢ : BU{0} — B'U{0} such
that:

(HI) (0) =0;
(H2) if (b) # 0 for b € B, then wt((b)) = wt(b), €,((b)) = €,(b) and
@i (Y(b)) = Y (b);
(H3) for b € B such that (b) # 0 and (e;b) # 0, we have that ¥(e;p) =
e p(b);
(H4) for b € B such that /(b) # 0 and W(f:b) # 0, we have that (f,b) =
fip(b).

A morphism of crystals is called strict if y commutes with the ¢;s and fis,
and an embedding if i is injective.

Note that the trivial map sending “everything” to {0} is a strict morphism.
As for embeddings, we can informally think of them as follows: there is an
embedding from a crystal B to a crystal B’ if and only if we can identify B
with a subset of B’, so that the data wt, &, ¢ are respected, and arrows in B
are arrows in B’. Then the embedding is strict if there are no arrows starting
in B and going “outside”, no arrows starting “outside” and coming to B, and
no arrows in B’ \ B conecting two elements in B.
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We also need the notion of a tensor product of two crystals B, B'. As a set,
B® B’ is just B x B', but we write b® b’ instead of (b, b") for b€ B,b' € B'.
This is made into a crystal by setting

& (b®@b') = max(g,(b), &,(b') — (h;, wi(b))),
¢,(b®b') = max(¢;(b) + (h;, wt(b')), ¢,(b")),

ebQU if ¢;(b) = &,(V)

e.(bRb) = s
4(b®b) {b@éib/ if ¢.(b) < &,(b)

fb@W if @.(b) > &,(b)
b fib if ¢,(b) < &,(b)

wt(b®b') = wt(b) +wt(b').

fi(b®b) = {

Here, we understand b ® 0 = 0 = 0® b. The definition comes from represen-
tation theory of s/,.

Recall the sets of isomorphism classes of irreducible modules B(oo) and
B(A) from Section 9.1. We now explain how to make them into crystals
in the above sense. For B()), we use the operators &', f} from (5.10),
(8.8) and functions &}, ¢} from (5.5), (8.17) to define the maps e, fir €5 01n
respectively. For the corresponding functions on B(c0) use ;, f; from (5.10),
functions g; from (5.5), and ¢; defined below.

For the weight functions on B(co) and B(A) set

wt(M) = —, (10.2)
for an irreducible M € Rep %, [y], and
wt'(N) = A —, (10.3)

for an irreducible N € F*-mod[y], respectively. Finally, for [M] € B(c0),
define

@:i(M) = &,(M) + (h;, wi(M)). (10.4)

Note we have defined all data purely in terms of representation theory of J,
and H.

Lemma 10.2.1 The tuples
(B(), &, ¢;, €, fi’ wt)
and
CIOVRNCREN AR D)

for A € P_ are crystals in the sense of Kashiwara.
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Proof Property (C1) is Lemma 8.5.8 for the case of B(A) or the definition for
the case of B(c0). Property (C4) is Lemma 5.2.3. The remaining properties
are immediate. U

Recall the embedding infl* : B(A) U {0} — B(oo) U {0} from (9.3).

Lemma 10.2.2 The map
B(A) = B(oo)®T, [N]+ infl'[N]®1,
is an embedding of crystals with image

{[M](X)t)\ €B(0)®T, i e/ (M) < (h;, A) for each i € I} .

Proof Since & and f} are restrictions of ¢, f; from B(co) to B(\), respec-
tively, the first statement is immediate. The second is a restatement of Corol-
lary 7.4.1. |

10.3 Identification of B(co) and B(A)

In this section we will identify the crystals B(co) and B(A) defined purely in
terms of modular representation theory with the Kashiwara’s crystals of Uy
and V(A), respectively.

Lemma 10.3.1 Let M € Rep,; K,, be irreducible and i, j € I with i # j. Set
a=¢gf(M).

@) 8j(M) = gj((éj)“M),

(ii) If &;(M) > O, then &}(e;M) = &; (M) and (e})"e;,M =e,(e;)*M.

Proof (i) Applying Lemma 10.1.1(ii) (with i and j swapped) repeatedly, we
get

&,((€)' M) = &,(f7 (@) M) == &,(f)"(&)"M) = &;(M).

(i1) By Lemma 10.1.3(ii), we have sf(ij) = g} (N) for any irreducible N.
Applying this to N = ¢;M gives the first part of the claim. Further, a = & (N),
so by Lemma 10.1.4, we have

@) f;N = f;(&)"N,

whence the second part of the claim. Ul
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Lemma 10.3.2 Let M € Rep, H,, be irreducible and i € I. Set a = &} (M)
and L = (e})*M.

(i) &(M)=max(&,(L), a—(h;wt(L))).

(i) If (M) >0,

v [0 FEDza= 0w,
a—1 otherwise.
(iii) If &;(M) > 0,
(@)’eM = e;L if g,(L) = a—(h;, wt(L)),
L otherwise,
where b = g} (e;M).
Proof Lete=¢;,(M),n=m—¢,and N = (¢;)°M.
(i) By twisting with o, it suffices to prove that (for arbitrary M)
ef(M) =max (] (N), &— (h;, wt(N))). (10.5)
Define the weights A(0), A(1), --- € P, by taking
(hi, A(r)) =&;(N)+r and (h;,A(r)) >0 for j#i.

Then JA(,.)N =0 for any r > 0, see Corollary 7.4.1. Moreover, the same
corollary and Lemma 10.1.3 imply that for k = go?(r) (N) we have
&/ (fiN) = (hi, A1) and - &/ (f7T'N) = (i M) + 1.
As &) (N) = g,(N) =0, Lemma 8.5.8 gives
@i (N) = (b, A(r) + WHN)) = &/ (N) + 7+ (b, Wt(N)).
Moreover, by Lemma 10.1.3(i) we have *(fN) > *(N) for any s. All of
these applied consecutively to A(0), A(1), ... imply that
“(Fs &/ (N) if s < &7 (N) + (h;, wt(N)),
g (fiN)= .
s—(h;, wt(N)) if s > &7 (N)+ (h;, wt(N))

for all s > 0. For s = ¢ this gives (10.5).
(ii) As g;(e;M) = g;(M) — 1, it follows from (10.5) and (10.5) applied to
e;M in place of M that

(M) if & < (b Wi(N)) + 8] (N),
e’ (M)—1 otherwise.

& (e;M) = {
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Note that wt(N) = wt(M) + ea;, so
(h;, wt(N)) = (h;, wt(M)) + 2e¢. (10.6)
Therefore

Y n a it (h;, wt(M))+e+¢€f(N) >0,
& (e;M) =
a—1 otherwise.
Next, wt(L) = wt(M) + aa;, so
(h;, wt(L)) = {h;, wt(M)) + 2a. (10.7)

Hence ¢;(L) > a — (h;, wt(L)) is equivalent to {h;, wt(M))+¢&,(L)+a > 0.
So (ii) follows if we show that

(h;, Wt(M)) +&5(N)+& <0
is equivalent to
(h,, wt(M)) +&,(L) +a < 0.
Now, by (i) and (10.7), we have
(h;, Wt(M)) + &}(N) + &
= max((h;, wt(M)) + &7 (N) +£,(L), &/(N)—a),
and, by (10.5) and (10.6), we have
(h;, Wt(M)) + &,(L) +a
= max((h;, wt(M)) +&,(L) +&*(N), £,(L)—¢).

Moreover, obviously &f(N) —a <0 and ¢,(L) —& <0, and it remains to
observe that &f(N) —a =0 if and only if &(L) —& = 0, thanks to
Corollary 10.1.5.

(iii) If &(L) = a— (h;,wt(L)) then (ii) implies b = a, and so by
Lemma 10.1.4 we have

(E?)béiM = z’i(E?)h = éiL'

However, if &;(L) < a — (h;, wt(L)), then by (ii) implies b = a— 1, and so
by Lemma 10.1.7 we have

()"6M = (&))'&M = &)"M = L.



10.3 Identification of B(o0) and B(A) 129

Now for each i € I, define a map
W, : B(c0) — B(o0) ® B; (10.8)

mapping each [M] € B(c0) to [(€])*M] ®fi“b,-, where a = &/ (M).

Lemma 10.3.3 The following properties hold:

(i) for every [M] € B(o0), wt(M) is a negative sum of simple roots;

(ii) [1] is the unique element of B(oo) with weight 0;

(iii) &,(1) =0 for everyiel;

(iv) &,(M) € Z for every [M] € B(c0) and every i € I;

(V) for every i, the map W, : B(co) — B(c0) ® B; defined above is a strict
embedding of crystals;

(vi) W,(B(00)) S B(o0) x {f!'b;|n > 0};

(vii) for any [M] € B(o0) other than [1], there exists i € I such that
W.([M]) = [N ® f'b; for some [N] € B(c0) and n > 0.

Proof Properties (i)—(iv) are immediate from our construction of B(co). The
information required to verify (v) is exactly contained in Lemmas 10.3.1 and
10.3.2. Finally, (vi) is immediate from the definition of W, and (vii) holds
because every such M has &7 (M) > 0 for at least one i € I. Ul

The properties in Lemma 10.3.3 exactly characterize the crystal B(co) by
[KS, Proposition 3.2.3]. Hence, we have proved:

Theorem 10.3.4 The crystal B(oo) is isomorphic to Kashiwara’s crystal
B(o0) associated to the crystal base of Uy.

In view of [Ka, Theorem 8.2], we can also identify our maps ¥; with those
of [Ka]. Taking into account [Ka, Proposition 8.1] we can then identify our
functions &} on B(co) with those in [Ka]. It follows from this, Lemma 10.2.2
and [Ka, Proposition 8.2] that:

Theorem 10.3.5 For each A € P,, the crystal B(A) is isomorphic to
Kashiwara’s crystal B(A) associated to the integrable highest weight
Ug-module of highest weight A.

Remark 10.3.6 Recent result of Berenstein and Kazhdan [BeKa] might make
much of the work of this section, as well as Section 10.1, unnecessary, provid-
ing [BeKa] is generalized from locally finite modules over finite dimensional
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semisimple Lie algebras to integrable modules over Kac—-Moody algebras
(which actually seems to be more or less automatic).

Indeed, let V be an integrable g-module, and B be a basis of V, which
consists of weight vectors. For any i € I define V;*" :={v e V| e/v =0} and
V= :={ve V| fflv=0}. Also for every b € B and b € I define ¢,(b) :=
max{r | e/b # 0} and ¢,(b) := max{r | f/b # 0}. Following [BeKa], we say
that the basis B is perfect if for every b € B and i € I such that e;b # 0 there
exists a unique element b’ € B such that ¢,(b") = &;(b) — 1 and

ebe Cb + V507!

and also for every b € B and i € I such that f;b # O there exists a unique
element b” € B such that ¢;(b’) = ¢;(b) — 1 and

fibeC b +v=F®!

To a perfect basis B we can associate a crystal B in the obvious way (edge of
color i connecting b and b’ as above, etc.) It follows from the main result of
[BeKa] that no matter which perfect basis we take, the crystal B is the same
and it is isomorphic to Kashiwara’s crystal associated to the crystal base of V.

Now, by Theorems 5.5.1(i) and 8.5.9(i), the classes of the irreducible F*-
modules form a perfect basis of K(A). And the result above (providing it
holds for Kac-Moody algebras), together with Theorem 9.5.1, imply Theo-
rem 10.3.5, which in turn implies Theorem 10.3.4.
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Symmetric groups II

In this chapter we specialize to the case A = A,. In this case H* = FS,, so
we will be getting results on symmetric groups. In particular, we obtain a
classification of the irreducible FS,-modules, describe how the irreducibles
split into blocks (“Nakayama’s Conjecture”), and prove some of the branching
rules of [K,, K,, Ks, K,, BK,]. As A = A, is fixed throughout the chapter,
we will not use the superscripts and just write e; for e?”, f, for fiAO, etc. These
should not be confused with the corresponding notions for the affine Hecke
algebra J(,.

11.1 Description of the crystal graph

In the case A = A, Misra and Miwa [MiMi] described the crystal B(A,) in
terms of Young diagrams, which we now explain.

We will use the terminology concerning partitions introduced in Chapter 1.
In particular, recall the definition of the residue content cont(«) of a partition
a from (1.2).

Fix a partition « of n. We define the important notions of normal and good
nodes. Label all i-addable nodes of the diagram « by + and all i-removable
nodes by —. Then the i-signature of « is the sequence of pluses and minuses
obtained by going along the rim of the Young diagram from bottom left
to top right and reading off all the signs. The reduced i-signature of a is
obtained from the i-signature by successively erasing all neighboring pairs of
the form —+.

Note the reduced i-signature always looks like a sequence of +s followed
by —s. Nodes corresponding to a “—” in the reduced i-signature are called
i-normal, nodes corresponding to a “4-” are called i-conormal. The leftmost
i-normal node (corresponding to the leftmost — in the reduced i-signature) is

131
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called i-good, and, similarly, the rightmost i-conormal node is called i-cogood.
A node is called normal (resp. conormal, good, cogood) if it is i-normal (resp.
i-conormal, i-good, i-cogood) for some i.

Note that the notions just introduced are pretty boring for the case p = 0:
every removable node is normal and good and every addable node is conormal
and cogood.

Example 11.1.1 Let p =5, a« = (14,11, 10, 10,9, 4, 1). The residues are as
follows:

ol1]2]3]4]ol1]2]3]4]0]1]2]3]
4loli]2]3]4]o]1]2]3]4
3lalol1][2]3]4]0]1]2
2[3]4]0]1]2]3]4]0]1
1]2]3]4]0]1]2]3]4
o[1]2]3

4]

The residue content of « is y = (7,),c; Where
Yo=11, v, =12, v, =12, y3 =12, y, =12.

The 4-addable and 4-removable nodes are labeled in the diagram:

[ 1 ]+

Hence, the 4-signature of « is

—
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and the reduced 4-signature is —. The corresponding node is circled in the
above diagram. So, there is one 4-normal node, which is also 4-good; there
are no 4-conormal or 4-cogood nodes.

In general, we define

g;(a) = t{i-normal nodes in «}

. U (11.1)
= #{{—"s in the reduced i-signature of «},
¢;(a) = #{i-conormal nodes in a} (112)
= f{+’s in the reduced i-signature of a}. '
Also set
2 (a) = oy, ?f g;(a) > 0 and A is the (unique) i-good node, (11.3)
0 ifg(a)=0,
a? if ¢,(@) > 0 and B is the (unique)
fila)= i-cogood node, (11.4)
0 if ¢(e) =0.

The definitions imply that 2,(c), f,() are p-regular (or zero) in case « is
itself p-regular. Finally define

wt(a) = A=) v, (11.5)

iel

where cont(a) = (%;);c;- We have now defined a datum
('7)[)’ s @5 €1, f:"Wt)

which makes the set 2, of all p-regular partitions into a crystal in the sense
of Section 10.2 (O.K., the axiom (C1) is perhaps not so obvious. If you
cannot prove it directly, no problem — it will follow from Theorem 11.1.3
anyway).

Example 11.1.2 The first nine levels of the crystal graph P, are as
follows:
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We now state the result of Misra and Miwa [MiMi]:

Theorem 11.1.3 The set .7’,, equipped with 8i,goi,?3,-,]~‘i,wt as above is
isomorphic (in the unique way) to the crystal B(A,) associated to the inte-
grable highest weight Uy-module of fundamental highest weight A,,.

We now introduce some more combinatorial notions relevant to modular
representation theory of S,, see [JK, 2.7]. Until the end of the section we
assume that p > 0. The rim of a Young diagram « is its south-east border.
A rim p-hook of « is a connected part of the rim with p nodes and such that
its removal leaves a Young diagram of a partition. If @ has no rim p-hooks,
it is called a p-core. In general, the p-core & of « is obtained by successively
removing rim p-hooks, until it is reduced to a core (we check that & is
well defined). The p-weight of a, denoted w(«), is then the total number of
rim p-hooks that need to be removed from « before we reach the p-core.
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It is easy to see using the abacus notation (see [JK, 2.7] for details) that, for
B, a € P(n),

cont(B) = cont(e) if and only if B = é. (11.6)

We now give a Lie theoretic interpretation of the combinatorial notions
introduced in the previous paragraph, following the ideas of [LLT, Sec-
tion 5.3]. Let W be the (affine) Weyl group corresponding to g. Recall from
[Kc, Section 12] that the set of weights of V(A,) is

P(Ay) ={wAy—kd|weW, keZ.).

Moreover, let Par,,(n) denote the number of partitions of n as a sum of
positive integers of m different colors. Then the multiplicity of the weight
wA, —kd in V(A,) equals Par, ,(k), see [Kc, Section 12.13]. As W leaves
0 invariant, the W-orbits on P(A,) are precisely X, X,, X,, ..., where

X, i= {wA, — k& | w e W). (11.7)

Elements of X|, are called extremal weights.

Lemma 11.1.4 The weight v = Ay— ) ;; v;®; € P(A,) belongs to X, if and
only if k= o+ X/ (Vi¥ir1 — ¥0)-

Proof We have v € X, if and only if v = wA, — k8. Let (- | -) be the
normalized invariant form from [Kc, Section 6.2]. Note that

k=—(wAy—ké | wA,—kd)/2.
So it remains to notice that
—(Ay— Z Yioy | Ag— Z Yia)/2 =Y+ Z('Yi')’i+1 - 712)

iel iel iel

O

Proposition 11.1.5 Let « be a p-regular partition. Then w(a) = k if and only
if wt(e) € X,. In particular, a is a p-core if and only if wt(a) is an extremal
weight.

Proof Let w(a) =k and wt(«) € X,. As the removal of a rim p-hook from
a p-regular partition « leads to the subtraction of & from wt(a), it follows
that [ > k. In particular, [/ = 0 implies that « is a p-core. So there is a p-core
B with wt(B) = wt(a) — I8. Attaching / rim p-hooks horizontally to the first
row of B we get a partition y with y = 8 and wt(y) = wt(a), whence y = &,
and so k= 1. |
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Now, Theorem 11.1.3 and Kac’s formula [Kc, (12.13.5)] for the character
of the highest weight Uy-module of highest weight A, imply a classical
combinatorial result: for a € 2,(n),

#{B € P,(n) | cont(B) = cont(a)} = Par,_, (w(a)). (11.8)

11.2 Main results on S,

By Theorem 10.3.5, the isomorphism classes of irreducible FS,-modules are
parametrized by the nodes of the crystal graph B(A,). By Theorems 11.1.3
and 10.3.5, we can identify B(A,) with 2,. In other words, we can use the
set P,(n) of p-regular partitions of n to label the irreducible modules over
FS, for each n > 0.

Let us write D* for the irreducible FS,-module corresponding to a € P, (n).
To be precise

D*:=L(i,,....i,)

if = fl . .filg, see (5.14). Here the operator fl is as defined in (11.4),
corresponding under the identification 2,(n) = B(A,) to the crystal operator
denoted fiA“ in earlier sections, and & denotes the empty partition, corre-

sponding to [1,] € B(A).

Theorem 11.2.1 The modules {D*|a € P,(n)} form a complete set of pair-
wise non-isomorphic irreducible FS,-modules. Moreover, for a, € P,(n)
we have:

(1) D* is self-dual;

(i) modules D* and DP belong to the same block of FS, if and only if
cont(a) = cont(B),

(iii) D“ is a projective module if and only if a is p-core.

Proof We have already discussed the first statement of the theorem, being
a consequence of our main results combined with Theorem 11.1.3. Now, (i)
follows from Corollary 5.3.2, and (ii) is a special case of Corollary 9.6.2.
For (iii), note that if D* is projective then it is the only irreducible in its
block, hence by (11.8), Par,_;(w(a)) = 1. So either w(a) =0, or p =2 and
w(a) = 1. Now if w(a) =0 then « is p-core so the contravariant form on the
(1-dimensional) wt(a)-weight space of K(A,), is 1 (since wt(«) is conjugate
to A, under the action of the affine Weyl group). Hence, D* is projective by
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Theorem 9.5.1(ii). To rule out the remaining possibility p =2, w(a) =1, we
check in that case that the contravariant form on the wt(«)-weight space of
K(Ay)z is 2. U

Remark 11.2.2 Our characterization of the irreducible FS,-module D* corre-
sponding to a p-regular partition « is explicit but rather unpractical. Indeed,
in order to say what D is, we need to do the following. First, find a
path of length n in the crystal graph B(A,) from « to the empty parti-
tion & — in practice this amounts to “destroying” « by successively removing
good nodes, say, of residues i,, ..., i;, where i, is the residue of the first
removed node, i,_, is the residue of the second removed node, etc. This is
cumbersome but explicit combinatorics. Moreover, some remarkable special
sequences i,, ..., i; can be read off the formal character of D* — this will be
explained in Remark 11.2.14. The second step however is more unpleasant:
this sequence of residues is then used to define D* as f,-n ... f,—l D7 where
D? is the trivial FSy,-module 1 (recall that FS, is interpreted as F). This
means that the operation fl should be performed n times, that is n times

we should induce, project to a block and take the head of the resulting
module.

A much more direct approach to the construction of D is the classical
approach of James [J]. For each partition « of n there is an explicit construc-
tion of a module S§*, the corresponding Specht module. Its head D* is proved
to be irreducible when « is p-regular, and the D* form a complete set of
irreducible FS,-modules. Thus we only have to deal with taking the head
once. The natural question arises if our D* are the same as James’ D“. The
answer to this question is “yes”, but unfortunately the only proof we know
is somewhat unsatisfactory. Namely, we compare the “socle branching rule”
for James’ D?, established in [K,] by completely different methods, with
Theorem 11.2.7(i),(ii) below, and observe that the two branching rules are
exactly the same. This is enough to identify the two labelings of irreducible
modules. It would be interesting to find a more direct proof.

Now, consider in more detail the natural surjection
7 H, — H, /Ty, = H,0 =FS,

(see Remark 7.5.7). Under this surjection the Coxeter generator s,, of 7, maps
on to the Coxeter generators s,, of FS,, for any 1 < m < n. We now describe
the images of the polynomial generators x;, € . Recall the JM-elements L,
from (2.1).
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Lemma 11.2.3 For any 1 <k < n, we have m(x;) = L.

Proof Induction on k. For k =1 we know that 7(x;) = 0 because J, =
H,x,H,. However, L, is also zero. For the induction step, just observe that
L, =s.L;_s,+ s, (clear) and x, = 5,.x,_,5, + 5, (see (3.6)). ]

We can now use JM-elements to “avoid” affine Hecke algebras in defi-
nitions concerning symmetric groups. We noted in Section 2.1 that the
JM-elements commute (it also follows from the fact that they are images
of commuting elements under 7). Lemma 7.3.1 implies that JM-elements
act on FS,-modules with “integral” eigenvalues, that is eigenvalues from
I=Z-1CF.Ifi=(i,...,i,) €I"and M € FS,-mod we define its i-weight
space

M;:=fveM|(L,—i)v=0for N>Oand k=1,...,n}.

Lemma 11.2.4 Any M € FS,-mod decomposes as M = @, ;. M,.

Now define the formal character of an FS,-module M by

chM:=)"(dim M,)e, (11.9)
il
an element of the free Z-module on the formal basis {et|i € I"}. From
Theorem 5.3.1 we get:

Lemma 11.2.5 Let D,, ..., D, be non-isomorphic simple FS,-modules. then
chD,,...,chD, are Z-linearly independent.

It follows from Theorem 3.3.1 that the symmetric polynomials in the JM-
elements form a central subalgebra in FS, (Murphy [Mu,, 1.9] proves that this
central subalgebra actually equals the center of FS,, but we will never need this
fact). The characters of this central subalgebra are captured by the following
data. Let y=)",; v,a; € I', (see Section 8.1). For an FS,-module M set

M[y] = > M, (11.10)

iel" withcont(i)=y -

(see (8.1)).

Theorem 11.2.6 For y =), v:«; € I, the following are equivalent:

(i) there exists a finite dimensional FS,-module M with M[y] # 0;
(i) Ay —y is a weight of V(A,);
(iii) there exists a p-regular partition A of n whose residue content is (y;) ;-
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Moreover, two FS,-modules M and N are in the same block if and only if
M = M[6] and N = N|8] for some 6 €T,

Proof Follows from Theorem 11.2.1(ii) and Corollary 9.6.2. ([

Now, the functor
e;: FS,-mod — FS,_;-mod

is defined on a module M as the generalized i-eigenspace of the last
JM-element L, acting on M. This is considered as an FS,_;-module via
restriction to FS,_;, see (5.1) and (5.6). The more general divided power
functor

¢ : FS,-mod — FS, ,-mod

on a module M is defined as follows (see Section 8.3). Let S’ be the subgroup
of S, from (8.12). Now egr)M is the space of S -invariants in the simultaneous
generalized i-eigenspace of the last r JM-elements L, _,_,, ..., L,. Again, this
is considered as an FS,_,-module via restriction. As explained in Section 8.3,
taking S’-coinvariants or S/ -anti(co)invariants instead of invariants yields
isomorphic functors.

As in Section 8.3, in the definitions above, instead of taking generalized
eigenspaces, we could just project to appropriate blocks of FS,_,. More
precisely, assume first that M belongs to a fixed block of FS,, i.e. M =
M[v] for y € T',. Then the simultaneous generalized i-eigenspace of the last
r JM-elements on M equals res“;:ﬂ_M[y — ra;] (restriction followed by the
projection to the block of S, _, corresponding to y — re;). Finally, we extend
efr) to an arbitrary M by additivity. This approach is used to define the dual
functors

£+ FS,-mod — FS,, -mod.
On a module M € FS,-mod[7y], we have
FOM = (indg"g MB1g ) [y +ra,],

see (8.15). Then the functor is extended to an arbitrary module by additivity.
Taking the sign module sgng instead of the trivial module 1 leads to an
isomorphic functor. Set f; := f,-(l).

The next two theorems summarize earlier results concerning restriction and
induction in the special case of the symmetric groups.

Theorem 11.2.7 Let a € P,(n). We have
respg, D*=e¢D*®e, D*®---De, D,
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and, for each i € I, ;D% # 0 if and only if o has an i-good node A, in
which case e,D* is a self-dual indecomposable module with irreducible socle
and head isomorphic to D*4. Moreover, if i € I and a has an i-good node
A, then:

(1) the multiplicity of D** in ¢,D* is g;(«), €;(a,) = g;(a) — 1, and
£,(B) < &;(a) — 1 for all other composition factors DP of e;D%;

(ii) The algebra Endgg  (e;D*) is isomorphic to the algebra of truncated
polynomials F[x]/(x%). In particular,

dimEndg,_ (¢;D%) = g,(a);

(iii) Homgs (e;D%, e,DP) =0 forall B P,(n) with B # a;

(iv) e;D“ is irreducible if and only if €;(«) = 1. In particular, the restriction
resy;  D® is completely reducible if and only if e,(a) <1 for every
i €1, and respg,  D* is irreducible if and only if 3., e(a) = 1.

Proof The first statement follows from (8.7) and Theorem 8.2.5(i), combined
as usual with Theorem 11.1.3. For the remaining properties, (i),(ii), and (iii)
follow from Theorem 5.5.1 and Corollary 5.5.2. Finally, (iv) follows from
(i) as e;D* is a module with irreducible socle and head both isomorphic
to D, U

Theorem 11.2.8 Let a € P,(n). We have
ind™' D= f,D*® fiD*®--- B f, D,

and, for each i€ I, f;D* # 0 if and only if o has an i-cogood node B, in which
case f;D® is a self-dual indecomposable module with irreducible socle and
head isomorphic to D*’. Moreover, ifi € I and o has an i-cogood node B,
then:

() the multiplicity of D*" in f:D* is ¢;(a), ¢;(a®?) = ¢;(a)—1, and
¢.(B) < ¢;(a) — 1 for all other composition factors DP of f.D*;

(ii) the algebra Endgg,  (f;D*) is isomorphic to the algebra of truncated
polynomials F[x]/(x®). In particular,

dimEndgg  (f;D%) = ¢,(@);

(iii) Homgg,  (f;D%, f;DP) =0 for all B € P,(n) with B # a;
(iv) f,D* is irreducible if and only if ¢,(a) = 1. In particular, ind"+ D*
is completely reducible if and only if ¢;() <1 for every i € I.
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Proof The argument is the same as in Theorem 11.2.7, but using (8.7),
Theorem 8.2.5(ii), Corollary 8.5.2, and Theorem 8.5.9. Ul

Remark 11.2.9 We state without proof some further branching results
mentioned in the introduction, which do not seem to follow from the methods
developed here. Let @ € P,(n). The following is proved in [K,] (resp. [BK;]).
Suppose that A is an i-removable (resp. i-addable) node of « such that «,
(resp. a”) is p-regular. Then, [¢;D% : D*] (resp. [f,D“ : D*'] is the number
of i-normal (resp. i-conormal) nodes to the right (resp. left) of A, counting A
itself, or 0 if A is not i-normal (resp. i-conormal).

We also have somewhat less strong results on el@ and fl-(r).

Theorem 11.2.10 Let a € P,(n), i € I and r > 1. We have
/D% = (" D*)®",

and efr)D"‘ # 0 if and only if a has at least r i-normal nodes, in which case

efr)D“ is a self-dual indecomposable module with irreducible socle and head

isomorphic to DP, where B is obtained from a by removing r bottom i-normal

nodes. Moreover:

(i) the multiplicity of D in ¢"D* is (*'“), &(B) = &;(a) —r, and
g,(y) < g,(a) —r for all other composition factors DY of efr)D“;

(ii) The endomorphism algebra Endanir(eE')D"‘) is isomorphic to the
algebra Z,/(Z,N IPSI_(Q)ZZ(Q)) of (8.24). In particular,

dimEnd,s (DY) = (8"(“) );
)

(iii) Homanir(eEr)D“, efr)DV) =0 for all y € P,(n) with vy # a;
(iv) el(r)D“ is irreducible if and only if r = g,(a).

Proof The first statement follows from Theorem 8.3.2. For the remaining
properties, (i) and (iii) follow from Proposition 8.5.10(i) and (ii) respectively;
(ii) comes from Remark 8.6.3 and Proposition 8.6.2, and (iv) follows from (i).

O

Theorem 11.2.11 Let a € P,(n), i € I and r > 1. We have
firDa o~ (fi(’)Da)@r!’

and f[-(r)D“ # 0 if and only if a has at least r i-conormal nodes, in which case
fi(")Da is a self-dual indecomposable module with irreducible socle and head
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isomorphic to DP, where B is obtained from a by adding r top i-conormal
nodes. Moreover:

(i) the multiplicity of DP in ﬁ(r)D“ is (“"'(r”‘)), 0,(B) = ¢,(@) — 1, and
¢;(y) < @,(a) — r for all other composition factors DY of fl-(r)D“;

3 : (") rya — i(@)).

(ii)) dim Endpg, | (f,"D*) = (¢ N ),

(iii) Homgg, (fDe, fO DY) =0 for all y € P,(n) with y # a;

(iv) fi(r)D“ is irreducible if and only if r = ¢;(cv).

Proof Similar to the proof of Theorem 11.2.10 using Theorem 8.3.2, Propo-
sition 8.5.10(i'),(ii"), and (8.25). O

Let M be an FS,-module. Define
g;(M) =max{r >0|e/M # 0},
¢,(M) = max{r = 0| /M #0}.
From Theorems 11.2.10 and 11.2.11 we have:

(11.11)

Lemma 11.2.12 Let a € P,(n). Then:
(1) &(D¥) =max{r=>0]| EEM #0} = g,(a).
(i) ¢;(D*) = max{r > 0| f{ M # 0} = ¢;(e).

Note that &,(M) can be computed just from knowledge of the character of
M: it is the maximal r such that e“~"") appears with non-zero coefficient in
ch M. Less obviously, ¢,(M) can also be read off from the character of M.
By additivity of f;, we may assume that M = M[y] for y € I,. Then, from
(9.20) we get:

(M) =&,(M)+0,0—2Y;+ Vo1 + Vit (11.12)

We record the effect of el@ on formal characters:

Lemma 11.2.13 Let M € FS,-mod and ch M =Y, a;é’. Then ch (¢!” M) =

i
de]ﬂ*r Ay, i) €

Proof For r =1 this follows from the definition. For r > 1, use the fact that
el = (o, O

Remark 11.2.14 We describe an inductive algorithm to determine the label
of an irreducible FS,-module D purely from knowledge of its character
chD. Pick i € I such that & := g;(D) is non-zero. Let E = efs)D. In view of
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Theorem 11.2.10(iv), E is an irreducible FS,_,-module, isomorphic to &7 D.
By Lemma 5.2.3, D = fi(s)E . Moreover, the formal character of E is explicitly
known by Lemma 11.2.13. By induction, the label 8 of E can be computed
purely from knowledge of its character. Then, D = ffDﬁ = D%, where « is
obtained from $ by adding the rightmost & of the i-conormal nodes.

We would of course like to be able to reverse this process: given a p-regular
partition o of n, we would like to be able to compute the character of the
irreducible FS,-module D*. We can compute a quite effective lower bound
for this character inductively using Remark 11.2.9. But only over C is this
lower bound always correct: indeed if p = 0 then from combinatorics we
always have g; <1 and so

ChDCY — Z e(ilaw’in) (11.13)

i i in . .
summing over all paths @ 5 a® 25 ... 5 & in the characteristic zero
crystal graph (that is Young’s partition lattice) from & to a. Of course, we
already know this result from Chapter 2.

Remark 11.2.15 There is an interesting class of modules in characteristic
p where the lower bound just mentioned gives a correct answer for the
formal character. These modules are called completely splittable and can be
characterized as FS,-modules whose restriction to any standard subgroup in
S, is completely reducible. For more information on this see [K;, M, R].

Remark 11.2.16 Reducing the entries i, in (11.13) modulo p gives the formal
characters of the Specht module in characteristic p — this follows from the
branching rule for Specht modules [J, 9.3].

Next we explain a useful inductive method for finding some composition
factors of FS,-modules using their formal characters and induction. It is based
on the following:

Lemma 11.2.17 Let M be an FS,-module and set & = g;,(M). If [eEE)M:
D*l=m > 0 then f?D*#0 and [M: ffD*] = m.

Proof Follows from Theorem 11.2.10(iv) and Lemmas 11.2.5, 5.2.3. Ul

Using the known characters of Specht modules (see Remark 11.2.16)
and Lemma 11.2.17 provides new non-trivial information on decomposition
numbers, which is difficult to obtain by other methods.
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Example 11.2.18 Let p = 3. By [J, Tables], the composition factors of the
Specht module S©-42D are D12V, pO-4) pO2) P42 p©52) pE43) and
D©421) a]] appearing with multiplicity 1. As &,(S©*+2)) = 1 and ¢, 542" =
§©421) by Remark 11.2.16, application of Lemma 11.2.17 implies that the
following composition factors appear in S©42) with multiplicity 1: D121,
D(9,4,1)’ D(9’3’2), D(8,4,2), D(62,2)’ D(6,42)’ and D(6,4,22).

Given i = (i, ..., I,) € I" we can gather consecutive equal terms to write
it in the form

=GP (11.14)

where j, # j.., for all 1 <s < r. For example (2,2,2,1,1) = (2*1%). Now,
for an FS,-module M, the weight (11.14) is called extremal if

_ Mgy my
m, = sj.y(ejm ..e M)

forall s=r,r—1,...,1 (do not confuse with extremal weights for g as in
Section 11.1). Informally speaking this means that among all weights i of M
we first choose those with the longest j,-string in the end, then among these
we choose the ones with the longest j,_,-string preceding the j,-string in the
end, etc. By definition M; # 0 if i is extremal for M.

Example 11.2.19 The formal character of the Specht module S©-? in char-
acteristic 3 is

6(0210201)+26(0120201)+2€(0212021)+4€(0122021)

+e(°2120'°)—1—26(0'220'0)+e(°'20210)+e(0120'20).

The extremal weights are (01220?1), (0122010), (0120210), (0120120).
Our main result about extremal weights is:

Theorem 11.2.20 Let i = (iy,...,i,) = (j{" ... j™) be an extremal weight
for an irreducible FS,-module D* written in the form (11.14). Then D* =
f,f,] D?, and dim D! = m,!...m,\. In particular, the weight i is not
extremal for any irreducible DP % D®.

Proof We apply induction on r. If r =1, then by considering possible
weights appearing in the Specht module S¢, of which D* is a quotient, we
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conclude that n =1 and D = DW. So for r = 1 the result is obvious. Let
r> 1. By definition of an extremal weight, m, = ¢; (D). So, in view of
Theorem 11.2.10, we have

My ya (M ya\@m,!
e;'D* = (e;"D*)*"".

Moreover, (j;"...j"1") is clearly an extremal weight for the irreducible
module &;”D*. So the inductive step follows: O

Corollary 11.2.21 If M is an FS,-module and i = (i, ...,i,) = (j;" ...j™)
is an extremal wezght for M written in the form (11.14), then the multlplzaty
of D* := f f D7 as a composition factor of M is dimM,/(m,!...m,!).

Example 11.2.22 In view of Corollary 11.2.21, the extremal weight (01220%1)
in Example 11.2.19 yields the composition factor D®? of S©?, while the
extremal weight (0120120) yields the composition factor D). It turns out
that these are exactly the composition factors of S©?, see For example
[J, Tables].

For more non-trivial examples let us consider a couple of Specht modules
for n =11 in characteristic 3. For §©31), Corollary 11.2.21 yields compo-
sition factors D©31*), D730 and DB2D but ‘misses’ DUV, and for §*32°)
we get hold of D*32) pE32.0 pB2D and B3 but ‘miss’ 2D and
DG4 of, [J, Tables].

We record here some other useful general facts about formal characters:

Lemma 11.2.23 For any weight i represented in the form (11.14) and any
FS,-module M we have that dim M, is divisible by m|!...m,!.

Proof We can lift M to an J(,-module. By Theorem 4.3.2, each composition
factors of res; M isomorphic to L(j, "YX ... X L(j™) contributes the

multiplicity of m, .m,! to the i-weight space of M, and no other composition
factors contribute to this weight. UJ
Lemma 11.2.24 Let M be an FS,-module. Assume i, j,i,,...,i,_, € I and
i#j:

(i) Assume that |i — j| > 1. Then for any 1 <r < n—2 we have

dim M, iy =AM )
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(i1) Assume that |i— j| =1 and p > 2. Then for any 1 <r < n—3 we have

2dimM,;, .

YA N N PR Y]

= dim M,
.

bbby oyt eeesin_3)

+dimM(l.]V .

(iii) Assume that |i— j| =1 and p = 2. Then for any 1 <r < n—4 we have

dim M(il,A.A,i,,i,i,i,j,i,.H,A.A,i,l,4)

+3dim M(il,“.,i,,i,j,i,i,irﬂ,“,,i,,,4)
= dim M(il,4..,i,,j,i,i,i,i,+1,...,iH)

+3dim M(il,.4.,i,,i,i,j,i,i,,+l,.4.,in,4)-

Proof Follows from the Serre relations satisfied by the operators e;, see
Lemma 9.2.4. t

Combining Lemma 11.2.24 with Corollary 11.2.21 and Theorem 11.2.9 we
obtain further non-trivial results on branching, which are difficult to get by
other methods. To illustrate:

Example 11.2.25 We explain how to see that D7-32") appears as a composi-
tion factor of e,D®*32. We have &,(D®*3?) = 2. Note that &3D¢+3? =
DG32 S0 by Theorem 11.2.10(iv), the weights ending on 2,2 appearing
in the character of D©®*32 are all obtained just by adding 2,2 to the end
of the weights appearing in the character of D32 Next, g,(D"¥2) = 1.
So there is an extremal weight in the character of D&¥? which ends at
0, say (iy,...,i5,0). Then the weight (i,...,,,0,2,2) appears in the
character of D©*32, By Lemma 11.2.24(ii), the weight (i, ..., i,,2,0,2)
also appears in the character. This weight contributes (i, ...,,,2,0) to
the character of e,D®*%2 Note that the character of e,D®**2 could not
involve weights ending on 0, 0 because then the character of D**2) would
involve a weight ending on 0,0,2 and then, by Lemma 11.2.24(ii), the
weight ending on 0, 2,0, which contradicts the fact that g,(D©®*3?) = 0.
Moreover, the character of e,D©®*3? could not involve weights ending
on 2,2,0 because then the character of D®**2 would involve a weight
ending on 2,2,0,2 and then, by Lemma 11.2.24(ii), the weight ending on
2,0,2,2, which contradicts the fact that &, (e,e3D®**?) = 0. The two facts
just observed and the choice of i, ..., i, imply that (i, ..., i},,2,0) is an
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extremal weight for the module e,D®*%?_ So, by Corollary 11.2.21, this

module has D7-3?") = fofzfilz .. .fil D? as a composition factor.

Finally we discuss some properties of blocks, assuming now that p # 0.
The affine Weyl group W acts on the g-module

V(Ag) = @,-0K(FS,-mod)q,
the generator s; of W acting by the familiar formula

5 = exp(—e)exp(f)exp(—¢) (i€ D). (11.15)

The resulting action preserves the Shapovalov form, and leaves the lattices
®,-0K(FS,-mod) and ®,.(K(FS,-proj) invariant. Moreover, W permutes the
weight spaces of V(A,) in the same way as its defining action on the weight
lattice P, the orbits being X,, see (11.7) and the discussion at the end of
Section 11.1. So using Proposition 11.1.5 we see:

Theorem 11.2.26 Let B and B’ be blocks of symmetric groups with the same
p-weight. Then B and B’ are isometric in the sense that there is an isomor-
phism between their Grothendieck groups that is an isometry with respect to
the Cartan form.

Remark 11.2.27 The existence of such isometries was first noticed by
Enguehard [E]. Implicit in Enguehard’s paper is the following conjecture,
made formally by Rickard: blocks B and B' of symmetric groups with the
same p-weight should be derived equivalent. Moreover, it is known by
work of Marcus [Ma] and Chuang—Kessar [CK] that the Abelian Defect
Group Conjecture of Broué for symmetric groups follows from the Rickard’s
conjecture above. The conjecture has been proved by Rickard for blocks of
p-weight <5 and in full generality recently by Chuang and Rouquier [CR],
cf. Remark 9.6.3. The complex of functors leading to the derived equivalence
can be guessed by looking at the formula (11.15).

There is one situation when there is actually a Morita equivalence between
blocks of the same p-weight. This is a theorem of Scopes [Sc], though we
are stating the result in a more Lie theoretic way following [LM, Section 8]:

Theorem 11.2.28 Let A, A+, ..., A+ra; be an a;-string of weights of
V(Ay) (so A—a; and A+ (r+ 1)a; are not weights of V(Ay)). Then the
functors fl-(r) and ef.” define mutually inverse Morita equivalences between
the blocks parametrized by A and by A + ra;.
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Proof Since e,@ and fi(r) are both left and right adjoint to one another, it
suffices to check that e,@ and f,-(r) induce mutually inverse bijections between
the isomorphism classes of irreducible modules belonging to the respective
blocks. This follows from Theorems 11.2.10(iv) and 11.2.11(iv). O

Remark 11.2.29 We can use Lie Theory to explicitly compute the deter-
minant of the Cartan matrix of a block. The details of the proof appear
in [BK] (see also [BO,] for a different approach). Note that, in view of
Theorem 11.2.26, the determinant of the Cartan matrix only depends on the
p-weight of the block. Moreover, by Theorem 9.5.1, we can work instead in
terms of the Shapovalov form on V(A,). Using the explicit construction of
the latter module over Z given in [CKK], we show: if B is a block of p-weight
w of FS,, then the determinant of the Cartan matrix of B is p", where

Vo oy b (r2en)(r-2en)

am(izn g P i g



PART I

Projective representations



Throughout Part II of the book F will stand for an algebraically closed
field of characteristic p # 2.

The main goal of Part II is to develop a theory of projective or spin
representations of symmetric and alternating groups which is parallel to the
“classical” theory developed in Part I. Although in some places we do not
go quite as far as in Part I, the similarity of the two theories is compelling.
Informally speaking we just have to replace the Kac—Moody algebra of type
A;l_)l with the twisted Kac—-Moody algebra of type A;z_) 1

Having this in mind, we will always indicate which chapter in Part I a
given chapter in Part II is parallel to (starting with Chapter 14). The reader is
then advised to first browse the corresponding chapter of Part I and especially
read a motivation and informal explanations in the beginning of that chapter,
since those will not be duplicated in Part II.

Out of two synonymous terms projective representation and spin represen-
tation we will stick with spin representation (or spin module), while the term
projective representation or projective supermodule will be reserved for the
usual homological algebra notion (direct summand of a free module).



12

Generalities on superalgebra

The language of superalgebra will be used throughout Part II of this book —
this is convenient when dealing with spin representations of symmetric and
alternating groups. In this chapter we review some known results concern-
ing superalgebras and their modules. We recommend [Le, Chapter 1], [Man,
Chapter 3, Sections 1 and 2], and especially [Jos] as basic references. Alter-
natively, for reader’s convenience we sketch the proofs of the results which
are going to be used later.

When dealing with superalgebras, it is natural to assume that the charac-
teristic of the ground field is different from 2. This restriction will not be a
problem later when we study spin representations of S, and A,,
characteristic 2 such representations are linear and hence have been treated
in the first part of this book.

because in

12.1 Superalgebras and supermodules

By a (vector) superspace we mean a Z,-graded vector space V = V@ V; over
F.If dim V5 = m and dim V; = n we write sdim V = (m, n) and dim V =m+n.
Elements of Vj are called even and elements of V; are called odd. A vector is
called homogeneous if it is either even or odd. Given a homogeneous vector
0+# v eV, we denote its degree by v € Z,. A subspace W of V is called a
subsuperspace if it is homogeneous, that is W = (W N V) + (W N V;). Define
the linear map

Sy: V=V, v (=)

for homogeneous vectors v. Note it is typical in superalgebra to write expres-
sions which only make sense for homogeneous elements, and the expected
meaning for arbitrary elements is obtained by extending linearly from the

151



152 Generalities on superalgebra

homogeneous case. It is easy to see that a subspace of V is a subsuperspace
if and only if it is stable under §,,.

Given superspaces V and W, we view the direct sum V @ W and the tensor
product V. ® W as superspaces with (VO W), =V,®W,, and (VR W); =
Vo@W; @ Vi@ Wi, (VW) = Vi@ W; @ Vi ® Wj. Also, we make the vector
space Hom(V, W) of all linear maps from V to W into a superspace by
declaring that Hom,(V, W), consists of the homogeneous maps of degree i
for each i € Z,, that is, the linear maps 6:V — W with 6(V;) € W, for
J € Z,. Elements of Hom(V, W); will be referred to as even linear maps.
The dual superspace V* is Hom.(V, F), where we view F as a superspace
concentrated in degree 0.

A superalgebra is a vector superspace A with the additional structure of an
associative unital F-algebra such that A, A4; € A, ; for i, j € Z,. By forget-
ting the grading we may consider any superalgebra A as a usual algebra—this
algebra will be denoted |A|. By a superideal of A we mean a homogeneous
ideal. Left and right superideals are defined similarly. The superalgebra A is
called simple if if it has no non-trivial superideals. A superalgebra homomor-
phism 0 : A — B is an even linear map that is an algebra homomorphism in
the usual sense; its kernel is a superideal. An antiautomorphism 7: A — A
of a superalgebra A is an even linear map which satisfies 7(ab) = 7(b)7(a)
(note there is no sign).

Given two superalgebras A and B, we view the tensor product of super-
spaces A ® B as a superalgebra with multiplication defined by

(a®b)(d ®b) = (—1)" (ad') ® (bb') (a,d € A, b,b' € B). (12.1)

We note that A ® B = B® A, an isomorphism being given by the super-
twist map

Tis: ARB— BRA, a®br (-1)"b®a  (ac A, beB).

It is important that the tensor product of two superalgebras A and 3B is not
the same as the tensor product of A and B as usual algebras (with natural
Z,-grading) — the product rule is different!

Example 12.1.1 If V is a superspace with sdim V = (m, n) then

M(V) :=End(V)

is a superalgebra with sdim M (V) = (m*+ n?, 2mn). Moreover, if W is
another finite dimensional superspace, we have an isomorphism of
superalgebras

MV)QM(W)=M(VW). (12.2)
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Under this isomorphism f ® g corresponds to the endomorphism of V@ W,
mapping v@w to (—1)% f(v) ® g(w). In what follows we identify the algebras
MV)RM(W) and M(V ® W) using this isomorphism. In particular, it
makes sense to speak of the element f ® g € End(V ® W).

Moreover, the algebra M (V) is defined uniquely up to an isomorphism by
the superdimension (m, n) of V. So we can speak of the superalgebra M, ,,
which can also be identified with the obvious superalgebra of matrices. Now,
(12.2) becomes

Mm,n ® Mk,l = M}nk+nl,ml+nk' (123)

Finally, we note that ), , is a simple superalgebra, as |M,, ,| = M,,.,,

the algebra of (m+ n) x (m+ n) matrices, which is simple.

Example 12.1.2 Let V be a finite dimensional superspace and J be a degree
1 involution in Endg(V). Such one exists if and only if dim V; = dim V5.
Consider the superalgebra

OV, J) :={f € Endp(V) | £ = (1) Jf}.

Note that all degree 1 involutions in End, (V) are conjugate to each other by
an (invertible) element in End,(V);. Hence another choice of J will yield an
isomorphic superalgebra. So we can speak of the superalgebra Q(V), defined
up to an isomorphism. Let sdim V = (n, n). Pick a basis {v,,...,v,} of V;,
and set v; = J(v;) for 1 <i <n.Then {v], ..., v,} is a basis of V;. With respect
to the basis {v,, ..., v,; v}, ..., v,}, the elements of Q(V, J) have matrices of

the form
A B
) 12.4
(49 "

where A and B are arbitrary n x n matrices, with B = 0 for even endomor-
phisms and A = 0 for odd ones. In particular, sdim Q(V) = (n?, n?). The
superalgebra Q(V, J) can be identified with the superalgebra Q, of all matri-
ces of the form (12.4).

Moreover, it is easy to see that the isomorphism (12.2) restricts to an
isomorphism:

MV)RQAW,J)=9(VRW,id, ®J) (12.5)
or, in terms of matrix superalgebras,

Mm,n ® Qk = Q(m+n)k' (126)
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Let & be a primitive 4th root of 1 in F. It is easy to check explicitly that

the map
a b a b aa'—ebb'  a'b—eab’
® —
—b a b d —a'b—eab  ad +ebb’
from Q, ® O, to M, is a superalgebra isomorphism. So (12.3) and (12.6)
imply by induction that
Qﬂl ® Q}l g an,mn' (12'7)

Finally, Q, is easily checked to be a simple superalgebra, even though it is
not simple as a usual algebra. In fact, |Q,| = M, x M,,.

Example 12.1.3 Define the Clifford superalgebra C, to be the superalgebra

given by odd generators c, ..., c,, subject to the relations
;=1 (1<i<n), (12.8)
cic;=—cj¢ (1<i#j<n). (12.9)

It is easy to see that
Coym =C,®0C,,.

The isomorphism is defined as follows: the generators cy, ..., ¢, are mapped
toc®1,...,¢,®1, and ¢,,,...,¢,,, are mapped to 1®c,,...,1®c,,
respectively. It follows that €, = G®". In particular, sdim C, = (2"~!,2"~1).
Note that €, = Q,. So from (12.3), (12.6), and (12.7) we have Cy = M1 g1
and Cy_; = Qu for k=1,2,.... In particular, C, is a simple superalgebra.

Example 12.1.4 Define the Grassman superalgebra £, to be the superalgebra

given by odd generators d, ..., d,, subject to the relations
d?=0 (1<i<n), (12.10)
dd;=—d;d, (1<i#j<n). (12.11)

As for Clifford algebra, it is easy to see that there is a natural isomorphism
L, = L8,
More generally, let j = (j, ..., j,) € F" be fixed, and A(j) be the super-

algebra given by odd generators a, ..., a,, subject to the relations
2= (1<i<n). (12.12)
a,a; = —a;a; (1<i#j<n). (12.13)
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We call A(j) the Clifford-Grassman superalgebra. Using the fact that F is
algebraically closed, it is easy to see that

Ay =L e ™, (12.14)
where y,=#{i| 1 <i<n, j,=0}.

Let A be a superalgebra. A (left) A-supermodule is a vector superspace V
which is a left .A-module in the usual sense, such that 4;V; C V, . for i, j € Z,.
Right supermodules are defined similarly. A homomorphism f:V — W of
(left) A-supermodules V and W means a (not necessarily homogeneous)

linear map such that
flav) = (—1)}‘_’af(v) (ae A, veV).

The category of finite dimensional .A-supermodules is denoted .4-smod.
A homomorphism f:V — W of right A-supermodules V and W means
a (not necessarily homogeneous) linear map such that

f(va) = f(v)a (ae A, veV).

Note there is no sign here as a “does not go past f .

If B is a subsuperalgebra of A, and W is a B-supermodule we write ind’;W
for the induced supermodule A ®; W. We may consider ind’; as a functor
from the category of B-supermodules to the category of .4-supermodules.
This functor is left adjoint to the restriction functor res; going in the other
direction. If A is free as a right B-supermodule the induction functor is exact.

Any A-supermodule V can be considered as a usual |.4|-module denoted
|V|. Thus, for V € A-smod we have |V| € |A|-mod. The following result
establishes an isomorphism of vector spaces between Hom ,(V, W) and
Homyy (V] [ W).

Lemma 12.1.5 Let V, W € A-smod, and f:V — W be a linear map. Define
a linear map

VoW, ve (D).
Then f € Hom 4(V, W) if and only if f~ € Hom 4 (|V], |W]).

Let 7 be an antiautomorphism of the superalgebra A. If V is a finite
dimensional A-supermodule, then we can use 7 to make the dual space V*
into an A-supermodule by defining

(af)(v) = f(1(a)v) (ae A, feVi,veV). (12.15)
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We will denote the resulting module by V7. There is a natural even isomorphism
Hom 4,(V, W) — Hom 4,(W™, V") (12.16)

for any V, W € A-smod. The isomorphism sends #€Hom ,(V, W) to the dual
map 6* € Hom (W7, V7) defined by (6*f)(v) = f(6v) for all f € W™,
We have the (left) parity change functor

IT: A-smod — A-smod. (12.17)

For an object V, IIV is the same underlying vector space but with the
opposite Z,-grading. The new action of a € A on v € IIV is defined in
terms of the old action by a-v:= (—1)%av. On a morphism f, IIf is the
same underlying linear map as f. Note that the identity map on V defines
an odd isomorphism from V to IIV. It is more subtle however whether V
and ITV are evenly isomorphic, see for example Lemma 12.2.8 below. We
will write

vew
if the A-supermodules V and W are isomorphic, and
Vw

if V and W are evenly isomorphic.

Given two superalgebras A, B, an (A, B)-bisupermodule is a left
A-supermodule V, which is also a right B-supermodule (with respect to
the same grading of V) such that (av)b = a(vb) forallae A,be B,ve V.
A homomorphism f:V — W of (A, B)-bisupermodules is a map which
is both a homomorphism of left .A-supermodules and a homomorphism
of right supermodules. If V is an (A, B)-bisupermodule, ITV denotes the
A-supermodule, defined as in the previous paragraph, with the right B-action
on IIV being the same as the original action on V.

For a superalgebra A, the subcategory .A-smod,, of .A-smod, consisting of
the same objects but only even morphisms, is an abelian category in the usual
sense. This allows us to make use of all the basic notions of homological
algebra by restricting our attention to even morphisms. For example, by a
short exact sequence in A-smod, we mean a sequence

0—V,—>V,—V,—0, (12.18)

with all the maps being even. All functors between categories of superobjects
that we will ever consider send even morphisms to even morphisms. So they
will give rise to the corresponding functors between the underlying even
subcategories.
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We define the Grothendieck group K(A-smod) to be the quotient of the free
Z-module with generators given by all finite dimensional A-supermodules
by the Z-submodule generated by:

(1) V, =V, +V; for every short exact sequence of the form (12.18);
(2) V—-11V for every A-supermodule V.

We will write [V] for the image of the .A-module V in K(A-smod). Similarly,
we define the Grothendieck group K(A-proj), where .A-proj denotes the full
subcategory of A-smod consisting of projective A-modules.

As usual, the Grothendieck groups K(A-smod) and K(A-proj) are free
Z-modules with canonical bases corresponding to the isomorphism classes
of irreducible and projective indecomposable supermodules, respectively (see
below). The embedding A-proj C A-smod induces the natural Cartan map

o : K(A-proj) = K(A-smod).

12.2 Schur’s Lemma and Wedderburn’s Theorem

By a subsupermodule of an A-supermodule we mean a subsuperspace which
is A-stable. An A-supermodule is irreducible (or simple) if it is non-zero and
has no non-zero proper .A-subsupermodules. An A-supermodule M is called
completely reducible if any subsupermodule of M is a direct summand of M.
It might happen that a supermodule V is irreducible, but the module |V|
is reducible — in this case |V| will have a non-trivial proper .A-invariant
subspace which is not homogeneous. We need to understand this situation
better. First of all, we say that an irreducible A-supermodule V is of type M if
the |A|-module |V| is irreducible, and otherwise we say that V is of type Q.

Lemma 12.2.1 Let V be a finite dimensional irreducible A-supermodule
of type Q. Then there exist bases {v,,...,v,} of V5 and {v|,...,v,} of V;
such that

|V| =span{v, + v}, ..., v,+v,}®span{v, — v}, ..., v, —V,},

a direct sum of two non-isomorphic irreducible | A|-submodules. Moreover,
the linear map J,, : V — V defined by v; = —v;, V; — v, is an endomorphism
of V as an A-supermodule.

Proof Denote 6 := 6,. Let W be an irreducible |A|-submodule of |V|.
Since V is an irreducible supermodule, W is not o-stable. Moreover, 6(W)
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is also an irreducible |.4|-submodule of |V|. We have WN&(W) = {0} and
W+ 8(W) is 8-stable. Hence V.= W @ 6(W). Let {w,,...,w,} be a basis
for W. Then {6(w,),...,06(w,)} is a basis for 6(W). Take v, = w; + 6(w;)
and v; = w; — 6(w;) for 1 <i < n. To verify that J, is an endomorphism
of V, note that J; = (—idy) @id;yy, is an endomorphism of |V| and use
Lemma 12.1.5.

Finally, assume that W = 6(W) as |A|-modules. Then in view of
Lemma 12.1.5, dimEnd,(V) = dimEnd 4 (|V|) = 4. It follows that
dimEnd 4,(V); = dimEnd 4,(V); = 2. Now we can construct a non-zero
homogeneous endomorphism of V with non-trivial kernel as a linear combi-
nation of two linearly independent elements of End ,(V);. The existence of
such endomorphism contradicts the irreducibility of V. UJ

Remark 12.2.2 Let £ be a primitive 4th root of 1 in F, V be a type O
irreducible A-supermodule, and J,, be the map constructed in Lemma 12.2.1.
Then &J,, is a degree 1 involution in End ,(V).

Now we have the following analogue of Schur’s lemma:

Lemma 12.2.3 (Schur’s lemma) Let V be a finite dimensional irreducible
A-supermodule. Then

span{id, } if V is of type M,

End (V) =
(V) span{id,, J,} ifV is of type Q,

where J, is as in Lemma 12.2.1. Moreover, if W is another irreducible
A-supermodule with V 2 W, then Hom ,(V, W) = 0.

Proof Apply Lemmas 12.1.5, 12.2.1, and usual Schur’s Lemma. |

Example 12.2.4 Let V be a superspace. Then V is naturally an irreducible
type M supermodule over M (V). Moreover, if sdim V = (n, n), then V is
naturally an irreducible type Q supermodule over Q(V). This explains our
terminology of types.

So, in view of Example 12.1.3, €, has the irreducible supermodule U, of
dimension 2"/? and type M if n is even, and of dimension 2("+1/2 and type
Q if n is odd. This supermodule is called the Clifford supermodule. As C,
is a simple superalgebra, U, is the unique irreducible C,-supermodule up to
isomorphism.
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Lemma 12.2.5 Let V € A-smod. Then V is completely reducible if and only
if |V| € |A|-mod is completely reducible.

Proof 1f V is completely reducible then |V| is completely reducible by
Lemma 12.2.1. Conversely, let |V| be completely reducible, and W € V
be a subsupermodule. We have to show that there exists a subsupermodule
X CV with V=W & X. By the complete reducibility of |V|, we have an
| A|-submodule Y C |V| with V = W @& Y. However, Y might not be homoge-
neous. Let 7 be the projection to W along Y, and consider the linear map

7= (m+06,m5,)/2:V — V.

Set X :=ker 7’. Note that 77|, =idy,, andim 7' =im7=W.So V=W&X.
Moreover, it is easy to see that X is 0 -invariant, so homogeneous, and that
X is A-invariant. U

A finite dimensional superalgebra A is called semisimple if the left regular
A-supermodule ,.A4 is semisimple.

Corollary 12.2.6 Let A be a finite dimensional superalgebra. Then A is
semisimple if and only if | A| is semisimple.

Lemma 12.2.7 Let A be a finite dimensional superalgebra. Then the
Jacobson radical J(|A|) can be characterized as the unique smallest
superideal X of A such that A/X is a semisimple superalgebra.

Proof Set J := J(]A|). Observe that J is a superideal since J is invariant
under the algebra automorphism & 4 of | A|. Let X be any superideal of A that
is minimal with respect to the property that A/X is a semisimple superalge-
bra. By Corollary 12.2.6, |A|/|X| is semisimple, so J € XK. However, A/J
is a superalgebra that is semisimple as an algebra. So, by Corollary 12.2.6, it
is a semisimple superalgebra, so J = X by minimality of X. Ul

The superideal X = J(|.A|) from Lemma 12.2.7 is called the Jacobson
radical of the superalgebra A and denoted J(A).

Lemma 12.2.8 Let V € A-smod be an irreducible supermodule.

(i) V is evenly isomorphic to 11V if and only if V is of type Q.

(ii) Assume that V is of type M, and let W = V" @ (IIV)®". Then
End ,(W) = M,, .

(iii) Assume that V is of type Q, and let W = V®". Then End ,(W) = Q,.
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Proof (i) V is evenly isomorphic to ITV if and only if V is oddly isomorphic
to itself, which by virtue of Lemma 12.2.3, is equivalent to V being of type Q.

(ii) follows from the analogous result for the usual modules, as |V| = |T1V|
is irreducible |.4|-module, and Schur’s Lemma 12.1.5.

(iii) It is clear from Schur’s Lemma that End ,(V) = Q,. So, if we write the
superspace W in the form W = V ® E, where E is a superspace of dimension
(n,0), then we get an embedding of the algebra Q, ® M, , into End ,(W).
Now the result follows by dimensions and (12.6). Ul

Theorem 12.2.9 (Wedderburn’s Theorem) Any finite dimensional simple
superalgebra is isomorphic to some M, ,

conditions on a finite dimensional superalgebra A are equivalent:

or Q,. Moreover, the following

(1) A is semisimple;

(ii) every A-supermodule is completely reducible;

(iii) A is a direct product of finitely many simple F-superalgebras;
(iv) J(A)=0.

Proof If A is a finite dimensional simple superalgebra, take an irreducible
A-supermodule V with sdim V = (m, n). The action of .4 on V must be faith-
ful by simplicity of A. So, by Schur’s Lemma 12.2.3, we get an embedding
of A into M (V), if V is of type M, and into Q(V) if V is of type Q. Now, the
usual Wedderburn Theorem applied to the algebra |.A| and module |V| shows
that the dimension of A equals dim M (V) in the first case and dim Q(V) in
the second case.

For the second part of the theorem, the usual proof for algebras more or
less works. Indeed, (i)<(ii) is clear, for every A-supermodule is a quotient
of a free A-supermodule.

(ii)=(iii) Decompose 4, A =n,L,®---®n,L, where L, ..., L, are pair-
wise non-isomorphic irreducible supermodules. For every a € A, we define
f.€End,(,A) by f,(b) = (—1)@ba for b € A. Then a — f, is an isomor-
phism of superalgebras between A and End 4(,A). Now (iii) follows from
Lemma 12.2.3 and Lemma 12.2.8.

(iii)=(iv) is clear for example by Lemma 12.2.7.

(iv)=(i) follows from Lemma 12.2.7 and Corollary 12.2.6. O

As 6§ =6, :|A| — |A| is an algebra automorphism, we can twist any
| A|-module V with & to get a new .A-module V?, which is the same vector
space V with the new action a-v = 6(a)v.
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Corollary 12.2.10 Let A be a finite dimensional superalgebra, and
{Vi,...,V,} be a complete set of pairwise non-isomorphic irreducible
A-supermodules such that V,,...,V, are of type M and V,_,...,V, are
of type Q. For i=m+1,...,n, write |V,| =V @V, as a direct sum of
irreducible | A|-modules. Then

Vil oo Vil VE - VE)

is a complete set of pairwise non-isomorphic irreducible | A|-modules. More-
Vi[> =|V,| and (V) = V7.

over,

Proof In view of Lemma 12.2.7 and Corollary 12.2.6 the result reduces
to the semisimple case, and then to the simple case, when it follows from
Wedderburn’s Theorem. O

If s € A is a homogeneous invertible element, conjugation by s defines an
automorphism ¢, of the algebra A;. Given an Aj-module V we write V* for
the twisted Ag-module V¢:. The following result is similar to Clifford Theory
for index 2 subgroups.

Proposition 12.2.11 Let A be a finite dimensional superalgebra, and

{Vi,....V,} be a complete set of pairwise non-isomorphic irreducible
A-supermodules such that V,,...,V, are of type M and V, ..., V, are
of type Q. Let {|V\|,..., |V, |,V \,..., Vii} be a complete set of pairwise

non-isomorphic irreducible | A|-modules constructed as in Corollary 12.2.10.
Assume that Aj contains an invertible element s. Then, on restriction to Ay,
the modules |V;|, 1 <i <m, split as a direct sum W;"® W, of two non-
isomorphic irreducible modules such that W, = (W;")*, and the modules V=,
m < i < n, are irreducible with V;* =V~ =: W,. Moreover,

W W W W)

is a complete set of pairwise non-isomorphic irreducible Ag-modules.

Proof From Wedderburn’s Theorem, the restriction of an irreducible
A-supermodule to Ay always has at most two composition factors. So if
we can decompose an irreducible A-supermodule as a direct sum of two
non-trivial Az-modules, those modules must be irreducible.

Let 1 <i < m. By assumption, s(V;); = (V;)1. Moreover, (V;); and (V;);
are Ag-invariant, and s(V,); = ((V;)5)°. So it remains to notice that (V,);
and (V;); are non-isomorphic by Wedderburn and irreducible by the previous
paragraph.
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Let m <i<n.As V;" = (V) and § is trivial on Ag, the modules V;" and
V.~ are isomorphic on restriction to Aj. Now use the first paragraph to see
that they are irreducible Az-modules.

That Wl-(i) form a complete set of irreducible Az-modules up to isomor-

phism again follows from Wedderburn. U

Let A be a finite dimensional superalgebra. Indecomposable summands
of the left regular module ,A are called principal indecomposable
A-supermodules. Theory of principal indecomposable supermodules is anal-
ogous to the usual one. In particular, we can show (we leave this as an
exercise) that principal indecomposable supermodules are projective in the
category A-smod, have irreducible heads, and are determined up to an isomor-
phism by their heads. We refer to the principal indecomposable supermodule
with head L as the projective cover of L, and denote it by P, .

Proposition 12.2.12 Let A be a finite dimensional superalgebra, and
{Vi,...,V,} be a complete set of pairwise non-isomorphic irreducible
A-supermodules such that V,,...,V, are of type M and V,_,,...,V, are
of type Q. Set sdim V; = (d;, d'). Then

4A=PdP, dd1IP))® P d.Py.

i=1 i=m+1
Proof Reduce to the semisimple case and use Wedderburn. 0

Given left supermodules V and W over superalgebras A4 and B respectively,
the (outer) tensor product VIXIW is the superspace V @ W considered as an
A ® B-supermodule via

(a®@b)(vew)=(—)"av®@bw (ac A beBveV,weW). (12.19)

If f: V— V' (resp. g: W — W) is a homomorphism of .A- (resp. B-) super-
modules, then f®g: VW — V' ® W is a homomorphism of A Q B-
supermodules.

If 7, is an antiautomorphism of A and 74 is an antiautomorphism of B,
then 7: A®B:a®b > (—1)®7(a) ® 7(b) is an antiautomorphism of A ® B.
Under these circumstances there is a natural isomorphism isomorphism

(VRW)Y S VW™, fogr (1) f®g. (12.20)
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Lemma 12.2.13 Let V be an irreducible A-supermodule and N be an irre-
ducible B-supermodule.

(i) If both V and W are of type M, then VX W is an irreducible
A Q B-supermodule of type M.

(ii) If one of V or W is of type M and the other is of type Q, then VX W is
an irreducible A Q B-supermodule of type Q.

(iii) If both V and W are of type Q, then VW ~ X @ 11X for a type M
irreducible A ® B-supermodule X.

Moreover, all irreducible A Q@ B-supermodules arise as constituents of
VW for some choice of irreducibles V, W.

Proof Wedderburn’s Theorem reduces the lemma to the situation where
A and B are simple, in which case the result follows from (12.3), (12.6),
and (12.7). O

If Ve A-smod and W € B-smod are irreducible, denote by V&® W an
irreducible component of VX W. Thus,

VeWealIl(Ve W), if V and W are both of type Q,
VeWw, otherwise.

VXW ~

We stress that V. &® W is in general only well-defined up to isomorphism.

Example 12.2.14 Recall the Clifford-Grassman superalgebra A(j) from
Example 12.1.4. We already know that the Clifford algebra C, has only
one irreducible supermodule up to isomorphism, namely U,, and it is of
type Q. It is also easy to see that the only irreducible supermodule over
£, is the trivial supermodule F (in degree 0 or 1, it does not matter up
isomorphism) on which the generator d, acts as 0. It follows from the
isomorphism (12.14) and Lemma 12.2.13 that .A(j) has only one irreducible
supermodule -

U(j) =F @ U ™.
n—yg+1

In particular, U, = U®". Note that dim Uu(j) = 21721, Also U(j) is of type
M if and only if n — v, is even.
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The following simple observation explains why the operation &® is
convenient:

Lemma 12.2.15 Let A and B be finite dimensional superalgebras. Then
there is an isomorphism

K(A-smod) ®, K(B-smod) - K(A® B-smod),

(12.21)
[LIQ[L]— [L®L]

Proof Follows using Lemma 12.2.13. |

Lemma 12.2.16 P, admits an odd involution if and only if L does, that is if
and only if L is of type Q.

Proof If P, admits an odd involution J, then J factors through the radical
of P, to give an odd involution of L. Conversely, assume that L is of type
Q, that is L admits an odd involution J. Then we can define the action of the
Clifford algebra €, on V by requiring that the generator ¢, acts as J. This
makes V into an irreducible A ® C,-supermodule of type M. In fact, it is clear
that this supermodule is isomorphic to V& U,.

Now, we claim that resj@’@‘ Py gy, = Py. This completes the proof since then
the odd involution on P, comes from the action of I ® ¢, € AQ®C, on Pygy, .
For the claim, note first that resﬁw‘ Py gy, is projective as an A-supermodule,
s0 it remains to prove that its head is isomorphic to V. This follows from the
following calculation for any irreducible A-supermodule W:

Hom A(resﬁ@’e' Pyoy,» W)
~Hom 446 (Pygy,, Hom (A ® C), W))
~Hom 446 (Pygy,, Hom (A, W)X Hom(Cy, F))
~Hom yg¢ (Pygy,» WX U,)
~Hom 440 (V® U;, WX U))
~Hom ,(V, W).
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Sergeev superalgebras

By general theory, studying spin representations of the symmetric group S,
is equivalent to studying representations of its twisted group algebra T,. It is
convenient to consider 7, as a superalgebra with respect to the natural grading,
where even (resp. odd) elements come from even (resp. odd) permutations.
Even if we are only interested in the usual 7,-modules, Corollary 12.2.10
shows that, at least as far as irreducibles are concerned, we do not loose
anything by working in the category of supermodules, providing we keep track
of types of irreducible supermodules. Moreover, we even gain an additional
insight into the usual irreducible modules, in view of Proposition 12.2.11.
This additional information is exactly what we need in order to deal with
spin representations of the alternating groups. It is interesting that the super-
algebra approach is not useful for the linear representations of S,, while spin
representation theory of S, has intrinsic features of a “supertheory”.

An important idea due to Sergeev is that instead of the superalgebra T,
it is more convenient to consider ¥, := 7, ® C,, where C, is the Clifford
superalgebra, and ® is the tensor product of superalgebras. On the one hand,
nothing much is going to happen to representation theory when we tensor
our superalgebra with a simple superalgebra (classically we get a Morita
equivalence and in the “superworld” we get either a Morita equivalence or
something almost as good as a Morita equivalence). On the other hand, it
is well known that the Clifford algebra plays a special role in the theory of
spin representations of symmetric groups, so why not bring it in voluntarily?
Finally, the new superalgebra Y, turns out to have at least two important
advantages over 7,: it has a nice g-analogue (which we will not pursue here)
and it has a natural “affinization”, so we have a chance to work out a theory
parallel to the one developed in the first part of this book for symmetric
groups.

165
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13.1 Twisted group algebras

It is well known that H*(S,, F*) = Z/2Z for n > 5 , see e.g. [Su, Chap-
ter 3 (2.21)] (recall that throughout Part IT we assume p > 2). So there are
two twisted group algebras of the symmetric group S, up to isomorphism. One
of them is the usual group algebra FS,. Studying FS,-modules is of course
equivalent to studying representations of S, over F. The non-trivial twisted
group algebra T, of S, is the associative F-algebra with basis {7, [ g € S,}
and multiplication #,t, = a(g, h)t,, for any g, h € S,, where « is a non-trivial
2-cocycle in Z*(S,, F*). Studying 7,-modules is equivalent to studying spin
representations of S,,.

It is shown in [Su, p. 303] that the twisted group algebra 7,, is generated

by the elements ¢,, ..., t,_, subject only to the relations
=1 (1<i<n), (13.1)
Lty =ttty (1<i=n=2), (13.2)
it =—t;t; (I=<i,j<mn, [i—j|>1). (13.3)

(Actually, Suzuki has the relations 7?7 = —1, ;T\ T; = — T, T, T}, I,T, =
—T,T;. To get the relations above, take 7, = V=17, 1, = —v/—1T),1; =
v =1T5, t, = —~/—1T,, etc.)

Inside the algebra 7, we have a subalgebra
U,:=spanft, | g€ A,}.

If n > 7, this is the only non-trivial twisted group algebra of the alternating
group A,, see [Su, p. 304], and the exceptional cases (for n = 6,7) are of
course easy to understand, see for example [At, MAt].

We consider 7, as a superalgebra with respect to the following grading

(T)o=U,, (T,)i=span{z,|g€S,\A,}

It follows from the defining relations that there exists a superalgebra anti-
automorphism

T, —>T, t;—~> —t, (1<i<n). (13.4)

In fact, 7(1,) = (—1)%1,-1. The anti-involution 7 can be used to define duality
on J,-modules and supermodules as in (12.15). For 1 <i < j < n, define
“transpositions”

i )= =0 il = (=07t tityy - 1. (13.5)
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The defining relations of 7, imply
[i, jP =1,
[k, 1 = =[k, A1, j1 i i, 0k, I} = 2,
(4, j11J, k10is /) = L), k1[0, A1, k] = [k, i]  for distinct i, j, k.
Finally, for distinct 1 <i,, ..., i, <n, define ‘r-cycles’
iysigsoeni]=(=0""iyso.ovi iy =i, s i i, 0. 0]. . i), 1,]-

For 1 < k < n, the analogue of the Jucys—Murphy element (2.1) is

k—1
M, =) [i, k], (13.6)
i=1
in particular, M, = 0. Note that
k—1
ij=1
5
and
—M,t, ifi#k—1,k,
My =3 —M,_t,+1 ifi=k—1, (13.8)

M t+1 ifi=k
It follows that M, M, = —M,M, if k # l. Now using these facts, it is easy to
show:
Lemma 13.1.1

(i) for1<k,l1<n, M} and M} commute;
(ii) 1; commutes with M} for k #1i,i+1;
(iii) ¢, commutes with M7 + M?., and M?M? .

This implies:

Lemma 13.1.2 The symmetric polynomials in M3, M3, ..., M?* belong to the
center of T,,.

Remark 13.1.3 It can be shown (see [BK;]) that the space of all even central
elements of T, equals the set of symmetric polynomials in the M7, ..., M>.
But 7, could also have odd central elements. We will not need these facts.
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13.2 Sergeev superalgebras

We define the Sergeev superalgebra Y, (cf. [S,, N]) to be the tensor product
of superalgebras

9, =7,8C,,

where T, is the twisted group superalgebra defined in Section 13.1 and C, is
the Clifford superalgebra defined in Section 12.1. Let us write ¢; for t,®1 € Y,
and ¢; for 1®c; € ¥,. The following result is clear:

Lemma 13.2.1 The superalgebra Y, is generated by (odd generators)
ty,...,t,_yand cy,...,c,, subject only to the relations (13.1)—(13.3), (12.8),
(12.9), together with t;c; = —c;t; for all admissible i and j.

The antiautomorphism 7 of 7, defined in (13.4) can be extended to an
antiautomorphism of ¥,, which we also denote by 7:

7:9,—> Y, ti>—t, ¢;>c (I1<i<n, 1<j<n). (13.9)

As usual, 7 defines a duality on ¥,-supermodules.

Recall the Clifford supermodule U, from Example 12.2.4, which is the
unique irreducible €,-supermodule up to isomorphism, is of type M if n is
even, type Q if 7 is odd, and dim U, = 2L¢**1/2] Consider the exact functors

%‘n : g;;'smOd - yn'sm()d, %n =7 Un’
®, : Y,-smod — T,-smod, ®, ;= Homg (U,, 7).

So, given a TJ,-supermodule W, &,(W) is just the outer tensor product
WX U, of (12.19), and, for a Y,-supermodule V, &,(V) is the superspace
Homg (U,, V) considered as a T,-supermodule with respect to the action
(t0)(u) = t0(u) for t € T,, u € U,, 0 € Homg, (U,, V).

Also let

reSZ:,l :Y,-smod — Y,_,-smod, indz;’il :Y,_;-smod — Y,-smod,

7, R 4
res;” :J -smod — T _,-smod, ind;” :J, _,-smod — T -smod
Ty1 = ¥m n—1 Tu—1 1 n

n

denote the induction and restriction functors, where 7,_, C 7, and Y,_, C ¥,
are the natural subalgebras generated by all but the last generators. These
functors are exact, which is clear for restriction, and for induction we need
to use the fact that the right supermodules (4,),  and (7,);  are free.
The following proposition shows that §, and &, establish Morita equiv-
alence between 7, and Y, when n is even and “almost” Morita equivalence
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when 7 is odd. It also relates restriction/induction functors for J's and Ys.
Recall that IT denotes the parity change functor (12.17).

Proposition 13.2.2 The functors &, and &, are exact, commute with -
duality, and are left and right adjoint to one another. Moreover:

(i) Suppose that n is even. Then ¥, and &, are inverse equivalences
of categories, so induce a type-preserving bijection between the
isomorphism classes of irreducible T,-supermodules and irreducible
Y,-supermodules. Also,

B oreS;‘FI o~ 1resZ:71 o, (13.10)
&, oresg:fI o~ res;],"n’fl 0®, @Horesgzil o®,, (13.11)

~ s AT s y/H»l o~

gynHomdff ~indy"™ o 3,, (13.12)
®,.,, oind; "“de ”“o(j , ®Ioindy ”“o(j . (13.13)

(ii) Suppose that n is odd. Then
5,00, ~Id®Il and &,oF, 2IdPII.

Furthermore, the functor %, induces a bijection between isomorphism
classes of irreducible T,-modules of type M and irreducible Y,-modules
of type Q, while the functor &, induces a bijection between isomorphism
classes of irreducible Y,-modules of type M and irreducible T,-modules
of type Q. Finally,

res‘{y/: 0T, Ty ores;;'nt1 GlloF,_, ores;" , (13.14)
resy o®,~®,  oresy . (13.15)
indy™ oF, = &, oindy"" ®Io,,, oindy"", (13.16)
ind;" 0, =, oind*. (13.17)

Proof 1t is clear that §, is exact, and for &, this follows from the fact that
C, is simple.
Let n be even. For any Y,-supermodule V define the map

ay : %,(6,(V)) =Homg (U,, VXU, -V, 0Qur 0(u),
and for any J,-supermodule W define the map

By : W — ©,0%,(W) = Homg, (U,, WRU,), w0

w?
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where 0,(¢) =w®u for u € U,. It is easy to see that «,, and 3, are natural
isomorphisms, so they define isomorphisms of functors &, 0 ®, ~ Id and
Id>~®,0%,. Then §, and &, are clearly adjoint to each other.

Now, assume n is odd. Let J be an odd involution in End; (U,), see
Remark 12.2.2. For any Y,-supermodule V define the map

ay : §,(®,(V)) =Homg (U,, VXU, — Ve II(V),
0Ru — (0(u), (—1)°0(Ju),
and for any 7, -supermodule W define the map

By : WO II(W) — &,(,(W)) = Homg (U,

o

WRU,),

(w, w") — 6

where
0 () =wRu+(—1)" w' ® Ju

for each u € U,. As C, is simple, any C,-supermodule is just a direct sum of
U,’s. Using this, we can easily see that «,, is surjective, 3, is injective, and

sdim Hom, (U,, V)X U, = sdim (V& TI(V)),
sdim (W @ II(W)) = sdim Hom¢ (U,, WK U,).

Finally, observe that o, and B, are supermodule homomorphisms, natural
with respect to V and W, respectively. Thus,

%06, ~IdBT and ©,0%, ~Id@IL (13.18)

Let W be an irreducible 7,-supermodule. If W is type M, then &, W is irre-
ducible of type Q, thanks to Lemma 12.2.13(ii). Moreover, by Lemma 12.2.13
(iii), if W is type Q, then & W ~ V@ IIV for a type M irreducible
Y,-supermodule V. It now follows from (13.18) that ¥, induces a bijection
between isoclasses of irreducible T, -supermodules of type M and irreducible
Y,-supermodules of type O, while &, induces a bijection between isoclasses
of irreducible Y, -supermodules of type M and irreducible T,,-supermodules of
type Q.
Now, let

v:1d — IdpII, m:ldell — Id

be the obvious natural transformations. Then it is easy to see Sot and mo«
give the unit and the counit of the adjointness needed to prove that ¥, is left
adjoint to &, (cf. [ML, IV.1, Theorem 2(v)]). A more tedious check shows
that 7:=+2a ' ot and o := /270 B! give the unit and the counit of the
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adjointness needed to prove that 3, is right adjoint to &,,. Indeed, let us write
& =6, C=_C, etc., and prove, for example, that the composition of natural

transformations
oo®

® 20 Gre 25 ©

is the identical natural transformation. For any Y-supermodule V, let ¢ €
®&(V) =Homg (U, V). Then the first arrow takes ¢ to the function

¥ ue V25 (o(u), 0) € GFG(V) = Hom, (U, Hom, (U, V) K U).

It suffices to prove that

1 -1
ﬁﬁw(v)(@’ 0)— (‘quﬁﬁmw)(o’ pol), (13.19)

since the application of o to the right-hand side gives ¢, as desired. To prove
(13.19), evaluate the right-hand side at u to get

Y=

1 1
—oQu+—¢poJ ®Ju,
f s ﬁ 727 727

which is indeed equal to \/ioz(,' (¢, 0), since

00 (1) = (—=1)% —=00 oy (1) =

0y (56 ®u+ 500 ©.11) = 2(e(0).0).

Next, for general n we prove that ¥, commutes with duality. It is enough
to show that ¥, commutes with duality, that is 70, o7 =, since then,
using (12.16) and the fact that &, is left adjoint to &,, the composite func-
tor To®, o7 is right adjoint to &,, but we already know that &, is right
adjoint to §,,, so uniqueness of adjoints gives that To®,o7=®,, that is &,
commutes with duality too. To prove that , commutes with duality, note that
the antiautomorphism 7 of Y, induces the antiautomorphism 7 of the subal-
gebra €, with 7(c;) = ¢, foreachi=1, ..., n. As U, is the only irreducible
C,-supermodule up to isomorphism, there exists a homogeneous isomorphism
¢ : U, — UT. Then, using (12.20) and id,- ®¢, we get natural isomorphisms

oQu-+

(WRU,) >WRU >W KU,.

It just remains to check the isomorphisms (13.10)—(13.17). Well, (13.10)
follows from definitions noting that resg U,~U,_, if n is even. Then
(13.11) follows from (13.10) on composing on the left with &,_, and on the
right with &, . Next, (13.15) follows from the definition and an application of
Frobenius reciprocity, using the observation that U, ~ indgzil U,_, if nis odd.

n
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_, when n is odd. So for a
Y,-supermodule V, using Frobenius reciprocity, we get

n

To prove (13.15), note that U, ~ indg;’ilU

Gjn—l ° TCSZ:A (V) = Hom@n_l (Un—l ’ resz:—l V)
- .6, Y
>~ Homg (indg' U, . resy o0 V)

~ res;n‘ilHom@" u,, V)~ resgln’f] 0®,(V).

Now (13.14) follows from (13.15) by composing with &,_, and &,. Finally,
(13.12), (13.13), (13.16), and (13.17) follow from (13.15), (13.14), (13.11),
and (13.10), respectively, by uniqueness of adjoints. 0

Now we describe another reincarnation of Y, (cf. [S,]). The symmetric
group S, acts on the generators c,, ..., ¢, of the Clifford algebra C, by place
permutations: ¢; - w = c,-1(;). This action can be extended to the action of
S, on C, by superalgebra automorphisms. Recall that G, denotes the group
algebra FS,, which will be considered as a superalgebra concentrated in
degree 0. Now denote by G, x C, the superalgebra, which as a superspace
is just G, ® C,, where the Clifford algebra €, is graded as usual, and the
multiplication is given by

(W)W Rc) = (ww ® (c-w)c') (w,w' €S,, ¢, €C).

Lemma 13.2.3 There is an isomorphism of superalgebras

©: Y, — G, xEC, 1®c;—>1®c¢, ;@1 5;®(c;—ciyy)

1
V=2
forj=l7~~-7n,i=1,...,n—1,

Proof Obviously, the elements 1 ®c; € G, X C, satisty the defining relations
of C,. A simple calculation shows that the ¢(f; ® 1) satisfy the relations
(13.1)—(13.3). Finally, we have

P(1® Cj)@(ti ®l)=—¢(,®DNe(1® Cj)

for all admissible i and j. By Lemma 13.2.1, ¢ as above exists. Now, ¢
is surjective, as ¢; — ¢, is invertible in C,, and it remains to compare
dimensions. |
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We will from now on identify Y, with G, x €, according to the lemma.
Let us write s; for ;@1 € G, xC, =Y, and ¢; for 1®c; € G, x €, =Y, for
1 <i<n,1<i<n. Then the following is easy to check:

Lemma 13.2.4 The superalgebra Y, is generated by (even generators)
Sys...5S,_; and (odd generators) c,,...,c,, Subject only to the relations

(3.2), (3.3), (12.8), (12.9), together with

n’

8;C; = Ciy1Sis 85;C; = C;§; (13.20)
for all admissible i and j with j #1i,i+ 1.
The antiautomorphism 7 of Y, defined in (13.9) can now be defined via:

Y =Y, s, cj> ¢ (1<i<n, 1<j<n). (13.21)

The JM-elements M, € T, from (13.6) can be considered as elements of
Y, because T, is a subalgebra of ¥,. We will need to know the image of M,
under ¢. Define the Jucys—Murphy elements of Y, as follows:

L= > (1 +cic)(j. k)€Y, (1<k<n). (13.22)

1<j<k
Lemma 13.2.5
(i) For?2 <k <n we have o(M,) = ﬁ(l — 1)Ly (csy —¢p)s
(i) For 1 <k <n we have ¢(M}) = %Li
Proof (i) is proved by induction on k using relations
M, = -t Myt + 1,

which follow from (13.8), and

Ly = scLysi + (Lt cci)si (13.23)

which are easy to check directly.
(ii) is checked using (i) and relations ¢, L, = —L,¢y, ¢, L; = L;c; for k # j.
O
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Affine Sergeev superalgebras

This chapter is parallel to Chapter 3. The role of the degenerate affine Hecke
algebra is played by the affine Sergeev superalgebra X, introduced and
studied by Nazarov [N]. The superalgebra X, is in the same relation to the
Sergeev superalgebra Y, as J(, to the group algebra G, of the symmetric
group.

We will sometimes suppress the word “super”, as “everything is super”
anyway. So we may speak of a subalgebra C, of X, rather than a subsuper-
algebra, etc.

14.1 The superalgebras

Let A, denote the superalgebra with even generators x,,...,x, and odd
generators ¢, ..., c,, where the x; are subject to the polynomial relations
(3.1), the ¢; are subject to the Clifford superalgebra relations (12.8), (12.9),
and there are the mixed relations

CX:=X.C;, CX;=—XC; (14.1)

foralll <i, j<nwithi#j. Fora=(a,,...,a,)eZ"and B=(B,,...,B,) €
72, we write x* and ¢# for the monomials x{"...x% and c?"...cPr, respec-
tively. Then it is easy to see that the elements

(x*Plaecz", BeZi}

form a basis of A,,. In particular, A, = A, ®---® A, (n times). Note that the
polynomial algebra P, can be identified with the subalgebra of .4, generated
by the x;, and the Clifford algebra C, can be identified with the subalgebra of

174
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A, generated by the c;. Thus, A, is the twisted tensor product P, @ C,. We
define a left action of S, on A, by algebra automorphisms so that

WX = Xyis W C; = Cyy (14.2)
foreachweS,,i=1,...,n

The affine Sergeev superalgebra X, has even generators s,...,S, |,

Xy, ..., x, and odd generators ¢, ..., c¢,, subject to the relations (3.1), (12.8),

(12.9), (14.1), (3.2), (3.3), together with the new relations:

5,C; = ;5 (14.3)
SiCi = Ciy1Sis SiCip1 = GiSis (14.4)
85X, = X;5;, (14.5)
85X = X85 — 1 —cicipy (14.6)
for all admissible 7, j with j#i,i+1. We call x,, ..., x,, polynomial genera-
tors, ¢y, ..., c, Clifford generators, and s,, . .., s,_, Coxeter generators. Note

that X| = A,. Also, by agreement, X, = F. The relation (14.6) implies
§iXi = x5+ 1—cicip (14.7)

By induction, we deduce more general formulas for j > 1:

5ixX] = xl, 85— Z(xf I ()i ), (14.8)

1—k i—1—
Si z+1 _x +Z(xf lj+1 —xf(—xm)] : kCici+1)' (14.9)

14.2 Basis Theorem for XX,

There are obvious homomorphisms ¢ : A, - X,, ¥ : G, - X,, and
§:Y, — X, under which the elements x;, ¢, and s; map to the corresponding
elements of X,. We write A, for ¢(A4,), P, for o(P,), G, for ¥(SG,), Y,
for £(Y,), x* for @(x%), c? for ¢(cP), and w for Y(w) (for we S, C G,).
This notation will be justified shortly, when we show that ¢, i, and & are
monomorphisms. The following is obvious from the defining relations:

Lemma 14.2.1 Let f € A,, we S,. Then in X, we have
wf = (w-Hw+ ) fu, Sw=ww™ -+ uf,

u<w u<w

for some f,, f; € A, of x-degrees less than the x-degree of f.
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It follows easily from this lemma that that X, is at least spanned by all
x*cPw, a€Z",BeZs, weS,.

Theorem 14.2.2 The {x*cPw|a € Z", B Z!, weS,} form a basis for X,.

Proof The proof using Bergman’s Diamond Lemma is entirely similar to the
first proof of Theorem 3.2.2. (The second proof seems to be harder to mimic).
U

By Theorem 14.2.2, we have a right from now on to identify ?,, C,, A,,
and G, with the corresponding subalgebras of X,. Then X, is a free right
G,-module on basis {x*c?|a € Z", B € Z}}. As another consequence, if
m < n, we can consider XX, as the subalgebra of X, generated by x,, ..., x,,,

Cls--vsCpy and s, ..., s, ;. Sometimes, we will use another embedding of
X, into X,. In order to distinguish between the two, denote

X, =(spxjci|lntl—m<j<n, n+2-m<i<n)ycX, (14.10)

Finally, let us point out that there are obvious variants of Theorem 14.2.2.
For example, X, also has {wx*c? |we S,, a € Z, B € Z;} as a basis. This
follows using Lemma 14.2.1.

n’

14.3 The center of X,

Theorem 14.3.1 The center of X, consists of all symmetric polynomials in
2 2
X[oeois X

s Ny

Proof That the symmetric polynomials in x7, ..., x> are indeed central is

easily verified. Indeed, it is clear that they commute with the Clifford genera-
tors. Moreover, as s; commutes with all x; for j # i, i+ 1, we just need to check
that s, commutes with a polynomial of the form (x7)“(x7, )" + (x7)"(x7,,)",
which is done using (14.8) and (14.9).

Conversely, take a central element z =3, f,w € X, where each f, €
A,. Let w be maximal with respect to the Bruhat order such that f, # 0.
Assume w # 1. Then there exists i € {1, ..., n} with wi # i. By Lemma 14.2.1,
x?z —zx? looks like f, (x? — x2,)w plus a linear combination of terms of the
form f,u for f, € A, and u € S, with u # w in the Bruhat order. So in view
of Theorem 14.2.2, z is not central, giving a contradiction.

Hence, we must have that z € .A,. Commuting with polynomial generators,
we see that z is actually in P,, and commuting with Clifford generators, we
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then deduce that z € F[x?, ..., x?]. To see that z is a symmetric polynomial,
write z =3, ;.o a; ;(x])(x3)’ where the coefficients a, ; lie in F[xs, ..., x,].
Applying Lemma 14.2.1 to s,z = zs; now gives that a, ; = a;, for each i, j,
hence z is symmetric in x; and x,. Similar argument shows that z is symmetric

inx;and x; ., foralli=1,...,n—1. U

14.4 Parabolic subalgebras of X,

Let w = (w4, ..., M,) be a composition of n. We define the parabolic subal-
gebra X, of X, as the subalgebra generated by A, and all s; for which
s; € S,,. It follows from Theorem 14.2.2 that the elements

(x*cPw|aez", BeZ, weS,}
form a basis for X - In particular,

xugxm@”'@xur

is precisely the subalgebra A,.
We will use the induction and restriction functors between X, and X,.
These will be denoted simply

ind, : X,-smod — X, -smod, res; : X,-smod — X,-smod,  (14.11)

the former being the tensor functor X, ® x, ? which is left adjoint to res};. More
generally, we will consider induction and restriction between nested parabolic
subalgebras, with obvious notation. We will also occasionally consider the
restriction functor

res! , : X,-smod — X,_,-smod. (14.12)

14.5 Mackey Theorem for X,

Recall the notation of Section 3.5. Fix some total order < refining the Bruhat
order < on D;w' For x € DW,, set

B.,.= @D X9, (14.13)
- YED,, . y=x
B.,= @ 2.5, (14.14)

_\?EDM',,, y=<x

B, =B../B... (14.15)
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It follows from Lemma 14.2.1 that B_, and B_, are invariant under right
multiplication by A,. Hence, since X, = §,.A,, we have a filtration of X, as
an (X, X,)-bisupermodule.

Note using the property (2) from Section 3.5 that for each y € D
exists an algebra isomorphism

n?

s there

goy—l:x —>x71

mNyy y_uny

with @ 1 (w) =y 'wy, ¢,-1(c;) = ¢, and @ -1 (x;) = x,-1, forw e S, . 1 <
i<n.If Nisaleft X ., -, -supermodule, then by twisting the action with the

yunv
-supermodule, which will be denoted *N.

isomorphism ¢, we getaleft X,
Lemma 14.5.1 Let us view X, as an (X, X,n,,)-bisupermodule and X,
as an (X 1,0, X,)-bisupermodule in the natural ways. Then *X, is an
(x X,)-bisupermodule, and

Jigh el

B, =X, ®y, "X

Ny v

as (X, X,)-bisupermodules.
Proof Similar to the proof of Lemma 3.5.1. Ul

Theorem 14.5.2 (“Mackey Theorem™) Let M be an X,-supermodule. Then
resﬁindZM admits a filtration with subquotients ~ to

ind"

p,ﬂxvx(resy M)’

x~Tuny

one for each x € D, . Moreover, the subquotients can be taken in any order

in particular ind” . res”

refining the Bruhat order on D w8y

v M appears as a

subsupermodule.

Proof Similar to the proof of Theorem 3.5.2, but using Lemma 14.5.1 instead
of Lemma 3.5.1. U

14.6 Some (anti) automorphisms of X,

A check of relations shows that X, possesses an automorphism o and an
antiautomorphism 7 defined on the generators as follows:

T8> =S8, Cib>Cupy_jy X Xy s (14.106)
TISi S, G, XX, (14.17)

foralli=1,...,n—1,j=1,...,n.
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If M € X,,-smod, we can use 7 to make the dual space M* into an X', -module
denoted M7, see Section 12.1. Note that 7 leaves invariant every parabolic
subalgebra of X, so it also induces a duality on finite dimensional X,-

supermodules for each composition u of n.

Given M € X,-smod, we can twist the action of X, with o to get a new
X,-supermodule M 7. The following result is proved similarly to Lemma 3.6.1.

Lemma 14.6.1 Let M € X,,-smod and N € X,-smod. Then
(ind) "M R N)? >~ ind""N“ K M°.

m,n

Moreover, if M and N are irreducible, the same holds for ® in place of X.

14.7 Duality for X, -supermodules

This section should be entirely parallel to Section 3.7. In particular, essentially

the same arguments lead to:

Theorem 14.7.1 For M € X,,-smod and N € X ,-smod, we have
(ind”""MXN)™ ~ ind” " (N"KIM").

m,n n,m

Moreover, if M and N are irreducible, the same holds for ® in place of X.

14.8 Intertwining elements for XX,
For 1 <i < n set

D, 1= 5 (x] — xi2+1) + (o +xi0) F ¢icin (6 — xi0)-

A tedious calculation using (14.8) and (14.9) gives:
P} = 2x; + 2xi2+l —(x} - xi2+1)2’
Dx; =x Py Pixiy = x,P;, (Dixj = qu)i’
Dic; = ¢ Pj, Picyy =P, Picy=c; P,
;P = 0D, O;P,P; =Dy, DD,

(14.18)

(14.19)
(14.20)
(14.21)
(14.22)

for all admissible i, j, k with j#1i, i+ 1 and |i —k| > 1. Property (14.22) means
that for every w € S, we have a well-defined element @, € X, , namely,

1

D, =D, ... D,

m
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where w =, ...s; is any reduced expression for w. According to (14.20),
these elements have the property that

D, x;, =x,P (14.23)

w?

for all w e S, and 1 <i < n. We note that only the properties (14.19) and
(14.20) will be essential in what follows:

Lemma 14.8.1 Let V be an A,-module, 1 < j <n, and v €V be a vector
with xiv = av, x?Hv = bv for some a,b € F. Then (I>12.v =0 if and only if
2a+2b = (a— b)?, which in turn is equivalent to a = c¢* —c and b = c* +c
for some ¢ € F.

Proof By (14.19), @7 acts on v with the scalar 2a+2b— (a —b)>. The second
part is an elementary exercise. Ul
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Integral representations and cyclotomic
Sergeev algebras

For notational reasons, when studying representation theory of XX, it is more
convenient to start with the definition of integral representations, although
in principle we could postpone doing this until after the chapter on character
calculations, as was done in the classical case. So Chapter 15 is parallel
to Chapter 7. Note that the definition of an integral representation is now
less obvious. If you want to ‘discover’ this notion, you need to play with
calculations made in Chapter 18 first.

15.1 Integral representations of U,

Recall that p stands for the characteristic of the ground field F', which is O or
odd prime. Denote

if p=0,
=1 e (15.1)
(p—1)/2 ifp>0.
We define the set I C F as follows:
Z.. if p=0,
1= 720 e (15.2)
{0,1,...,¢} ifp>0.
For i € I we set
q(i)=i(i+1). (15.3)

Note that g(i) = g(j) if and only if i = j (for 7, j € I).

Definition 15.1.1 An A, -supermodule M is called integral if it is finite
dimensional and all eigenvalues of x?,...,x> on M are of the form g(i)

n

181
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for i € I. An X,-supermodule, or more generally an X,-supermodule for
M a composition of n, is called integral if it is integral on restriction
to A,. We write Rep; X, (resp. Rep; A,,, Rep; X,,) for the full subcategory of
X,-smod (resp. A,-smod, X,-smod) consisting of all integral supermodules.

Lemma 15.1.2 Let M be a finite dimensional X ,-supermodule and fix j with
1 < j < n. Assume that all eigenvalues of x; on M belong to 1. Then M is
integral.

Proof 1t suffices to show that the eigenvalues of x7 are of the form g(i)
for i € I if and only if the eigenvalues of x7 4, are of the same form, for an
arbitrary k with 1 <k < n. Actually, by an argument involving conjugation
with the automorphism o, it suffices just to prove the ‘if’ part. So assume
that all eigenvalues of x;,, on M are of the form ¢(i) for i € I. Let a be
an eigenvalue of x, on M. We have to prove that a? is of the form g(i). As
since 0 = ¢(0), we may assume that a # 0. Since x; and x;,, commute, we
can pick v lying in the a-eigenspace of x, so that v is also an eigenvector
for x,,,, of eigenvalue b say. By assumption we have b* = ¢(i) for some
i € I. Now let ®, be the intertwining element (14.18). By (14.20), we have
Xy 1 P = Dy, So if v #0, we get that

a® v =P xv=x,, P,

whence a is an eigenvalue of x,,,, and so a = ¢(i") for some i’ € I by
assumption. Else, ®,v =0 so ®7v =0. So applying Lemma 14.8.1, we again
get that a = ¢(i') for some i’ € I. O

Lemma 15.1.3 Let p be a composition of n and M be an integral
X, -supermodule. Then indZM is an integral X,-supermodule.

Proof The proof is similar to that of Lemma 7.1.3 but uses the element

Y, =[1(x;—q())., 1=<j=<n

iel
instead of the Y; there and Lemma 15.1.2 instead of Lemma 7.1.2. ]
It follows that the functors indz, resZ restrict to well-defined functors
ind, : Rep; X,, — Rep, X,,, res; : Rep; X, = Rep, X, (15.4)

on integral representations. Similar remarks apply to more general induction
and restriction between nested parabolic subalgebras of X,,.



15.2 Some Lie theoretic notation 183

15.2 Some Lie theoretic notation

If p> 0, let g denote the twisted affine Kac—-Moody algebra of type AZ)
(over C), see [Kc, Ch. 4, Table Aff 2]. In particular we label the Dynkin
diagram by the index set I = {0, 1, ..., £} as follows:

_ ¢ 0
O=0—O-------- O—O0—="20 lf€22,and [e=—=2¢] if¢=1.

The weight lattice is denoted P, the simple roots are {a;|i € I} C P and
the corresponding simple coroots are {h;|i € I} C P*. The Cartan matrix

(i 0)) oy oy i

2 =2 0 0O 0 O

-1 2-1 -+~ 0 0 O

0 -1 2 0O 0 O
if £>2, and

0 0 O 2 -1 0

0O 0 O -1 2 =2

0 0 O 0-1 2

2 —4
if ¢=1.

Let {A,|i € I} C P denote fundamental dominant weights, so that (4, A;) =
0; ., and let P, C P denote the set of all dominant integral weights. Set

ij?

4 —1
c=hy+3Y 2k,  8=Y2a+a,. (15.5)

i=1 i=0

Then the A, ..., A,, 6 form a Z-basis for P, and (c, o;) = (h;, §) =0 for all
iel

In the case p =0, we make the following changes to these definitions.
First, g denotes the Kac—-Moody algebra of type B.,, see [Kc, Section 7.11].
So1=1{0,1,2,...}, corresponding to the nodes of the Dynkin diagram
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The Cartan matrix ((%;, aj))[. j=0 18

2 =2 0
-1 2 -1 0
0 -1 2 -1

0 -1 2

Note certain notions, for example the element ¢ from (15.5), only make
sense if we pass to the completed algebra b, see [Kc, Section 7.12], though
the intended meaning whenever we make use of them should be obvious
regardless.

The meaning of Uy, e, f;, h;, Uy, Uy, UY, ef”), etc. is the same as in
Section 7.2.

15.3 Cyclotomic Sergeev superalgebras

For A € P, we set
(hg.A) ‘
fo=x" T (= ()" e X,. (15.6)

iel\{0)
Let J, denote the two-sided ideal of X, generated by f,, and define the
cyclotomic Sergeev superalgebra to be the quotient

xr=2,/9,.
Also, by agreement, X} = F.

Lemma 15.3.1 Let M be a finite dimensional X,-supermodule. Then M is
integral if and only if 3, M =0 for some A € P,.

Proof 1f J,M = 0, then the eigenvalues of x7 on M are all of the form g(i)
for i € I, by definition of J,. Hence M is integral in view of Lemma 15.1.2.
Conversely, suppose that M is integral. Then the minimal polynomial of
x? on M is of the form [[,,(r — q(i))* for some A, > 0. So if we set

A=22Ag+A A+ +A,A, € P, we certainly have that ;M =0. [
Lemma 15.3.1 allows us to introduce the functors

pr* : Rep, X, — X}-smod, infl" : X*-smod — Rep, X, (15.7)
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Here, infl* is simply inflation along the canonical epimorphism X, — XA,
while on a supermodule M, pr*M = M/J, M with the induced action of X
The functor infl" is right adjoint to pr*, that is there is a functorial isomorphism

Hom ., (pr*M, N) = Hom, (M, infl'N). (15.8)

Note we will generally be sloppy and omit the functor infl* in our notation.
In other words, we generally identify X*-smod with the full subcategory of
Rep, X, consisting of all supermodules M with J,M = 0.

15.4 Basis Theorem for cyclotomic Sergeev superalgebras
Let d = (c, A). Then f) is a monic polynomial of degree d. Write
Hr=ax{+agx{ +-+ax +a.
Set f; = f, and for i =2, ..., n, define inductively
fi=siifiosion-
Note using (15.6):
c;fi==xfic; (1=<i,j<n). (15.9)

The first lemma follows easily by induction using relations in X, espe-
cially (14.8).

Lemma 15.4.1 Fori=1,...,n, we have
fi=x{+ (terms lying in P,_x°Y; for 0 < e < d).
Given Z={z, <---<z,} C{l,...,n}, let
fo=ff -1, €X,
Also, define

II,={(a,2)|Z< {1, ...,n},x € Z, with a; < d whenever i ¢ Z},
I = {(@ 2) €11, |Z # o).

Lemma 15.4.2 X, is a free right Y,-module on basis

{(x*fz (e, 2) €1L,}.
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Proof The proof is similar to that of Lemma 7.5.2 with Y, in place of G;, and
uses Lemma 15.4.1 instead of Lemma 7.5.1. O

Lemma 15.4.3 For n > 1 we have Y,_,f, 9, = f.Y,-

Proof 1t suffices to show that the left multiplication by the elements
Sy5...58,_, and ¢, ..., c,_, leaves the space f,Y, invariant. But this follows
from the definition of f, and relations in X,. U

Lemma 15.4.4 We have 7, =) P, f.Y,.
i=1

Proof We have

j/\ = xnflxn = xnfl‘?nyn = xnflyn

= ?nynflyn = Z Z ‘Ansifl . 'sluflyn

i=1ues, ,

= Z‘Ansi—l .- 'Slfl yn = Z‘Anfiyn
i=1

i=1
= i‘fpnenfiyn = i?nfiyna
i=1 i=1
using (15.9) for the last equality. O
Lemma 154.5 For d > 0 we have 7, = Y x°f,Y,.

(a,Z)ell}

Proof The proof is similar to that of Lemma 7.5.5 using Lemmas 15.4.4,
15.4.2,15.4.3,15.4.1 instead of Lemmas 7.5.4,7.5.2,7.5.3,7.5.1, respectively.
O

Theorem 15.4.6 The canonical images of the elements
(x*cPw|aeZ witha,,...,a,<d, BeZ;, weSs,}
form a basis for X
Proof By Lemmas 15.4.2 and 15.4.5, the elements {x*f, | (a, Z) € IT}} form

a basis for J, viewed as a right ¥,-module. Hence Lemma 15.4.2 implies that
the elements

{(x*|aeZ} with ay, ..., a, <d}
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form a basis for a complement to J, in X', viewed as a right ¥,-module. The
theorem follows at once. U

Remark 15.4.7 It follows from Theorem 15.4.6 that X' is isomorphic to the
Sergeev superalgebra Y,. If we identify the two using the map cPw+ 7, >
cPw, then the projection

xn_»xn/j)\:yn

can be described as follows: it is identity on ¥, , i.e. cPw € Y, C X, is mapped
to cPw € Y,, and x, is mapped to the kth Jucys—Murphy element L, € ¥,,
defined in (13.22). This is easy to see because L, = 0 by definition, and x,
must go to 0. Moreover, the exression (13.23) of L, in terms of L, is the
same as that of x;, in terms of x,.

15.5 Cyclotomic Mackey Theorem

Given any y € X,, we will denote its canonical image in X by the same
symbol. Thus, Theorem 15.4.6 says that

B,:={x"Pw|aeZ" witha,,...,a,<d, BeZ;, weS,} (15.10)

is a basis for X'}, Also Theorem 15.4.6 implies that the subalgebra of X

n+1
generated by x,...,x,,¢,...,c, and w, for w € S, is isomorphic to X.
A

ar . . ..
"' for the induction and restriction functors

We will write 1ndx’;*' and res.,
A

between X} and X}, ;. So,

: xr/z\+] A
1ndx3 M=X,, QxnM.

Lemma 15.5.1 (i) X\, is a free right X}-supermodule on basis

{xjfcj?sj...s,,|05a<d, beZ,, 1<j<n+1}.

(il) As (X}, XM)-bisupermodules,

x;i\ﬂ = x,;\snx}j‘ o D xZJrICZer?'
0<a<d, beZ,
(iii) Let 0 < a < d. Then there are isomorphisms of (X}, X*)-bisuper-
modules

Xhs, XN ~ 2! Qur xr, x4 X~ 2

n+1"%"n n’

a A A
Xy Cop1 Xy =TI
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Proof (i) By Theorem 15.4.6 and dimension considerations, we just need to
check that X}, is generated as a right X'}-module by the given elements.
This follows from relations, especially (14.8).

(ii) It suffices to notice, using (i) and (14.8), that

{x;’j’] .5,|0<a<d, beZ,, 1<j<n}

is a basis of X5, X" as a free right X'}-module.
(iii) The isomorphisms x¢, X ~ X} and x%  c,, X} ~IIX} are clear
from (i). Furthermore, the map

X x XY — X5, X, (u,v) = us,v

n-n

is x*

n—1

-balanced, so it induces an (even) homomorphism

CD:X;@)IA xr— s,

n-n

of (X, X))-bisupermodules. By (i), X ®y1 X, is a free right X -super-
module on basis

{x]jj s, Ql|1<j<n, beZ, 0<a<d}.

But ® maps these elements to a basis for X''s, X as a free right X*-super-
module, using a fact observed in the proof of (ii). This shows that @ is an
isomorphism. U

We have now decomposed X 1 as an (X)) A XM)-bisupermodule. So the
same argument as for Theorem 3.5.2 gives:
Theorem 15.5.2 Let M be an X}-supermodule. Then there is a natural
isomorphism
x:\H- xr;\Jr] &d
res,)ind 1" M~ (MeIIM) Gamd o Ires o IM

of X -supermodules.

15.6 Duality for cyclotomic superalgebras

Lemma 15.6.1 For 1 <i <n and a >0, we have

-8y n+l + (*)
S stxz Clsl e sn = ‘xZ+lcn+1 + (**)’

where (¥) and (xx) lie in X5, X2+ 30 0(xk XA+ x5 0, D).

5. xS,

[/ At Bt

N
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Proof We apply inductionon n=1i,i+1,....In case n =1, the result follows
from a calculation using (14.8). The induction step is similar, noting that s,
centralizes X ,. O

Lemma 15.6.2 There is an (X}, X})-bisupermodule homomorphism 6 :
X}, — X} such that ker 0 contains no non-zero left ideals of X, .

Proof By Lemma 15.5.1(ii), we know that

d-2 d—1
A pd—lard a A a A A A
er—l - xn+lxn @®xn+1xn @®xn+lctl+lxn 69‘%.n Snxn
a=0

a=0
as an (X, X'})-bisupermodule. Let

0: X — xiTlxA

n+1 n+1"%n

be the projection on to the first summand of this decomposition, which by
Lemma 15.5.1(iii) is isomorphic to X} as an (X}, X'})-bisupermodule. So
we just need to show that if y € X | has the property that 8(hy) = 0 for all

n+1
he X}, then y=0. Using Lemma 15.5.1(i), we may write y as

d—1 d—1 n

D Ty Cp T) D0 D (XSS, XSS, )

a=0 a=0 j=1
for some elements o, 7, 1, ;» V,, ; € XA As 6(y) =0, we must have o,_; =0.
Now 6(x,,,y) =0 implies 0,_, =0, then 6(x2,,y) =0 implies 0,_; =0,
etc., proving that all o, are zero. Now 0(c,.,y) =0 implies that all 7,
are zero. Next, considering 6(s,y), 0(x,,,5,y), 0(x2 ;s,y), ..., and using
Lemma 15.6.1, we get y_y , =py_»,=---=0andv, | ,=v; ,,=---=0.
Next, repeat the argument again, this time considering s,,5,_;, X, 8,5,_1, - - - >
to get that all m,, ; =0 and all v,, , = 0. Continuing in this way we
eventually arrive to the desired conclusion that y = 0. |

Theorem 15.6.3 There is a natural isomorphism
X} ®xy M = Homy, (X)), ,, M)

for all X*-supermodules M.

Proof It suffices to show that there exists an even isomorphism

¢ xrj\+l - Homx,f‘ (xl?-#l’ xijz\)

of (X}, ,, X})-bisupermodules. This is done as in the proof of Theorem 7.7.3

using Lemmas 15.6.2 instead of Lemmas 7.7.2. |
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Corollary 15.6.4 X is a Frobenius superalgebra, that is there is an even
isomorphism of left X -supermodules X = Hom (X}, F).

n o

Proof Similar to the proof of Corollary 7.7.4. Ul

For the next corollary, recall the duality induced by 7 (14.17) on finite
dimensional XX, -supermodules. Since 7 leaves the two-sided ideal J, invariant,
it induces a duality also denoted 7 on finite dimensional X'}-supermodules.

.

Corollary 15.6.5 The exact functor ind,;"
an 2

resxnﬁ‘

isomorphism

is both left and right adjoint to

. Moreover, it commutes with duality in the sense that there is a natural

A A
ind," (M) = (ind )y M)”
for all finite dimensional X -supermodules M.

Proof Similar to the proof of Corollary 7.7.5. Ul



16

First results on X -modules

This chapter is parallel to Chapter 4. The role of the subalgebra 2, is played
by A,. However, it will be more convenient to consider only infegral modules
everywhere, as defined in Chapter 15.

16.1 Formal characters of X',-modules

Let i € I, see (15.2). Denote by L(i) the vector superspace on basis {v,, v_,},
where v, =0, v_, = 1, made into an A4,-supermodule via

vy =v_y, vy =y, Xv =+/q()v, x;v_; =—y/q()v_;.

To be precise, we need to first make a choice of m, as it is defined only
up to £. But it is not a big deal, since changing from \/ﬁ to —/¢q(i) leads
to an isomorphic supermodule (the isomorphism swaps v, and v_,). Note that
L(q(i)) is irreducible of type M if i # 0, and irreducible of type Q if i =0. It is
also easy to see that the modules {L(i) | i € I} form a complete set of pairwise
non-isomorphic irreducible A ,-supermodules in the category Rep, A,. Now,
A, =A ®---®A,, and so the next result follows from Lemmas 12.2.13
and 12.2.15:

Lemma 16.1.1 The A, -supermodules
{L(ll)® ! ®L(ln) | (il’ ) in) € In}

form a complete set of pairwise non-isomorphic irreducible supermodules in
the category Rep, A,. Moreover, let vy, denote the number of j=1,...,n
such that i; = 0. Then L(i,)®---® L(i,) is of type M if v, is even and type
Q if v, is odd. Finally, dim L(i,)®---® L(i,) = 2"~ /2],

191
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Now take any M < Rep, A,. For any i = (i}, ...,1,) € I", let M, be the
largest submodule of M all of whose composition factors are isomorphic to
L(i)) ®---® L(i,). Alternatively, M, is the simultaneous generalized
eigenspace for the commuting operators x7, . .., x> corresponding to the eigen-
values ¢(i,), ..., q(i,), respectively. Hence:

Lemma 16.1.2 For any M € Rep; A, we have M = @;.;.M; as an
A, -supermodule.

Since x% acts as ¢g(i;) on L(i;) ®---® L(i,), and the dimension of each
L(i;))®---®L(i,) is known from Lemma 16.1.1, knowledge of the dimensions
of the spaces M; for all i is equivalent to knowing the coefficients r; when
the class [M] of M in the Grothendieck group K(Rep; A,) is expanded as
[M] = Z ";[L(il) ®---®L(,)]
ieln

in terms of the basis {[L(i,)®---®L(i,)]|i € I"}.

Now let M € Rep, X,. Recall that X, | = A,. We define the formal
character of M by:

,,,,, 1M] € K(Rep, A,). (16.1)

ch : K(Rep, X,) - K(Rep, A,)

at the level of Grothendieck groups.
As in Section 4.1, we get as special cases of Mackey Theorem:

Lemma 16.1.3 Let i = (iy,...,i,) € I". Then
chind{ |L(ij))®---®L(i,) = Z [L(iy-11)® - ®L(i,1,)]
wes,

Lemma 16.1.4 (“Shuffle Lemma”) Let n =m+k, and let M € Rep, X,,,
K € Rep, X,. Assume

chM =Y rn[LG)® - -®LG3,)]

ielm
chK =} s)[L(j)® - ®L(ji))]-
jelk
Then
chind, M®K =3 > r;s;(Q L(h)®---®L(h,)),

iel™ jerk
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where the last sum is over all h = (hy, ..., h,) € I", which are obtained by
shuffling i and j.

16.2 Central characters and blocks

Recall by Theorem 14.3.1 that every element z of the center Z(X,) can be
written as a symmetric polynomial f(x?, ..., x*). Given i € I", we associate
the central character

Xt Z(X,) > F. f(xg...oxn) = flq(iy), - q(,).-

If i € I", define its content cont(i) € P by

cont(i) =) y,a;  where vy, =#{j=1,....,nli;=i}.  (16.2)

iel
So cont(f) is an element of the set I', of non-negative integral linear combi-
nations y = Y _,.; ¥;«; of the simple roots such that },_, v, = n. Obviously,
the S,-orbit of i is uniquely determined by the content of i, so we obtain a
labeling of the orbits of S, on I" by the elements of I',. We will also use
the notation y,, for the central character x; where i is any element of /" with
cont(i) = vy. It is clear that y,, is well defined.
Now let M € Rep, X, and y € I',. Denote

Mlyl={ve M| (z—)(y(z))kv =0 for all z € Z(X,) and k > 0}.

Observe this is an X,-subsupermodule of M. Now, for any i € I" with
cont(i) = vy, Z(X,) acts on L(i;) ®---® L(i,) via the central character y,.
So applying Lemma 4.2.1, we see that

Miyl= @ M, (16.3)

cont(i)=y

recalling the decomposition of M from Lemma 16.1.2. Therefore:

Lemma 16.2.1 Any M € Rep, X, decomposes as
M = P M[y]
vel,
as an X,-supermodule.
Thus the {x, |y € T,} exhaust the possible central characters that can arise

in an integral X, -supermodule, while Lemma 16.1.3 shows that every such
central character does arise in some integral X, -supermodule.
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If yeT,, let us denote by Rep, X, [y] the full subcategory of Rep, X,
consisting of all supermodules M with M[y] = M. Then Lemma 16.2.1 implies
that there is an equivalence of categories

Rep, X, = €D Rep, X, [¥]. (16.4)

vel,

We say that Rep,; X,[y] is the block of Rep, X, corresponding to y (or to the
central character x, ). If M € Rep, XX, [y], we say that M belongs to the block
corresponding to y. If M # 0 is indecomposable then M € Rep, X,[y] for a
unique y € I',.

We can extend some of these notions to X'}-supermodules, for A € P, . In
particular, if M € X*-smod, we also write M[y] for the summand M[y] of
M defined by first viewing M as an X, -supermodule by inflation. Also write
XA-smod[vy] for the full subcategory of X*-smod consisting of the modules
M with M = M[vy]. Then we have a decomposition

X} -smod = @ X -smod[y]. (16.5)

vel,

Note though that we should not yet refer to X*-smod[y] as a block of
XA-smod: the center of X'} may be larger than the image of the center of
X,, so we cannot yet assert that Z(X) acts on M[y] by a single central

character. Also we no longer know precisely which vy € I, have the property
that X'*-smod|[y] is non-trivial. These questions will be settled in Section 20.6.

16.3 Kato’s Theorem for X,
Let i € I. Introduce the Kato (super)module
L(i") :=ind] | L())®---®L(i). (16.6)
By Lemma 16.1.3,
chL(i") = n'[L()®---® L(i)].

In particular, for each k =1, ..., n, the only eigenvalue of the element x,f on
L(i") is q(i). We have to work a little harder than in Section 4.3 in order to
prove “Kato’s Theorem”.

Lemma 16.3.1 Let n>2, 1 <k <n, i € I\ {0}, and v e L(i)*" \ {0}. Then
(e (1 = ) A (1= €)X )v # 0.
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Proof The elements of A, which are involved in the inequality act only on
the positions k and k+ 1 in the tensor product. So we may assume that n =2
and k =1. Let

w=a;v; Qv +av; ®v_;+azv_;Qv; +a,v_; Qv_,
for a,, a,, a;, a, € F, and denote b := m . Then the result is clear from:
x(1=cyc)w = (ba, + bay)v, @ v, + (ba, + ba;)v, ®v_,
+(—=ba;+ba,)v_, v, + (—ba, + ba,)v_, Qv_,,
(1 —=c c)xw = (ba, — bay)v, v, + (—ba, + bas)v, @ v_,
+(ba;+ba,)v_; v, + (—ba, —ba,)v_, Qv_,.

Lemma 16.3.2 Let i € I. Set L = L())®", so L(i") = X, ® , L.

(i) If i #0, the common q(i)-eigenspace of xi,...,x2_, on L(i") is
precisely 1 ® L, which is contained in the q(i)-eigenspace of x> too.
Moreover, all Jordan blocks of x3 on L(i") are of size n.

(ii) If i =0, the common 0-eigenspace of x, ..., x,_, on L(0") is precisely
1 ® L, which is contained in the 0-eigenspace of x, too. Moreover, all
Jordan blocks of x, on L(0") are of size n.

Proof We prove (i), (ii) being similar. Note L(i") = EBweS” w® L, since
by Theorem 14.2.2 we know that X, is a free right 4, -module on basis
{fwlwes,}.

We first claim that the g(i)-eigenspace of x? is a sum of the subspaces of

the form y® L, where y € §',_, = (s,,...,5,_;). Well, any w can be written
as ys;s,...s; for some y € §, , and 0 < j < n. Note that ()c_?Jrl —q()v=0

for any v € L, by definition of L. So the defining relations of X, imply

(xf = q(0)ys;s, - S ®@u=
=818 @ (x;(1=cjejpy) = (1 —c¢jci )% )v+ (%),

where () stands for terms in subspaces of the form y's,...s,® L fory' € S, _,
and 0 <k < j— 1. Now assume that a linear combination

7= Z Z ch,j,uys152 )
yes,_, 0=j<nvel
is an eigenvector for x?. Choose the maximal j for which the coefficient

¢, ;v is non-zero, and for this j choose the maximal (with respect to the



196 First results on X,-modules

Bruhat order) y such that ¢ ;, is non-zero. Then the calculation above and
Lemma 16.3.1 show that (x? — ¢(i))z # 0 unless j = 0. This proves our claim.

Now apply the same argument to see that the common eigenspace of x?
and x3 is spanned by y® L for y € (s5, ..., s,), and so on, yielding the first
claim in (i). Finally, define

V(m) = {w e L(i") | (x] — q(1)"w =0}.

It follows by induction from the calculation above and Lemma 16.3.1 that

’
n—1°

V(m) = span{ys;s,...s;@v|y€S j<m, vel},

giving the second claim. Ul

The main theorem on the structure of the Kato module L(i") is

Theorem 16.3.3 Let i € I and p = (1, ..., 1,) be a composition of n.

(1) L(i") is irreducible, and it is the only irreducible module in its block.
Moreover, L(i") is of type Q if i =0 and n is odd, and of type M
otherwise.

(ii) All composition factors of res, L(i") are isomorphic to
L(i/-’-l) @ @L(i#r),

and socres), L(i") is irreducible.
(iii) socres!_,L(i") =res,_ ;" (L(i"™") ® L(i)).
Proof Denote L(i)®---® L(i) by L.

(i) Let M be a non-zero X,-submodule of L(i"). Then resj ;M must
contain a A,-submodule N isomorphic to L. But the commuting operators
x%, e xi (orx,,...,x,if i=0)acton L as scalars, giving that N is contained
in their common eigenspace on L(i"). But by Lemma 16.3.2, this implies that
N =1@® L. This shows that M contains 1 ® L, but 1 ® L generates the whole
of L(i") over X,. So M = L(i"). To see that L(i") is the only irreducible
in its block use Frobenius reciprocity and the fact just proved that L(i") is
irreducible.

Finally, in view of Lemma 16.1.1, it remains to see that the type of the
X,-supermodule L(i") is the same as the type of the A ,-supermodule L. The
functor ind] | determines a map

End, (L) — Endy (L(i")).
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We just need to see that this is an isomorphism, which we do by constructing
the inverse map. Let f € Endy (L(i")). Then f leaves 1® L invariant by
Lemma 16.3.2, so f restricts to an A ,-endomorphism of L.

(ii) The fact that all composition factors of res, L(i") are isomorphic
to L(i*)®---@® L(i*) follows by formal characters and (i). To see that
socres), L(i") is irreducible, note that the submodule X, ® L of resx#L(i") is
isomorphic to L(i*1)®---® L(i*). This module is irreducible, and so it is
contained in the socle. Conversely, let M be an irreducible X M-submodule of
L(i"). Then using Lemma 16.3.2 as in the proof of (i), we see that M must
contain 1 ® L, hence .'XM ®L.

(iii) By part (i), L(i") has a unique X,_, -submodule isomorphic to
L(i"') ® L(i), namely, X, ,, ® L, which contributes a copy of
resZ:}’l(L(i”‘l) ®L(i)) to socres;_, L(i"), since

res'_ ! (L@ L(i))

is completely reducible.
Conversely, take an irreducible XX,_,-submodule M of L(i"). The common

q(i)-eigenspace of x7,...,x2 | (or x,...,x,_, if i=0) on M must lie in
1® L by Lemma 16.3.2. Hence, M € X, _, | ® L which completes the proof.
O

16.4 Covering modules for X,

Fix i € I and n > 1 throughout the section. We will construct for each m > 1 an
X ,-supermodule L, (i"*) with irreducible head isomorphic to L(i"). Let J(i")
denote the annihilator in X, of L(i"). Introduce the quotient superalgebra

R, (") =X,/ 3 (")" (16.7)

for each m > 1. Obviously J(i") contains (x; — g(i))" foreach k=1, ..., n,
whence each superalgebra R, (i") is finite dimensional. Moreover, by Theo-
rem 16.3.3, L(i") is the unique irreducible R, (i")-module up to isomorphism.
Let L,,(i") denote a projective cover of L(i") in the category X,,(i")-smod
(for convenience, we also define L,(i") = R,(i") = 0).

Lemma 16.4.1 For each m > 1,
(i) ® i o ifi#0,
L, (") ®TIL,(i")®"""  ifi#0
R (i) = 3 (L,,(i") OTIL, (i")*"2" ™" if i =0 and n is even,
L, (i@ ifi=0 and n is odd,
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as left X,-modules. Moreover, L,,(i") admits an odd involution if and only if
i=0and nis odd.

Proof The superdimension of L(i") is known from Lemma 16.1.1 and the
definition. Now use Lemma 12.2.16 and Proposition 12.2.12. |

The obvious surjections
R (@) « Ry (i") « ... (16.8)
of superalgebras and properties of projective covers lead to even surjections
L") =L,({") « Ly(i") « ..., (16.9)

where L, (i") are considered as X,-modules by inflation. Moreover, in case
i =0 and » is odd, we can choose the odd involutions

0,:L,i"— L,G") (16.10)
given by Lemma 16.4.1 in such a way that they are compatible with the maps
in (16.9) (see the argument in Lemma 12.2.16).

Lemma 16.4.2 Let M be an X,-supermodule annihilated by J(i")* for
some k. Then for all m > k there is a natural isomorphism of X,-supermodules
Homy (R,,(i"), M) = M.

Proof The assumption implies that M is the inflation of an R, (i")-

supermodule. So
Homy (R,,(i"), M) = Homyg (R, (i"), M) =M,
all isomorphisms being natural. Ul

We can also obtain an analogue of Lemma 4.4.3 for X, but we will not
need this result.

In the important special case n = 1 we easily check that the ideal (i)™ is
generated by (x7 — g(i))™ if i # 0 or x" if i = 0. It follows that

4 if i £0,
dim® ()= i (16.11)
2m if i=0.
Moreover, Lemma 16.4.1 shows in this case that
L (H)@IIL (i) ifis#0,
&, (i) ~ | LD @TL (D) T i 7 (16.12)
L, (i) if i=0.
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Hence, dim L,, (i) = 2m in either case. Using this, it follows easily that L, (7)
can be described alternatively as the vector superspace on basis w, ..., w
Wy, ..., W

m?>

',» where each w; is even and each w; is odd, with X';-module
structure uniquely determined by

B /
xow, = v q(w +wii s W = Wy

for each k=1, ..., m, interpreting w,,,; as 0. Using this explicit description,
we check that L,,(7) is uniserial with m composition factors all >~ L(i).

We can also describe the map L, (i) «- L,, (i) from (16.9) explicitly: it
is the identity on w,, ..., w,,, w;, ..., w, but maps w,; and w,,_,
Also, the map 6,, from (16.10) can be chosen so that

wy > & —lw;, w, > —v —1lw,

foreachk=1,...,m.

to zero.



17
Crystal operators for X,

This chapter is parallel to Chapter 5.

17.1 Multiplicity-free socles

For M € Rep, X, and i € I, define A, M to be the generalized ¢(i)-eigenspace
of x> on M. Equivalently,

AM= @ M, (17.1)

1
iel, i,=i
recalling the decomposition from Lemma 16.1.2. Note since x2 is central in
the parabolic subalgebra X, _, | of X, A;M is invariant under this subalgebra.
So, in fact, A; can be viewed as an exact functor

A;:Rep, X, = Rep, X, _, ;. (17.2)
Slightly more generally, given m > 0, define

A i Rep, X, — Rep, X, (17.3)

n—m,m

so that A;, M is the simultaneous generalized ¢(i)-eigenspace of the commut-
ing operators x7 fork=n—m+1, ..., n. In view of Theorem 16.3.3(i), A, M
can also be characterized as the largest submodule of res” M all of whose

n—m,m

composition factors are of the form N & L(i") for irreducible N € Rep, X, _,,.
The definition of A, implies a functorial isomorphism

(NRL(i"), AjM) = Homy. (ind!_, . NKL(i"), M)

n—m,m

Hom,,

n—m,m

for N € Rep, X,

n—m?

M € Rep, X,,. For irreducible N this implies

Hom, (N®L(™),AmM)

n—m,m

(17.4)
= Homy (ind,_, ,N®L(i"), M)

n—m,m

200
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Also from definitions we get:

Lemma 17.1.1 Let M € Rep, X, with
chM = Z ri[L(il) K- -XL3G,)]-
el
Then we have
chA, M= ZQ[L(L) X---KL3j,)]

J

summing over all l el" with j,_,. =-=j, =1L

n

Now for i € I and M € Rep, XX,,, define
g;(M) =max{m>0|A;.M # 0}. (17.5)

The following results and their proofs are completely analogous to the
corresponding results of Section 5.1. The only change we usually need to
make is to go from “X” to “®” and apply the X,-analogues of the lemmas
used in Section 5.1.

Lemma 17.1.2 Let M € Rep, XX, be irreducible, i € I, e = g;,(M). If N® L(i"")
is an irreducible submodule of Ay M for some 0 <m < g, then ¢,(N) =& —m.

Proof Analogous to the proof of Lemma 5.1.2. |
Lemma 17.1.3 Let m >0, i € I and N € Rep,; X, be irreducible with

&(N)=0. Set M = indZ;”N@L(i’"). Then:

(i) A.M=N®LG™);
(ii) hd M is irreducible with g,(hd M) = m;
(iii) all other composition factors L of M have €;(L) < m.

Proof Analogous to the proof of Lemma 5.1.3. |

Lemma 17.1.4 Let M € Rep, X, be irreducible, i € I, and € = g;,(M). Then
A;:M is isomorphic to N ® L(i%) for some irreducible X,_,-supermodule N
with g;(N) =0.

Proof Analogous to the proof of Lemma 5.1.4. |
Lemma 17.1.5 Let m >0, i € I and N € Rep, X, be irreducible. Set

M =ind""" (N ® L(i")).

n,m
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Then hd M is irreducible with €,(hd M) = g;(N) + m, and all other composi-
tion factors L of M have ¢,(L) < g;(N) + m.

Proof Analogous to the proof of Lemma 5.1.5. |

Theorem 17.1.6 Let M € Rep, X, be irreducible and i € I. Then, for any
0<m<g(M), socA,M is an irreducible X,_, ,-supermodule of the
same type as M, and is isomorphic to L ® L(i™), for some irreducible
X,_,.-supermodule L with g,(L) = &,(M) —m.

Proof An argument analogous to the one given in the proof of Theorem 5.1.6
shows that

soc A M = L® L")

for some irreducible X,_,,-supermodule L with g;(L) = ¢,(M) — m. We just
need to show that L ® L(i") has the same type as M. Note by Lemma 17.1.5,

ind"_ L®L(")

n—m,m

has irreducible head, necessarily isomorphic to M by Frobenius reciprocity.
So applying (17.4) we have that

Endy ~(L®L("))=Homy  (L®L("),AnM)
= Homy (ind,_,, ,L®L(i"), M)
= Endy (M),
which implies the statement concerning types. |

Corollary 17.1.7 For an irreducible supermodule M € Rep,; X, the socle of
res,_, M is multiplicity free.

Define the functor
res; :=rtes' "' oA, : Rep, X, — Rep, X,_,. (17.6)
Record the following obvious equalities for M € Rep,(X,):

g,(M) =max{m > 0|res]"M # 0}, (17.7)
res!_ M = Pres;M. (17.8)

iel
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Corollary 17.1.8 For an irreducible M € Rep, X, with €,(M) > 0,

L if M is of type M and i =0,

socres;M =~
L®IIL otherwise

for some irreducible X,_,-supermodule L of the same type as M if i # 0 and
of the opposite type to M if i = 0.

Proof Set 6 :=1 if M is of type M and i =0, 0 := 2 otherwise. By
Theorem 17.1.6, the socle of A;M is isomorphic to L ® L(i) for some irre-
ducible XX,_,-supermodule L, and

res)_'L@®L(i) = L,

n—1

indeed it is exactly as in the statement of the corollary, including the statement
about the type.

Now take any irreducible subsupermodule K of res;M. Consider the
X, _i 1-subsupermodule XK C res;M, where X is the subalgebra generated
by c,, x,. All composition factors of X'|K are isomorphic to K ® L(i). As the
socle of X'| K must be isomorphic to L ® L(i), this implies K = L. We deduce
that socres;,M = L for some & > §.

ByLemma 17.1.2, g;(L) = € — 1 where € := ¢,(M), and A, L is irreducible
by Lemma 17.1.4. So atleast 8’ copies of A, L appearinsocres, ;7 A (M).
But A M = N ® L(i®) for some irreducible N, thus applying Theorem 16.3.3
(iii) and the facts about type in Theorem 17.1.6,

socres, ¢ A (M) =socres, ¢ N ®L(i%)

n—e,e—1 n—e,e—1

=res) oo 'N@L(i*") @ L(i)

n—e,e—1

= (N@®L(i*"))®.

Hence &’ < § also. O

17.2 Operators ¢; and f,-

Let M be an irreducible X,-supermodule. Define
fiM :=hdind ' M ® L(i), (17.9)

Note fiM is irreducible by Lemma 17.1.5. To define e;M, note by
Theorem 17.1.6 that either A,M = 0 or soc A;M has form N ® L(i) for an
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irreducible X, _,-supermodule N. In the former case we define e,M = 0, and
in the latter case we define e;,M = N. Thus, e;M is defined from

soc A,M = (e;M) ® L(i). (17.10)
Note right away from Lemma 17.1.2 that
g;(M) =max{m > 0]e"M # 0}, (17.11)
while a special case of Lemma 17.1.5 shows that

g,(fiM) = g,(M)+1. (17.12)

Lemma 17.2.1 Let M € Rep, X, be irreducible, i € I and m > 0.

(i) sOC AimM = (é;nM) ®L(lm);
(i) hdind™" M @ L(i") = 7" M.

n,m

Proof Analogous to the proof of Lemma 5.2.1. |

Lemma 17.2.2 Let M € Rep; X, and N € Rep; X, | be irreducible super-

modules, and i € 1. Then flM = N if and only if e,N = M.
Proof Analogous to the proof of Lemma 5.2.3. |

From Lemma 17.2.2 we immediately deduce the following:
Corollary 17.2.3 Let M, N € Rep, X, be irreducible. Then f,M = fl—N if and
only if M = N. Similarly, providing €,(M), €;(N) > 0, e;M = ¢;N if and only
ifM=N.

17.3 Independence of irreducible characters

Theorem 17.3.1 The map ch : K(Rep, X,) — K(Rep, A,) is injective.
Proof Analogous to the proof of Theorem 5.3.1. Ul

Corollary 17.3.2 If L is an irreducible X ,-supermodule, then L = L".

Proof Analogous to the proof of Corollary 5.3.2 |
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Lemma 17.3.3 Let M € Rep, X, and N € Rep, X, be irreducible supermod-
ules. Suppose:

(i) ind)""M®N =ind, "N ®M;

m,n

(i) M ® N appears in res™"ind"""M ® N with multiplicity one.

m,n m,n

Then ind™™"M & N is irreducible.

m,n

Proof Analogous to the proof of Lemma 5.3.3. |

We can also show at this point that the type of an irreducible supermodule
is determined by the type of its central character:

Lemma 17.3.4 Suppose L € Rep, X, is irreducible with central character

Xy Where y =3 v;a; € T, Then, L is of type Q if vy, is odd, type M if vy,
is even.

Proof Proceed by induction on n, the case n = 0 being trivial. If n > 1, choose
i € I so that ¢;,L # 0. By definition, ¢;,L has central character y — ;. So by
the induction hypothesis, e;L is of type Q if y, — 6, , is odd, type M otherwise.
But by Lemmas 12.2.13 and 16.1.1, (¢;,L) ® L(i) is of the opposite type to
e;L if i =0, of the same type if i # 0. Hence, (¢,L) ® L(i) is of type Q if 7,
is odd, type M otherwise. Finally, the proof is completed by Theorem 17.1.6,
since this shows that L has the same type as soc AL = (¢,L) ® L(i). Ul

17.4 Labels for irreducibles

Write 1 for the trivial irreducible supermodule over X, = F. If L is an
irreducible XX,-supermodule, it follows from Lemma 17.2.2 that

L=f, .. .ffil
for at least one tuple i = (i,, i, ..., ,) € I". So if we define
LG)=L(y,....i,):=f; ... fi.fi1, (17.13)

we obtain a labeling of all irreducibles by tuples in [". For example,
L(i,i,...,i) (n times) is precisely the Kato module L(i") introduced in
(16.6). A given irreducible L will in general be parametrized by several
different tuples i € I". Some basic properties of L(i) are easy to read off from
the notation: for instance the central character of L(i) is ;.
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Character calculations for X,

This chapter is parallel to Chapter 6. The explicit character calculations in
Section 18.2 determine the type of the Kac—Moody algebra acting on the
Grothendieck group of X,-supermodules.

18.1 Some irreducible induced supermodules
Given i = (iy,...,i,) € I", let

ind(i) =ind(iy,...,i,) :=ind] | L(i))®---®L(,).

,,,,,

By Lemma 16.1.3 and (16.3), every irreducible constituent of ind(i) belongs
to the block corresponding to the orbit S, - i.

Lemma 18.1.1 Let i € I". Then:

(i) res} |L(i) has a submodule isomorphic to L(i;)®---®L(i,);

(ii) ind(i) contains a copy of L(i) in its head;

-----

(iii) every irreducible module in the block corresponding to the orbit S, - i
appears at least once as a constituent of ind(i).

Proof Analogous to the proof of Lemma 6.1.1. |

Lemma 18.1.2 Let i € I", j € I" be tuples such that i, — j, & {0, =1} for all
1<r<mandl<s<n. Then
ind) "L (i) ® L(j) = ind)"}"L(j) ® L(i)

m,n n,m

is irreducible.

206
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Proof By the Shuffle Lemma, L(i) ® L(j) appears in

resm+n dm+nL(l) @ L(])

m,n

with multiplicity 1. So, in view of Lemma 17.3.3, it suffices to show that
ind} " L(D) ® L(j) = ind. " L(j) ® L().
By the Mackey Theorem and central characters argument,
res)"ind) " L(j) @ L(0)

contains L(i) ® L(j) as a summand with multiplicity one, all other constituents
lying in different blocks. Hence by Frobenius reciprocity, there exists a non-
zero homomorphism

m,n n,m

frind2 " L(i) @ L(j) — ind)" " L(j) ® L(i).

Every homomorphic image of ind)*" L(i) ® L( j) contains an X,,, ,-submodule
isomorphic to L(i) ® L(j). So, by Lemma 18.1.1(i), we see that the image of
f contains a A4, ,-submodule V isomorphic to

L)@ ®L(i,) ®L(j) ®--- @ L(j,)-

Next we claim that the image of f also contains an A, -submodule

isomorphic to

m+n

L(D®- - ®L(j,)®L>E)®---®L(,). (18.1)

Indeed, by Lemma 14.8.1 and the assumption that i, — j, & {0, =1}, ®?
acts on v by a non-zero scalar. So by (14.20), (14.21), &,V #0 is a
A, +n-submodule isomorphic to

L) ®---@L(i,-1)® L) ®L(,) ®L() @ & L(j,)-

Next apply @ @, to move L(j,) to the first position, and continue in
this way to complete the proof of the claim.

m—1 -+

Now, by the Shuffle Lemma, all composition factors of
res)" ™", 1ndm+"L(]) ® L(i)

isomorphic to (18.1) necessarily lie in the irreducible X, ,-submodule 1 ®
L(j) ® L(i) of the induced module. Since this generates all of ind)}"L(j) ®
L(i) as an X, ,-module, this shows that f is surjective. Hence f is an

isomorphism by dimension. Ul
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Remark 18.1.3 Keep assumptions of the lemma. Set

Y=S,L 8:=8,-j, yU8:=S,.,,-((U)), (v,8):=S5, xS, (L ))-

dm+n

m,n

Then the argument as above shows that the functor in induces an equiv-

alence of categories

Rep, X, ® X,[(v, 8)] = Rep; X, [yU].
Theorem 18.1.4 Let i € I", j € I" be tuples such that i, — j, & {1} for all
l1<r<mandl <s<n. Then
indy L)) ® L(j) =ind’ " L(j) ® L (i)

is irreducible. Moreover, every other irreducible X, ,-supermodule lying in

the same block as 1ndm+"L(l) ® L(j) is of the form md,’ZJ;"L(L") ® L(j") for
permutations i of i and l of J.

Proof Analogous to the proof of Theorem 6.1.4. |

18.2 Calculations for small rank

Recall the notation (/;, ;) from Section 15.2.

Theorem 18.2.1 Let i, j€ 1, i—je {£l}, and k = —(h;, a}).
(1) Forall r,s >0 with r+s < k we have
ch L(i"ji*) = (rN)(sH[L(H)®" ® L(j) ® L())*"].

Moreover, if additionally we have r > 0, then there is a non-split short
exact sequence
0 —> L(i"ji") — ind Y L(i"ji*) @ L(i)
— L(i"ji'*) — 0.

(i) We have L(i*"'j) = L(i*ji). Moreover, for all r > 0 and s > 0 with
r+s=k+1 we have

ch L(i" ji*) =(r!) (sH[L()® & L(j) ® L()®"]
+(r+DI(s=DILGO® T @ L(j) @ L()* '],
and

L(i"ji*) = ind ' L("ji*™") ® L(i) = ind{} LG) @ LG ji*").
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Proof The general scheme here is similar to the classical case, see Lemmas 6.2.1
and 6.2.2.
(1) We first proceed by induction on n =0, 1, ..., k to show that

ch L(i"j) = n![L(i)*" ® L(j)],
the induction base being clear. For n > 0, let
M, =ind!'L(i"" j) ® L(j). (18.2)
We know by the inductive hypothesis and the Shuffle Lemma that
ch M, = nl[L()*" ® L()]+ (n— DLO*" ' @ L(j) ® L()].
Now consider the X, ;-submodule
N, o= (2, — ()M = L") @ L(j) (18.3)

of M,. We claim that N, is stable under the action of s,, hence all of X, ;.
This is a brutal calculation outlined in Lemmas 18.2.2—-18.2.5. So there exists
an irreducible X, -supermodule N, with character n![L(i)®" ® L(j)]. This
must be L(i"j), by Lemma 18.1.1(i), completing the proof of the induction
step.

Now we explain how to deduce the characters of the remaining irreducibles
in the block. The quotient module M, /N, has character

chM,/N, = (n=DILH*" " @ L(j) ® L()],

so M,/N, = L(i""!ji). Twisting with the automorphism o proves that there
exist irreducibles with characters

n[L(j)®L(i)®"] and (n—1)[L(})®L(j)® L())®*" ],

which must be L(ji") and L(iji"~") respectively by Lemma 18.1.1(i) once
more. This covers everything unless n = 4, when we necessarily have that
i=0,j=1and p = 3. In this case, we have shown already that there exist
four irreducibles with characters

ch L(0*1) = 24[L(0)®* ® L(1)], ch L(0°10) = 6[L(0)®* ® L(1) ® L(0)],
ch L(10*) = 24[L(1) ® L(0)®*], ch L(010%) = 6[L(0) ® L(1) ® L(0)®*].

So by Lemma 18.1.1, there must be exactly one more irreducible module in
the block, namely L(00100), since none of the above involves the character
[L(0)®?@® L(1) ® L(0)®2]. Considering the character of ind} , L(0010) ® L(0)
shows that ch L(00100) is either 4[L(0)®*>® L(1) ® L(0)®?] or 4[L(0)®*®
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L(1)® L(0)®%]46[L(0)®* ® L(1) ® L(0)], but the latter is not o-invariant so
cannot occur as there would then be too many irreducibles.

Now that the characters are known, it is a routine matter using the Shuffle
Lemma and Lemma 17.1.5 to prove the existence of the required non-split
sequence.

(ii) Let n =k+1, and M, =ind! ' L(i"~' j) ® L(i). We first claim that M,
is irreducible. To prove this, arguing as in (i), it suffices to show that the
X, 1-submodule

(4011 — q())M, = L") ® L(j)

of M, is not invariant under s,. Again, this is a brutal calculation, see
Lemmas 18.2.2-18.2.5. Hence, in view of (i), there is an irreducible X, -
module M, with character

n[L()*" ® L(j)]+ (n— DLH®" "V @ L(j) ® L(0)].
Therefore &;M, = L(i"~'j) and &;M, = L(i"). So we deduce that M, =
L(i"~1ji) = L(i"j) thanks to Lemma 17.2.2.

Now consider the remaining irreducibles in the block. There are at most &

remaining, namely L(i"ji*) for r > 0, s > 2 with r+s = k+ 1. Considering

the known characters of indzfllL(i’ Ji*™Y) ® L(i) and arguing in a similar way

to (i), the remainder of the lemma follows without further calculation. |

We now sketch the calculations skipped in the proof of Theorem 18.2.1.
From now on till the end of this section i, j are as in the assumptions of
Theorem 18.2.1, and M,, N, are as in (18.2), (18.3), respectively. Until the
end of Section 18.2 we write a for ¢(i) and b for g(j).

Lemma 18.2.2 N, is s,-invariant.

Proof By assumption i, j are not both zero, so L(j) ® L(i) = L(j) X L(i), see
Lemma 16.1.1. Recall the basis {v,, v_;} of L(i) from Section 16.1. We use
the same notation for a similar basis of L(j). Then M, has basis

{I®v,®v, 5;Q@v,Qvg | a, B e {£l}}.
Note that (x3 —a)(1® v, ® vg) =0, and also, using (14.8), we have
(13— a) (5, ® v, ®vp) = (b—a)(s, ®V, ®vy) + (avb+ Bv/a) 1 @ v, D v
+(Vb—aBVva)l @v_,@v_. (18.4)
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Denote
va,B = (x% _a)(sl ®va®vﬁ) (D[,ﬂ € {:tl})

Then {v, g | @, B € {£1}} is a basis of N,. Note for future reference:

X Vap =BV av, g, XyU4p= a\/Eva,B,

(18.5)
Cllpp = —0QU, g, CUypg=—V_gp.
Using (18.4) and the assumption that i — j € {£1}, we check that
. _aﬁ+ﬁﬁv +«/E—aﬁﬁv (186)
VeB™  p_g ol b—a —eh '
In particular, N, is s,-invariant. UJ

Lemma 18.2.3 N, is s,-invariant if and only if
Proof We have found in the proof of Lemma 18.2.2 that L(i, j) has basis
{vep | @, B € {£1}} with the action given by (18.5) and (18.6). So
N, := (x3 —a)ind3 | L(i, j) K L(i)
is spanned by the vectors
Zapy = (5 —a) @V, 3RV, Yopy = (X3—a)s;5,®v,5Qv,

for a, B,y € {£1}. If i £0, we have N; = N,. If i =0, then L(i, j) X L(i) =
(L(i, j) ® L(i))®2, so N; = N;2*. In any case, it is enough to check the lemma
for N; instead of N,. Using relations we get:

Za,ﬁ,y = (b - a)s2 ® va,B ® vy + (a\/E-i_ '}/«/E)(l ® va,,B ® vy)

(18.7)
+(aByVa—BVb)(1&v_, z®v_,),
Yapy =(b—=a)5:5,@v, @0,
PP DIDEBSD (1, 50,
N (aﬁ+7«/i)_(;/z‘“ﬁ‘/5)(1®va,ﬂ®vy) (18.8)
| (aByJa— ﬁ\fl(a—“*/hﬁﬁ) (1®v_,5®v_)
J (@BYVam YD) aBYa) (o oy

b—a
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Now, a calculation entirely similar to the n = 1 case shows that

avb+yia I aByy/a—Bb
b—a ¢

$22a.8y = h—a  CeBy —a.B.-y

Next, we check that
$2Va By = (a«/Z—i— Bva)s s, ® Vg ®U,
+(Wb—aBya)ss,® V_, p®U,
| (avbtyJa)avb+Bya)
b—a
| @bty /@) (/b apya)
b—a
4 (@BYVa—BVB)aVbtBYa)
b—a
| (ayya-pVb)(Vb+apya)
b—a
So, Nj is s,-invariant if and only if

avb+Ba +\/Z—aﬂﬁ

s2ya,B,y = b—a a,B,y b—a y*ﬂfﬁ»y
" (avb+y/a)(avb+B/a)
(b—a) Capy
(avb+vya)(Vb—aBya)
+ b—a) oy
L (aByVa —Bﬁx—aﬁwﬁ)z

(b—a)2 —a.B,—y

n (aﬁvﬁ—ﬁﬁ)(ﬁvmﬁﬁ)z

(b—a)2 a,—B,—y"

5V, 5V,

S, ® V_o 8 ® v,

RU_z®v_,

& Vo8 ® v_,.

(18.9)

(18.10)

(18.11)

Now, a calculation, using (18.10), (18.7), and (18.8), shows that (18.11) is

equivalent to (i, j) € {(0, 1), (£ —1, £)}.

O

Lemma 18.2.4 Let (i, j) = (0, 1) or (£ —1, £). Then Nj is sy-invariant if and

only if p=3.

Proof As in the proof of Lemma 18.2.3, we can work with the module

N; := (xj —a)indj N, K L(i) C M} := ind3 | N; K L(i).
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Recall the basis {z,g,, Yop,} Of N, found in the proof of Lemma 18.2.3. The
action of the generators of X; on the basis elements is given by (18.11)
together with

S12apy = Yapy>  S1Yapy = Zapy

avb+vyJa N aBy/a—Bvb
b—a

$22apy = h—a Zapy

Z_a.B.—y>
CiZapy = — Q24 gy C1Yapy = aBya,ﬁ,—y’

CoZapy = BZapg_ys  C2Vapy = —AVa_p.y>

C32apy = “L-apyr  3Vapy = T V-apy

X1Zapy = B\/Ezaﬁ'y’ X1 Yapy = Yﬁyaﬁy — Zagy TABZ_ o gy
X2Zapy = ')’\/Ezaﬁw X2Yapy = B«/Eyaﬁy +Zapy T ABZ_o gy

= avbz

Let us write z;4.5 and y,g 5 for the elements (X5 — )8, 8,11 - 83 @2Zap, D Vs
and (X2 —a)s, 8,1 ...5;® Yapy ® Vs of Ny, respectively. We can easily see that
Nj is spanned by the vectors

X2 X3Vapy = a\/Zyaﬂy.

apy aBy’

1 2 3 1 2 3
yaByS ’ yaByS ’ y01/375 ’ Zaﬁyﬁ ’ ZaByB ’ ZaByE’

Let us also denote by y,g,5 and z,s,5 the elements 1® y,s, ® v5 and 1®
Zagy ® V5 Of Mj, respectively. A calculation using the action formulas on N,
above shows that

Zagys = (b= )53 @ 245, ® V5 + (8 a+ a‘/g)zaﬁyﬁ
+(aBydva—ByVb)z_ap s

Vigyo = (b= )53 ® Vg, ® Vs + (8/a+avb)yopys
+(aBYdVa—ByVD)Y_upyss

Ziﬁya =(b—a)s,53® 2,5, ® Vs
1
+—((6va+avb)(@Vb+yVa)zp

+(OVa+avb)(aByva—BVb)z 5 s
+(aBydva—ByVb) (—avb+yVa)z_opy s
+(aBy8v/a—ByVE)(—aByva - BVD)zup s
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Veprs = (0= )55 ® 205, ® V5
+ ﬁ ((&/E +avVb)(avVb+ BVa)Vosys
+(8Va+avb)(Vb—aBVa)y_o g
+(aBydva—ByVb)(—avb+BVa)y opy s
+(aBy8a—Byv/b) (/b + aBVa)s, s -s)
4 (b_—la)z ((6v/a+avb) (@b +yva) @b+ Bya)zys

+(8Va+avb)(avVb+yVa) (Vb —aBVa)z_, g5
+(8va+avb)(apyva—BVb)(—avb+BVa)z o5 s
+(8Va+avb)(aByva—BVb)(Vb+aBya)z, 5 s
+(aBydva—ByvVb)(—avb+yv/a)(—avb+Bya)z_opy s
+(aBydva—ByVb)(—avb+ yJa) (Vb + aBa)za g s
+(apyd/a—Byvb)(—apyva—BVb)(avVb+BVa)i, 4, s
+(apydv/a—Byvb)(—aByva—BVB)(Vb— aBVa)z_u g s)-

Next we calculate s3y,4,5, and note that for s;y;5 5 to belong to Nj it must
equal
1
b—a

(3D 857 )

1
+ G ap ((a«/z +yVa)(avb+BVa), s

+(avVb+yVa)(Vb—aBJD), 4,5
+(aByva—BVb)(—avb+BVa)z 5
+(aByva—BVb)YNVb+aBVa)zd 4 .,
+(8va+avb)(avb+BVa)yls,s
+(®Va+avb)(Vb—aBVa), 4.5
+(aBydva—ByVb)(—avVb+BVa)Y s s
+(@Bydv/a— By (Vb+aBVay: 4, ;)
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T ap ((Sﬁ +avb)(avb+yVa)(aVb+Bva)z) s

+(Va+avb)(avb+yVa) (Vb —aBJa), 4,5
+(8vVa+avb)(apyva—BVb)(—avb+BVa)Z 45,5
+(8va+avb)(aByva—BVb)(Vb+aBVa) 4.
+(aBydva—ByvVb)(—avb+yJa) (—avb+BVa)z 5. s
+(aydva—ByvVb)(—avb+yJ/a)(Vb+aBJa)z, 4,
+(aBydv/a—Byvb)(—aByva—BVb)(avVb+BVa) 4, s
+(@Byd/a—ByVb)(~aByva—BVH)(Vb—aBVa)S . 4, ;).

upys and yis s given above and considering the

coefficient of z,5.5 in the last expression we conclude that p = 3. Now it
is easy to check that in the case p = 3 the equality above does hold, and,
moreover, all other vectors z;4.5 and y, g 5 are s;-invariant. In fact, for p =3
we get the following formulas:

1 2 1

Slyaﬁyﬁ_yaﬁyé’ SIZaByS aﬁyﬁ’ Slyozﬁyﬁ yaﬁyé’ SlzaﬁyS aByB’
3

S1Vapys = aﬁvﬁ’ leaBVS yaﬁvﬁ’s2ya1375 aﬁvﬁ’ SZZaBVB yanﬁ’

2 .3 _ 3 _ 3
$2Vapys = Yapys> Szzaﬁys = ZaB'yB’ $2Yapys = yaByB’ $2ZaBys = Zaﬁyﬁ’

S3y(l)zﬁ‘y6 =- a\/zycl,gya - \/Eyl—a,—ﬁ,y,ﬁ - Zzlxﬁyé - azlfa,fﬁ,yﬁ

— Bzl g st Bl gy Zapys — A a gy

—aBYZ s FBYZapys V2V V2V 0 g s
+ :Bﬁyia,ﬁ,—y,s - aBﬁyZ,_B,_%a - :87‘/5)’3—04,/3,%—5
FaBYV2Y 4 s ayV2yi s s+ yV2Y L s
S3%ape = — OV 22l +BV22 g 5= Vape +aBY up s
—aBYY opys = VWap—ys°

SSyiByS == aﬁyiw - ﬁyia,—ﬁ,y,ﬁ - ZzszyB - azz—a,—ﬁ,y,é
—aBz g 5T Bl g s~ Vapys — W a gy

- aBﬂny—a,B,'y,fﬁ +ﬁ7’yz,75,«/,73 + a‘/zZZBya + ﬁzia,—ﬁ,y,é
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+ B\/EZE,LB,_%(S - 013‘/512,—3,_%5 - B'Y‘/Ef—aﬁ,%—ﬁ

+ a,By«/zZi,_B,%_g + avﬁd,g,_%_a + 7‘/513—01,—6,—%—3’
s3zi373 =— a«/zziﬁyg + B«/EZZ,Q,B,,%S - zim + aﬁzia,ﬁ,fy,ﬁ

- aﬁ’yza—a,ﬁ,‘y,73 - 'yzfx,ﬁ,wrﬁ’
S3Yi3y3 =— aﬁyiﬁyﬁ + B'}’\/Eyia’lg’%,g,
Sﬂiﬁyﬁ =— a2+ BVﬁZS—a.B,%—S'

afy

O

Lemma 18.2.5 Let p =3 and (i, j) = (0, 1). Then N, is s4-invariant and N;
is not ss-invariant.

Proof By now you have either got the point or decided to skip these calcu-
lations altogether. Anyway, we proceed as above using formulas at the end
of the proof of Lemma 18.2.4. Ul

18.3 Higher crystal operators
Lemma 18.3.1 Let i, j € I withi# j. For any r,s > 0 withr+s = —(h;, a;),
and m > 0,
indL(i", j, *)® LG™) =ind LE™) ® L, j, i)
is irreducible.
Proof We may assume that i — j = =1, as otherwise the result is immediate
from Theorem 18.1.4. Now, we claim that
ind L(i", j, *)®LGE™) = ind LE™")® L, j, i*).
Indeed, transitivity of induction and Theorem 18.2.1(ii) give that
indL(i", j,i*) ® L(i") = ind L(i", j, i) ® L) ® L")
~ind L) ® L(i", j, i) ® L"),

and now repeating this argument (m — 1) more times gives the claim.
Hence, by Corollary 17.3.2 and Theorem 14.7.1,

K:=indL(/', j, i) ® L(i")
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is self-dual. Now suppose for a contradiction that K is reducible. Then we
can pick a proper irreducible submodule S of K, and set Q := K/S. By
Theorem 18.2.1(i) and the Shuffle Lemma, ch K equals

m

> (’?) (r+0)!(s +m — O[LGE P @ L(j) ® L) 0],

=0

By Frobenius reciprocity, Q contains an X, ., ,-submodule isomorphic to
L(i", j,i¥) ® L(i"). Hence by Lemma 18.1.1(i), the irreducible A, .-
supermodule
Vi=L()* ®L(j)® L()**™

appears in Q as a submodule. It now follows from Theorem 16.3.3(i) and
the above formula for ch K that V must appear with multiplicity r!(s+ m)!
(viewing Q as a module over X, ,,,,). It follows that V is not a composition
factor of S. But this is a contradiction, since, as K is self-dual, § = S7 is

a quotient module of K and hence must contain V by the argument above
applied to the quotient O = S. UJ

Lemma 18.3.2 Let i, j € I with i # j, and m be a non-negative integer. For
any r>1, s >0 with r+s = —(h,, aj> and any irreducible supermodule
M eRep, X,

hdindM® L(I")® L(i", j, i’)
is irreducible.
Proof By the argument as in the proof of Lemma 5.1.5, it suffices to prove

this in the special case that ;(M) = 0. Let t = m+r+ s+ 1. Recall from the
previous lemma that

N:=ind LG")®L(", j, i*)
is an irreducible X,-supermodule. Moreover by Theorem 18.2.1(i),
chL(i", j, i) = (r)(sHIL(H)*" ® L(j) ® L())*"].

So, since g;(M) =0 and r > 0, the Mackey Theorem and a block argument
imply that

res’'ind M ® L(i") ® L(i", j, ') = (M®N) ® U

for some X, ,-module U all of whose composition factors lie in different
blocks to those of M ® N. Now let

H:=hdindM®L(i")®L(i", j, ).
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It follows from above that
resi'"H=(M&N)®U
where U is some quotient module of U. Then:
Hom, (H,H)=Hom, (indM®L(G")®L({",j,i'),H)
=Homy, (M®N,res, " H)
= Homy, (M®N,M@®N & U)
=Hom, (M®N,M®N).

Since H is completely reducible and M ® N is irreducible, this implies that
H is irreducible, as required. O

Leti, jel withi# j, and r > 1,5 > 0 satisfy r +s = —(h;, a;). Then the
special case m =0 of Lemma 18.3.2 shows that

frwM:=hdindM®L(i", j, i)

is irreducible for every irreducible M € Rep, X,,.

Lemma 18.3.3 Take i, j € I withi# jand setk=—(h;, a;). Let M € Rep, X,
be irreducible.

(i) There exists a unique integer r with 0 < r < k such that for every m > 0
we have

ai(fl."’ij) =m+¢g(M)—r.

(i1) Assume m > k. Then a copy of fl’" f M appears in the head of
ind (f"*MY® L(i", j, i*"),
where r is as in (1). In particular, if r > 1, then

FI M= fy e fA M

Proof The proof is similar to that of Lemma 6.3.3, using (17.12),
Theorem 18.2.1(i), Lemma 18.3.1, Lemma 17.1.5, and Lemma 18.3.2 instead
of (5.12), Lemma 6.2.1, Lemma 6.3.1, Lemma 5.1.5, and Lemma 6.3.2,
respectively. |
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Operators e} and f}

This chapter is more or less parallel to Chapter 8. Some additional compli-
cations arise because the dimension of the .A,-supermodule L(i) is 2 rather
than 1, and so sometimes we need to “halve” res} and ind}. Whether we
need to halve them or not depends on the properties of the operation &. Note
also that our “halving” procedure is not functorial and so e} and f; end up
being not functors, but rather functions from irreducible X'*-supermodules to

isomorphism classes of supermodules over X* | and X, , respectively.

19.1 i-induction and i-restriction

Fix A € P,. Recall the functors A, from (17.1) and res; from (17.6) for i € I.
Note if M is an X*-supermodule, then res;M is automatically an X -
supermodule. So the restriction of the functor res; gives a functor

res} : X*-smod — X} -smod. (19.1)

There is an alternative definition of res}: if M is a supermodule in
X;}-smod|y] for some fixed y =3, y;a; €T, then

(resyd M)[y—a] ify,>0,
0 if y, =0.

res!M = { (19.2)

This description makes it clear how to define an analogous (additive) functor
ind! : X*-smod — X2, -smod. (19.3)

Using (16.5) and additivity, it suffices to define this on an object M belonging
to X}-smod[y] for fixed y =), v;a; € I,. Then we set

A
ind!M = (ind;" M)y +a,]. (19.4)

219



220 Operators e} and f}

To complete the definition of the functor indf‘, it is defined on a morphism f
. i . R 2]
simply by restriction of the corresponding morphism ind ;"' . We stress that

the functor indiA depends fundamentally on the fixed choice of A, unlike resf‘,
which is just the restriction of its affine counterpart res,.

Lemma 19.1.1 For A€ P, and each i € I:

1) indf‘ and res} are both left and right adjoint to each other, hence they
are exact and send projectives to projectives;
(i) ind} andres)} commute with duality, that is there are natural isomorphisms

ind)(M7) >~ (ind’M)",  res’(M") = (res} M)"

for each finite dimensional X*-supermodule M.

Proof Similar to the proof of Lemma 8.2.2 using Corollary 15.6.5 instead of
Corollary 7.7.5. |

By (17.8) and Lemma 19.1.1, we have that

A
rGSﬁ lM =Pres} M, indi’;“M =ind} M. (19.5)
" iel " iel

In order to give an alternative description of res} and ind recall the
X,-supermodules R,,(i) from (16.7). Let X| = X, denote the subalgebra of
X, generated by c,, x,,, see (14.10). The limits in the next lemma are taken
with respect to the systems induced by the maps (16.8).

Lemma 19.1.2 For every finite dimensional X}-supermodule M and i € I,
there are natural isomorphisms

ind! M ~ limprtind’ ' M X R, (i),
\m ,
res} M =~ li_n)lpr)‘Homx{ (R, (i), M)

(in the second case, the X,,_,-module structure is defined by (hf)(r) = h(f(r))
for f € Homy, (R, (i), M) and r € R,,(i)).

Proof For res}, it suffices to consider the effect on M € X}'-smod[y] for
Y= Y;e; €T, with v, > 0, both sides of what we are trying to prove
clearly being zero if y; = 0. Then, for all sufficiently large m, Lemma 16.4.2
(in the special case where n = 1) implies that
. )
Hom, (R,,(1), M) = (resyi M)[y—a,].

d
n
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Hence,
li_n)lpr)‘Homxl/ (R, (i), M) ~ (resﬁ M)[y—a;] =res}' M.
n—1

To deduce the statement about induction, it now suffices by unique-
ness of adjoint functors to show that l(ianr’\indZﬁl?&ﬂem(i) is left adjoint
to li_rr)lpr)‘Homx{ (R, (i), 7). Let N € X* -smod and M € X}-smod. First
observe as explained in the previous paragraph that the direct system

pr"Homx; (R, (i), M) — pr)‘Homx; (R, (D), M) — ...

stabilizes after finitely many terms. We claim that the inverse system

priind’ ' NK R, (i) « prind/ ' NRI R, (i) « ...

n,1

also stabilizes after finitely many terms. To see this, it suffices to show that
the dimension of pr’\indZﬁlN X R, (i) is bounded above independently of m.
Well, each ,,(i) is generated as an X'|-module by a subspace W isomorphic
(as a vector space) to the head R,(i) of R, (i). Then ind’;f]lN&,’Rm(i) is
generated as an X, ;-supermodule by the subspace W' =1® (N ® W), also
of dimension independent of m. Finally, pr)‘indeIN X R, (i) is a quotient of
the vector space X\, ® W', whose dimension is independent of m.

Now we can complete the proof of adjointness. Using the fact from the
previous paragraph that the direct and inverse systems stabilize after finitely
many terms, we have natural isomorphisms

Hom g, (lim prlind,_, \NX R, (i), M)
zli_r)nHomm (prtind)_, \NX R, (i), M)
:li_n)lHomxn (ind,_, \NX R, (i), M)
i~ h_r)nHomval (NX R, (i), res,_, M)
~ li_n)lHomxn_] (N, Homy, (R,,(i), M))
~1: A .
_11_n>1Homanil(N, pr*Hom,, (R, (), M))
~Homgy. (N, h_II)lprAHomxl/ (R, (i), M)).

This completes the argument. 0

19.2 Operators e} and f}

We wish to refine the functors res} (resp. indf‘) to give operators, denoted
e} (resp. f) from irreducible X-supermodules to isomorphism classes of
X} |- (resp. X}, ,-) supermodules.
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Actually, e} is the restriction of an operator denoted e; on the irreducible
supermodules in Rep; X, which we define first. Recall the definition of L, (i)
from Section 16.4. Let M € Rep, X, be irreducible. For each m > 1, we define
an X,_,-supermodule

Hom,, (L, (i), M) (19.6)

as follows. If M is of type M or i # 0, this is simply Homy, (L,, (i), M) viewed
as an X,_,-module in the same way as in Lemma 19.1.2. But if M is of type
0 and i =0, we can pick an odd involution 0,, : M — M and also have the
odd involutions 8,, : L,, (i) — L,, (i) from (16.10). Let

0y ®0,, : Homy, (L, (i), M) — Homy, (L,, (i), M)

denote the map defined by ((6,,®6,)f)(v) = (—=1)76,,(f(6,v)). It is easy
to check that (6, ®0,,)> = 1, hence the +1-eigenspaces of 6,, ® 0, split
Hom,, (L,,(i), M) into a direct sum of two isomorphic X,_,-supermodules
(there is an obvious odd automorphism swapping the two eigenspaces). Now
in this case, we define mx{ (L,,(i), M) to be the 1-eigenspace (say).

In either case, we have a direct system

Homy (L, (i), M) < Homy (L, (i), M) < ...
induced by the inverse system (16.9). Now define
eM:= h_n)lHomx]r (L,,()), M). (19.7)

Note if M is an X,-supermodule then each Homy, (L, (i), M) is an X\ ;-
supermodule, so

eM = li_r)npr)‘Homx{ (L,,(i), M). (19.8)
We take (19.8) as our definition of the operator e} in the cyclotomic case.

Comparing (19.7) and (19.8) with Lemma 19.1.2 and using (16.12), we get:

Lemma 19.2.1 Leti € I and M € Rep; X, or M € X*-smod be an irreducible
supermodule. Then

~ ef)‘)M if i=0and M is of type M,

res "M =1 ) )
e, ' M®lIle,”M otherwise.

The action of ¢; and e} on the level of characters is similar to the classical
case (cf. (5.9)):
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Corollary 19.2.2 Let M € Rep, X, or M € X*-smod be an irreducible super-
module, and

chM =3 ¢[L(Gi)® - - ®L(,)].

iel?
Then
()
ch (ei M) Z C(l]

ieln!

i) L(ll)® ®L(ln 1)]

sin—1s

Now we turn to the definition of f,."M which, just like ind?M , only makes
sense in the cyclotomic case. Let M be an irreducible X'}-supermodule. We
need to extend the definition of the operation ® to give meaning to the
notation M ® L,, (i), for each m > 1. If either M is of type M or i # 0, then
M®L,(G{):=MXL,(H). But if M is of type Q and i = 0, pick an odd
involution 6,, : M — M. Then the ++/—I-eigenspaces of 6,, ® 6, acting
on the left of M XL, (i) split it into a direct sum of two isomorphic X, ;-
supermodules. Let M ® L, (i) denote the +/—1-eigenspace (say) for each m.

We then have an inverse system

M®L(i) « M®L,(i) «
of X, ;-supermodules induced by the maps from (16.9). Now we can define
fm = lim pr Yind!H'M® L, (). (19.9)

Comparing the definition with the proof of Lemma 19.1.2, we see that the
inverse limit stabilizes after finitely many steps, hence that f*M is a well-
defined finite dimensional X} -supermodule. In fact, Lemma 19.1.2 and
(16.12) imply:

Lemma 19.2.3 Let i € I and M be an irreducible X-supermodule. Then

fim if i=0and M is of type M,
f)‘MGBHf)‘M otherwise.

1nd)‘

Lemma 19.2.4 Let i € I and M € Rep, X, be irreducible. Then e;M is non-
zero if and only if e,M # O, in which case it is a self-dual indecomposable
supermodule with irreducible socle and head isomorphic to e,;M.

Proof To see that e¢;M has irreducible socle e¢;M whenever it is non-zero,
combine Lemma 19.2.1 with Corollary 17.1.8. The remaining facts follow
since M is self-dual by Lemma 17.3.2, and res; commutes with duality by
Lemma 19.1.1(ii). O
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Now we define the cyclotomic crystal operators on irreducible super-
modules

e} =prtoe. oinfl?, 19.10
i =prioe;
f} =prtof;oinfl* (19.11)

foreach i € I and A € P,. Let B(o0) and B(A) denote the set of isomorphism
classes of irreducible supermodules in Rep, X, and X*-smod for all n > 0,
respectively. Note that we may consider B(A) as a subset of B(o0) via inflation.
We have maps

e; : B(00) = B(o0) U {0},
f; - B(co) — B(c0),
e, fA: B(A) = B(A)U{0}.

The reader is advised to consult with Remark 8.2.4 at this point.

Theorem 19.2.5 Let A € P, and i € 1. Then for any irreducible X*-super-
module M:

(i) €M is non-zero if and only if €M # 0, in which case it is a self-
dual indecomposable supermodule with irreducible socle and head
isomorphic to E{‘M :

(ii) f*M is non-zero if and only if f*M # 0, in which case it is a self-
dual indecomposable supermodule with irreducible socle and head
isomorphic to f}M.

Proof (i) This is immediate from Lemma 19.2.4.
(ii) Let N be an irreducible X!, , -supermodule. Let 8, equal 1 if i = 0 and M
is of type M, 2 otherwise, and define &, similarly. Then, by Lemmas 19.1.1(i),
19.2.1, and 19.2.3,
1

dimHomy (f'M, N) =
nl 1 8M

. Y
dimHomy.  (ind; M, N)

) B N
= — dimHom .. (M, res; N)
SM n

8
= X dim Hom . (M, ¢'N).
8M n

By (i), the latter is zero unless M = ¢;N, or equivalently N = fi’\M by
Lemma 17.2.2. Taking into account Lemmas 12.2.3 and 17.3.4, we deduce
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that hd f*M = f*M. Finally, note f*M is self-dual by Lemma 19.1.1(ii) so
everything else follows. Ul

Remark 19.2.6 Let us also point out, as follows easily from the definitions,
that e} M and f}M admit odd involutions if either i # 0 and M is of type Q,
or i =0 and M is of type M.

19.3 Divided powers

We recall the covering modules L, (i") from Section 16.4 and the embedding
(14.10). Let M be an irreducible supermodule in Rep, X,. If r > n, we set
efr)M = (. Otherwise, we have a direct system

Homy, (L (i"), M) = Homy, (L,(i"), M) — ...

induced by the inverse system (16.9), where Hom is defined in exactly the
same way as in Section 19.2 using the generalized maps 6,, from (16.10) in
case i = 0. Now define

M= lim Homy, (L,, ("), M). (19.12)

As in Section 19.2, if M is an irreducible X,;‘-supermodule then e?’)M is an
X* -supermodule, so that

M= lim pr*Homy, (L,, (i), M). (19.13)

We take (19.13) as our definition of (e}) in the cyclotomic case.
To define (f})”, which as usual only makes sense in the cyclotomic case,
let M be an irreducible X'}-supermodule. We have an inverse system

M®L,(i") « M®L,(i") « ...

of X, ,-supermodules induced by the maps from (16.9), again interpreting &
as in Section 19.2. Now define

(MM = l(ianr)‘ind’;j’rrM(@Lm(i’). (19.14)

Lemma 19.3.1 Let i € I,r > 1 and M be an irreducible supermodule in
XA-smod. Then (res})"M is evenly isomorphic to

()M STI(e}) M) ) ifi#0,

(eH)OM if i =0, r is odd, and
M is of type M,

(eH"Me H(ef‘)(’)M)eﬂW*l)/ZJ U otherwise;
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and (ind})"M is evenly isomorphic to

(FHOMSII(FHOM)® D ifi 0,

(fi)‘)(r)M@z(M)/z(”) ifi=0, r is odd, and
M is of type M,

(FHOMSTI(FHO M) otherwise.

Proof Using Lemma 16.4.1 and the definitions, it suffices to show that
(res})" M =~ h_r)npr’\Homxr, (R,G", M),

r

(ind))"M ~ lim priind/" " MX R, (i").

For (res?)", this follows from Lemma 16.4.2 in exactly the same way as in the
proof of Lemma 19.1.2. Now (ind?)" is left adjoint to (res})’, so the statement
for induction follows from uniqueness of adjoint functors on checking that
the functor l(lr_n prtind;"?X R, (i") is left adjoint to h_r)n pr*Homy, (R, (i), ?).
The latter follows as in the proof of Lemma 19.1.2. O

Since we have defined the operators ef") and (ef)‘))(’) on irreducible super-

modules we get induced operators also denoted ef’) and (ef)o)(') at the level
of Grothendieck groups, namely,

¢ : K(Rep, X,) — K(Rep, X,_,), and

(eMH™: K(X-smod) — K(X}_ -smod),
in the affine and cyclotomic cases respectively. Similarly (f}) induces an
operator

(fHY: K(X2-smod) — K(X2, -smod)

on Grothendieck groups.

Lemma 19.3.2 As operators on the Grothendieck groups, we have that e} =

(e, (€)= (1 (e and (£ = (M (1.

Proof 1f i #0, by Lemmas 19.2.1 and 19.2.3, we have that (res})” =2"(e})",
and by Lemma 19.3.1, we have that (res?)” =2"(r!)(e})"”, as operators on the
Grothendieck group. The result for e follows, the proof for f being similar.
Now, let i = 0. The idea is the same here as for i #~ 0, but we have to check
several cases. We explain one of them. Let r be odd and M € X'*-smod be
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irreducible of type M. By Lemmas 19.2.1, 19.2.3, 19.3.1, and 17.3.4 we get
[(resy)" M) = 2" (e}) M] = 20"V (r))[(e]) " M),
and the result for e follows in this case. U

Let us finally note that we have only defined the operators (e!)” and ()"
on irreducible supermodules. However, the definitions could be made more
generally on pairs (M, 6,,), where M is an X'}-supermodule (or an integral
X,-supermodule in the case of ¢;) and 0,, : M — M is either the identity map
or else an odd involution of M. In case 0,, = id,,, the definitions of (¢})” M
and (f")'M are exactly the same as in the case where M is irreducible
of type M above. In the case where 6,, is an odd involution, the definitions
of (e)M and (f})'M are exactly the same as in the case where M is
irreducible of type Q above, substituting the given map 6,, for the canonical
odd involution of M in the situation above.

This remark applies especially to give us (e!)"P,,, (f1)"P,,, where P,
is the projective cover of an irreducible X'}-supermodule: in this case, if M
is of type Q, the odd involution 6,, of M lifts to a unique odd involution also
denoted 6,, of the projective cover, see Lemma 12.2.16. On doing this, we
have that

()" Pyl = () [Py]. [Pyl = (FH7[Py] (19.15)
where the equalities are written in K(X_,-smod) and K(XX'2,,-smod) respec-
tively. To prove this, we need to observe that all composition factors of P,
are of the same type as M by Lemma 17.3.4.

Note Lemma 19.3.1 is also true if M is replaced by its projective cover P,,,
the proof being the same as above. In particular, this shows that (¢})P,, is
a summand of (res})"P,;, and similarly for (f}). So Lemma 19.1.1(i) gives
that (e})”P,, and (f)"P,, are also projective modules. Hence (e?)” and
(M induce operators with the same names on the Grothendieck groups of
projective modules too:

(e K(X;}-proj) — K(X,_,-proj),
(fH" 2 K(X,-proj) — K(X, ,-proj).
Moreover, by the same argument as in the proof of Lemma 19.3.2, we have:

Lemma 19.3.3 As operators on the Grothendieck group K(X-proj), we have
that

(€)' [Pul = (DN Pyl (F)TPy] = (OIHT Pyl
for all irreducible X*-modules M.
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19.4 Alternative descriptions of &,

Theorem 19.4.1 Let i € [ and M be an irreducible supermodule in
Rep, X, Then:

1) [eM]=¢e,(M)[e;M]+ > c,[N,], where the N, are irreducibles with
&,(N,) < &i(e;M);

(i) &;(M) is the maximal size of a Jordan block of x* (resp. x, if i=0)
on M with eigenvalue q(i);

(iii) Endy  (e;M)~Endy (e,M)®™) as vector superspaces.

Proof Let e = ¢;(M).

(i) The proof is similar to that of Theorem 5.5.1(i), except that we use ®
and Lemmas 17.1.4, and 17.1.3 instead of X and Lemmas 5.1.4, and 5.1.3,
respectively, to deduce

[AM] = e[e:M @ L(i)]+ 3 ¢, [N, ® L(D)]

for irreducibles N, with &;(N,) < &;(e;M). The conclusion follows on applying
Lemma 19.2.1.

(ii) Similar to the proof of Theorem 5.5.1(ii) but using Lemma 16.3.2,
instead of Lemma 4.3.1.

(iii) Similar to the proof of Theorem 5.5.1(iii), but more delicate, so we
provide details. Let z = (x2 — g(i)) if i #0 and z = x,, if i = 0. Consider
the effect of left multiplication by z on the X,_,-supermodule R :=res,(M).
Note R is equal to either e;M or e,M @1le;M, by Lemma 19.2.1. In the latter
case, x2 (resp. x,) acts as a scalar on soc R >~ ¢;M & Ile;M, hence it leaves
the two indecomposable summands invariant. This shows that in any case left
multiplication by z (which centralizes the subalgebra X,_, of XX',) induces an
X, _,-endomorphism

n—1

0:e.M — e;M.

But by (ii), 67! # 0 and 6° = 0. Hence, 1,6, ..., 05! give ¢ linearly inde-
pendent even X,_,-endomorphisms of e¢;M. In view of Remark 19.2.6, we
automatically get from these & linearly independent odd endomorphisms in
the case where e, M is of type Q, so we have now shown that

dimEndy  (e;M) > edimEnd,  (e;M).

However, e;M has irreducible head e;M, and this appears in e;M with multi-
plicity & by (i), so the reverse inequality also holds. UJ
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Corollary 19.4.2 Let M, N be irreducible X,-supermodules with M 2% N.
Then, for every i € I, Homy _ (e;M, e;N) = 0.

Proof Similar to the proof of Corollary 5.5.2. |

19.5 The :*-operation

Suppose M is an irreducible supermodule in Rep, X, and 0 < m < n. Using
Lemma 14.6.1 for the second equality in (19.17), define

&M = (2,(M°))°, (19.16)
fiM = (f,(M?))” =hdind}*'L(i) ® M, (19.17)
el(M)=¢;,(M?)=max{m > 0| (e)"M # 0}. (19.18)

We may think of the “starred” notions as left-hand versions of the original
notions which are right hand. For example, £} (M) can be worked out just from
knowledge of the character of M as the maximal k such that [L())®* ®...]
appears in ch M, while for &,(M) we would take [--- ® L(i)®*] here.

Recalling the definition (15.7) of pr*, Theorem 19.4.1(ii) has the following
important corollary:

Corollary 19.5.1 Let M be an irreducible supermodule in Rep, X, and A €
P.. Then pr*M = M if and only if (M) < (h;, A) for all i € I.

Proof In view of Theorem 19.4.1(ii), &f(M) is the maximal size of a
Jordan block of x? (resp. x;) on M with eigenvalue g(i) (resp. 0) if i # 0
(resp. i = 0). The result follows immediately. O

19.6 Functions ¢}

Let M be an irreducible X'}-supermodule. Define
el (M) =max{m > 0| (e})"M #0}, (19.19)
@} (M) = max{m > 0| (f})"M #0}. (19.20)

As ¢} is simply the restriction of ¢;, we have e}(M) = &,(M), see (17.11).
However, the integer ¢ (M) depends on the fixed choice of A.

Recall that XX} is interpreted as F (concentrated in degree 0), and let 1 A\ =F
denote the irreducible X}-supermodule.



230 Operators e} and f}
Lemma 19.6.1 £}(1,) =0 and ¢(1,) = (h;, A).

Proof Similar to the proof of Lemma 8.4.1 but uses Corollary 19.5.1, instead
of Corollary 7.4.1. |

Lemma 19.6.2 Let i, j € [ with i # j and M be an irreducible supermodule
in Rep; X,,. Then &;(f{"M) < &;(M) for every m > 0.

Proof Follows from the Shuffle Lemma. |

Lemma 19.6.3 Let i, j € [ with i # j. Let M € X-smod be irreducible with
@} (M) > 0. Then

o} (f} M) — &1 (M) < @} (M) — &} (M) — (hy. o).

Proof Similar to the proof of Lemma 8.4.3 but uses Lemma 18.3.3, Corol-
lary 19.5.1, Lemma 19.6.2, Lemma 18.3.3(ii), and Theorem 18.2.1(i) instead
of Lemma 6.3.3, Corollary 7.4.1, Lemma 8.4.2, Lemma 6.3.3(ii), and
Lemma 6.2.1, respectively. Ul

Corollary 19.6.4 Let A € P, and M be an irreducible X*-supermodule with
central character x, for some y € I',. Then

@M (M) — e} (M) < (hi, A= ).

Proof Similar to the proof of Corollary 8.4.4. Ul

19.7 Alternative descriptions of ¢}
Let M be an irreducible X'*-supermodule. Recall that

A 1 As g+l . s A T A: o gn+1 .
fiM = l(lnpr ind ' M®L,({), ind;M= l(inpr ind, MX R, (i),

n,1

and that the inverse limits stabilize after finitely many terms. Define @} (M)
to be the stabilization point of the limit, i.e. the least m > 0 such that

f*M =prtind’'M ® L, (i),

n,1
or equivalently

ind! M = pr'ind/ ' MR R, (i).
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Lemma 19.7.1 Let M be an irreducible X*-supermodule and i € 1. Then:

() [fM] =& (M) M]+ X c,[N,] where the N, are irreducible Xy, -
supermodules with g(N,) < e(f}*M);
(ii) End o (f*M) ~End T, ( fi)‘M VM) gs vector superspaces.

Proof (i) Similar to the proof of Lemma 8.5.1(i).

(ii) Take m = @*(M). We easily show using the explicit construction of
L,, (i) in Section 16.4 that there is an even endomorphism

0:L,() — L,(»i)

of X,-modules, such that the image of 6 is >~ L, _, (i) for each 0 < k < m.
Frobenius reciprocity induces superalgebra homomorphisms

Endy, (L,,(i)) = Endy (M®L,,(i)) = Endy  (ind)}'M &L, (i)).

So 0 induces an even X, -endomorphism 0 of indelM @® L, (i), such that
the image of 6% is ~ind"\'M® L, _, (i) for 0 < k < m. Now apply the right

n,l
A A .
exact functor pr* to get an even X, ,-endomorphism

6: priind,'M ® L, (i) — priind/ ' M ® L, (i)

induced by 6. Note 6" =0 and 6! # 0 because its image coincides with

the image of the non-zero map a,, in the proof of (i). Hence, 1,6, ..., 6"~
are linearly independent, even endomorphisms of f*M. Now the proof of (ii)
is completed in the same way as in the proof of Theorem 19.4.1(iii). |

Corollary 19.7.2 Let M, N be irreducible X-supermodules with M % N.
Then, for every i € I, Homx;\+1 (f*M, fAN)=0.

Proof Similar to the proof of Corollary 8.5.2. |
As in the classical case we want to prove that (M) = ¢}(M). Note right
away from the definitions that for any irreducible X*-supermodule M we

have @}(M) =0 if and only if ¢}(M) = 0.

Lemma 19.7.3 If M is an irreducible X*-supermodule then

¢
(80(M) = &0(M) +23 (& (M) — &,(M)) = (c, ).

i=1
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Proof By Frobenius reciprocity and Theorem 15.5.2, we have that
)\
Endy (indy "“M ) ~Hom 4\ (M, resx"f‘md ’;*' M)

~Hom, (M, M & IIM)®Y

x)\

@® Hom ., (M, 1ndxA res%A

M)
~Hom (M, M & I1M)®
x‘/\
@®Endy (res;; M).
n— n—1
Hence, by Schur’s Lemma,
dimEnd;. (ind ”*‘M) —dimEndg (resi”iﬁlM)

2{c, Ay if M is of type M,

4{c, A) if M is of type Q.
Now if M is of type M, then

'
ind ”*‘M ~ M@ (M eI M),

i=1

M=~ eyM@ @(e’\M @ Ile!M),

i=1
by Lemmas 19.2.1 and 19.2.3 and (19.5). Hence by Lemma 19.7.1 (ii) and
Theorem 19.4.1(iii),

x)
resxA

¢
dimEndyy  (ind; T g M) =2¢,(M)+4> ¢} (M),

i=1

. A
dlmEndanil(resizth) 280(M)—|—4Z£ (M),

i=1

and the conclusion follows in this case. The argument for M of type Q is
similar. |

Lemma 19.7.4 Let M be an irreducible X *-supermodule and i € I. Let ¢; =1
if i=0, ¢, =2 otherwise. Then

[restind) M : M| = 2¢c,eM(f*M) &N (M),
[ind'res? M : M] = 2c,e} (M) (&,M),
socres)ind M ~ (M @ TTM) @ 30,

soc indl’.\resf‘M ~(M® HM)eec,si*(M)
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Proof The statement about composition multiplicities follows from Theo-
rem 19.4.1(i) and Lemma 19.7.1(i), taking into account how res} and ind are
related to e? and f? as explained in Lemmas 19.2.1 and 19.2.3. Now consider
the statement about socles. We consider only res}ind} M, the other case being
entirely similar but using results from Section 19.4 instead. By adjointness, it
suffices to be able to compute

o Aag )
Homy,  (ind; N, ind; M)

for any irreducible X*-supermodule N. But in view of Lemma 19.2.3, this
can be computed from knowledge of Homy, ( fAN, fAM), which is known
by Corollary 19.7.2 (if M 2 N) and Lemma 19.7.1(ii) (if M = N). The details
are similar to those in the proof of Lemma 19.7.3, so we omit them. O

Lemma 19.7.5 Let M be an irreducible X*-supermodule and i € 1. There
are maps

. v . can . .
ind’res} M —> res}ind*M — res}ind} M/socres*ind} M,

whose composite is surjective.

Proof Let k = @}(M) and

7 ind” ' MR R, (i) — priind” ' M X R, (i) = ind} M

n,1 n,1

be the quotient map. Set z = x> — (i) (resp. z = x,, if i = 0). Recall from
Section 16.4 that viewed as an X'j-module, we have that R, (i) ~ X|/(z"). In
particular, ®, (i) is a cyclic module generated by the image 1 of 1 € X i

We first observe that for any m > g;(M) +k, z” annihilates the vector

5, ® (u®v) €ind”t' MR R, (i)

n,1

for any u € M, v € R, (i). This follows from the relations in XX, , ;, for example
in the case where i # 0 we ultimately appeal to the facts that (x> — g(i))%®™)
annihilates u (see Theorem 19.4.1(ii)) and (x2,, — ¢(i))* annihilates v.

Therefore, for any m > &}(M) + k, the following equality holds in f*M:
z’”7'r(sn®(u®v)) =0. (19.21)

Next, it is not difficult to check that there exists a unique X, ; ,-homo-
morphism

(res; M) R X| — res! res,-indfM, U1 7ls, ® u®1)]

n—1,1
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for each u € res;M € M. It follows from (19.21) that this homomorphism
factors to induce a well-defined X, _; ;-module homomorphism

(res M)K R, (i) — resZ_l’lresiind?M.
We then get from Frobenius reciprocity an induced map
¥, ind;_ | (res M)XK R, (i) — res;ind! M (19.22)
for each m > &}(M) + k. Each i, factors through the quotient
pr)‘indLu (res M)XK R, (i),
so we get an induced map
i : ind'res,M = l(ir_npr’\indzfl,1 (res; M) X R,,, (i)
— res;ind* M = res’ind M.
It remains to show that the composite of iy with the canonical epimorphism

from res}ind M to res'ind)} M/socres}ind* M is surjective.
By Mackey Theorem there exists an exact sequence

0— MXR, (i) — res"" (ind" "' MR R, (i)

n,1 n,1
— indel,lqls"((reszflqlM) X R, (i) — 0.

In other words, there is an even X

n

_1-isomorphism from
indzfl,l,lsn ((res,_, M) KR, (i)
to
res/ ! (ind ' MR R, (i) /(M K R, (i),
which maps

h®u®v) > hs,Qu®v+MXR,(i)

for he X,,u € M,ve R,(i), where MX R, (i) is embedded into res""'

n,1

(ind! ' M X R, (i) as 1® M ® R,(i). Recall from (16.11) that dim R, (i) =
2kc;, where c; is as in Lemma 19.7.4. Hence, applying Lemma 19.7.4, we get

res' MR R, (i) ~ (M @TIM)* ~ socres}ind} M.

So applying the exact functor res; to the isomorphism above we get an
isomorphism

ind”_, | (res;M) R R, (i) — res,(ind"' M K R, (i)) /socres}ind! M,
h@u®v > hT,®u®v+socres'ind' M.
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It follows that there is a surjection
0:ind_, | (res,M)X R, (i) — res}ind} M/socres}ind} M.
such that the diagram

. L :
ind;_, ,(res, M)XK R, (i) —— resind) M

ind,_, | (res, M) X R, (i) LN res'ind? M/soc res}ind} M

commutes for all m > g;(M) +k, where ¢, is the map from (19.22) and the
left-hand arrow is the natural surjection. Now surjectivity of 6 immediately
implies surjectivity of canois,, and of canoi. |

Lemma 19.7.6 Let M be an irreducible X-supermodule with &}(M) > 0.
Then
ol (et M) = @} (M) + 1.

Proof Let us first show that
erEM) > M (M) +1. (19.23)

Recall ¢}(M) =0 if and only if @}(M) = 0. Suppose first that ¢}(M) = 0.
Then ¢}(e*M) # 0 in view of Lemma 17.2.2. Now, @}(M) =0 and
@}MerM) # 0, so the conclusion certainly holds in this case. Next, assume
that ¢ (M) > 0, hence @}(M) > 0. Note by Lemma 19.7.4,

[restind? M/socrestind! M : M] = 2¢c, (fAM) @} (M) — 2¢, (M)
=2¢,8}(M)@} (M) #0.

In particular, the map ¢ in Lemma 19.7.5 is non-zero. So Lemma 19.7.5
implies that

[im ¢ : M] > zcigi(M)gb?(M),

since at least one composition factor of socim ¢ C soc resiindf‘M must be
sent to zero on composing with the second map can. Using another part of
Lemma 19.7.4, this shows that

2e,6M MM M) > 2¢,6M(M)G) (M)

and (19.23) follows.
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Now using (19.23) and Lemma 19.7.4, we see that in the Grothendieck
group,
[res}ind} M —ind'res* M : M] < 2¢,(&" (M) — (M),

with equality if and only if equality holds in (19.23). By central character
considerations, for i # j,

[resf‘inde ‘M| = [indj‘resf‘M: M]=0.
So using (19.5) we deduce that

xr . x) LA P
res, »'ind. "' M — ind." res.’
[res.y"ind,y y

xr

n—1

M:M]

1
< 2(&5 (M) — &5(M)) +4 3 () (M) — £} (M)

i=1

with equality if and only if equality holds in (19.23) for all i € I. Now
Lemma 19.7.3 shows that the right-hand side equals 2(c, A), which does
indeed equal the left-hand side, thanks to Theorem 15.5.2. J

Corollary 19.7.7 For any irreducible M € X}-smod, ¢}(M) = @} (M).
Proof Similar to the proof of Corollary 8.5.7. |

Lemma 19.7.8 Let M be an irreducible X-supermodule with central char-
acter x,, for y € T,. Then ¢}(M)—&}(M) = (h;, A— ).

Proof In view of Corollary 19.6.4, it suffices to show that
¢
(@) (M) — (M) +2Y (¢} (M) — £} (M)) = (c, A).

i=1

But this is immediate from Lemma 19.7.3 and Corollary 19.7.7. |

Theorem 19.7.9 Let i € [ and M be an irreducible X}-supermodule. Then:

() [fAM] =@ M)[f}M]+ Y c,[N,] where the N, are irreducibles with
¢r(N,) < @} (M) = ¢} (M) — 1;

(ii) @}(M) is the least m > 0 such that f*M = prind,\' M ® L,,(i);

(iii) Endy  (fM)=Endy _( FAM)Y®A M as vector superspaces.

Proof Similar to the proof of Theorem 8.5.9. Ul
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Lemma 19.7.10 Let A€ P, i€, r>1, and M be an irreducible X}-
supermodule:

(i) (eMN'M is non-zero if and only if (e})"M # 0.
(ii) (fNM is non-zero if and only if (f})" M # 0.

Proof Apply Lemma 19.3.2 and Theorems 19.4.1(i), 19.7.9(i). Ul
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Construction of U, and irreducible modules

This chapter is parallel to Chapter 9.

20.1 Grothendieck groups revisited

Let us write

K@) =@KRep, L), K(x)g=08.K(x) (0.1
=0
Thus K(o0) is a free Z-module with canonical basis given by B(oc), the
isomorphism classes of irreducible supermodules (see Section 19.2 for this
notation), and K(oo), is the Q-vector space on basis B(cc).
We let K(o0)* denote the restricted dual of K(oo0), namely, the set of
functions f: K(c0) — Z such that f vanishes on all but finitely many elements
of B(o0). Thus K(o0)* is also a free Z-module, with canonical basis

{81 | [M] € B(c0)}

dual to the basis B(oco) of K(o0), that is 8,,([M]) =1, 6,([N]) =0 for
[N] € B(c0) with N 2 M. Finally, we write B(00)j, := Q®;, B(c0)".
Entirely similar definitions can be made for each A € P_:
K(A) = P K(X}-smod) (20.2)
n=0

denotes the Grothendieck groups of the categories X}-smod for all n. Again,
K(A) is a free Z-module on the basis B(A) of isomorphism classes of
irreducible supermodules. Moreover, infl* induces a canonical embedding
infl* : K(A\) = K(o0) and infl* : B(A) < B(co). We will generally iden-
tify K(A) with its image under this embedding. We also define K(A)* and
K(A)g=Q®;K(A) as above.

238
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Recall the operators e; and more generally the divided power operators
efr) for r > 1, defined on irreducible supermodules in Rep, X, in (19.7) and
(19.12) respectively. These induce linear maps

e : K(00) — K(o0) (20.3)
for each r > 1. Similarly, the operators (&))" and (f})* from (19.13) and
(19.14) respectively induce maps

()", (FH7 1 K(A) — K(A). (20.4)
Recall by Lemma 19.3.2 that

ef=(rel”,  (e) = (e, (" = (HUH™. (20.5)
”

i

Extending scalars, the maps e
and K(A)g.

, (€M), (f1) induce linear maps on K (c0)

20.2 Hopf algebra structure

Now we wish to give K(o0) the structure of a graded Hopf algebra over Z.
To do this, recall the canonical isomorphism

K(Rep, X,,) ®;, K(Rep, X,) — K(Rep, X,, ) (20.6)
from (12.21), for each m, n > 0. The exact functor ind:,'j’*”" induces a well-
defined map

ind:z,tzn : K(Repl xm,n) - K(Repl xm+n)'

Composing with the isomorphism (20.6) and taking the direct sum over all
m, n >0, we obtain a homogeneous map

o K(00) ® K(00) — K(00). (20.7)

By transitivity of induction, this makes K(oo) into an associative graded
Z-algebra. By Corollary 17.3.2, 7 induces the identity map on K(o0), so
Theorem 14.7.1 implies that the multiplication ¢ is commutative (in the usual
unsigned sense). Moreover, there is a unit

1:7Z — K(0), 1+ [1] € K(Rep,; X)) C K() (20.8)

The exact functor res; , induces a map

n

res, . : K(Rep; X,) — K(Rep, X, ,,)-

ny.ny
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On composing with the isomorphism (20.6), we obtain maps

A} : K(Repl xn) - K(Rep] xnl) ®Z K(Repl xnz)’

ny,ny

A"= Y A :K(Rep, X,)

ny,ny
ny+ny=n

g @ K(Replxnl)®ZK(Replxnz)'
ny+ny,=n

Now taking the direct sum over all n > 0 gives a homogeneous map

A : K(00) = K(00) ®, K(0). (20.9)
Transitivity of restriction implies that A is coassociative, while the homo-
geneous projection onto K(Rep, X)) = Z gives a counit

e: K(0) = Z. (20.10)

Thus K(o0) is also a graded coalgebra over Z.

Theorem 20.2.1 (K(o0), ¢, A, t, €) is a commutative, graded Hopf algebra
over 7.

Proof 1t just remains to check that A is an algebra homomorphism, which
follows using the Mackey Theorem. Note in checking the details, we need to
use Lemma 17.3.4 to take the definition of ® into account correctly. |

We record the following lemma explaining how to compute the action of
e; on K(oo) explicitly in terms of A:

Lemma 20.2.2 Let M be a supermodule in Rep, X,. Write
AZ—I,I[M] = Z[Ma] ® [Na]

for irreducible X,_,-supermodules M, and irreducible X,-supermodules N,.
Then

elMl= 3 [M,]
awith N,=L(i)
Proof This is immediate from Lemma 19.2.1. |

Lemma 20.2.3 The operators e; : K(c0) — K(o0) satisfy the Serre relations,
that is for i, je I:

ee;=ee, ifli—jl>1;

efej+ejel.2=2e-ee- ifli—jl=1,i#0,j#¢;

i“j%i
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3 2 2 3 .
eye, +3epe ey =3ege e +e ey, if LF#1;
€p 180T I€p_1€0€y | =€, 1€y | T €€y 4, 1 )

eger +5ege eq+ 10¢ee,eg = 10ege, ey + Sege eq+ejen, if £ =1,

Proof In view of Lemma 20.2.2 and coassociativity of A, this reduces to
checking it on irreducible XX',-supermodules for n = 2, 3, 4, 4, 6 respectively.
For this, the character information in Theorem 18.2.1 is sufficient. O

Next, K(A) has a natural structure as K(oo)-comodule. The comodule
structure map is the restriction of A to K(A) C K(c0):

A" K(A) = K(A) ®, K().

The dual maps to ¢, A, ¢, € induce on K(o0)* the structure of a cocommutative
graded Hopf algebra. Each K(A) is a left K(o0)*-module in the natural way:
f € K(c0)* acts on the left on K(A) as the map (id®f) o A*. Similarly,
K(o0) is itself a left K(oo)*-module, indeed in this case the action is even
faithful.

Lemma 20.2.4 The operator ¢! acts on K(co) (resp. (') on K(X) for any
A € P,) in the same way as the basis element &, ;) of K(c0)*.

Proof The proof is similar to the proof of Lemma 9.2.5, but uses (20.5) and
Lemma 20.2.2 instead of (9.6) and Lemma 9.2.3, respectively. O

Lemma 20.2.5 There is a unique homomorphism 1 : U, — K(o0)* of graded
Hopf algebras such that efr) > Oy for each i€l and r > 1.

Proof Similar to the proof of Lemma 9.2.6. |

20.3 Shapovalov form

Fix A € P, . For a finite dimensional X'}-supermodule M, we let P, denote its
projective cover in the category X*-smod. Since X'} is a finite dimensional
superalgebra, we can identify

K(A)* =@ K(X)-proj) (20.11)

n>0
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so that the basis element &,, corresponds to the isomorphism class [P,,]
for each irreducible X:-supermodule M and each n > 0, see Section 12.2.
Moreover, under this identification, the canonical pairing

() KA)*xXK(A) > Z (20.12)
satisfies

dimHomy\(Py, N)  if M is of type M,

Pyl [N]) =
([Py]. [N]) ! dim Hom , (Py,, N) if M is of type Q,

(20.13)

for X}-supermodules M, N with M irreducible (since the right-hand side
clearly computes the composition multiplicity [N : M]).
There is a homogeneous map

w:K(\)"— K(A) (20.14)

induced by the natural maps K(X}-proj) — K(X}-smod) for each n.

As explained at the end of Section 19.3, we can define an action of (e})”)
and (1) on the projective indecomposable supermodules, hence on K(A)*.
We know by Lemma 19.3.3 that (20.5) holds for the operations on K(A)*
as well as on K(A). Also, the actions of (e})” and ()" commute with
by (19.15).

Lemma 20.3.1 The operators e}, f! on K(A\)* and K(X) satisfy
(i) = f'y), (ffxy) = (x.e}y)
for each x € K(A)* and y € K(A).

Proof Let M be an irreducible X'}-supermodule and N be an irreducible
X2, -supermodule. We check that (f*[Py,], [N]) = ([Py], €}[N]) in the spe-

n+1
cial case that i =0, M is of type Q and N is of type M. In this case, by

Lemmas 19.2.3, 19.1.1(i), and 19.2.1, we have

(FA1Py). IND) = 3 (nd?[Py ], IN) =  dim Homy_ (ind! Py, N)

= %dimHoman (Py,tes)N) = ([Py,], res}[N])
= ([Py]. €} [N]).

All the other situations that need to be considered follow similarly. |
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Corollary 20.3.2 Suppose

(e/\)(r) Z aMN[N (fA r)[M Z bMN

[N]eB(A) [N]eB(A)

for [M] € B()\). Then

(3/\)“) Z bMN vl (fi/\)(r)[PN]z Z aM,N[PM]

[M]eB()) [MeB(Y)
for [N] € B(A).

Lemma 20.3.3 Let M be an irreducible supermodule in X*-smod.
Set £ = eN(M), ¢ = ¢*(M). Then, for any m > 0,

@D "P]= Y aylPayn]
Nwithe}(N)=m

for coefficients ay € Z.,. Moreover, in case m = g,

@l = (" Pl t T anlal

Nwithel)‘(N)>e

Proof Similar to the proof of Lemma 9.3.3, but using Corollary 20.3.2,
Lemma 19.7.10(ii), (19.20), Lemma 19.7.1(i), and Theorem 19.7.9(i) instead
of Corollary 9.3.2, Theorem 8.3.2(v), (8.17), Lemma 8.5.1(i),

Theorem 8.5.9(i), respectively. OJ

We also need:

Theorem 20.3.4 Given an irreducible X-supermodule M, the element [P,;]
of K(X}-proj) can be written as an integral linear combination of terms of

the form (f}) ... (f)02[1,].

Proof Similar to the proof of Theorem 9.3.4, but using Corollary 20.3.2 and
Theorem 19.4.1(i) instead of Corollary 9.3.2 and Theorem 5.5.1(i), respec-
tively. |

Theorem 20.3.5 The map w : K(A)* — K()) from (20.14) is injective.

Proof Similar to the proof of Theorem 9.3.5, but using Lemma 20.3.3 instead
of Lemma 9.3.3. U



244 Construction of U, and irreducible modules

In view of Theorem 20.3.5, we may identify K(A)* with its image under
o, 50 K(A)* € K(X) are two different lattices in K(A)q. Extending scalars,
the pairing (20.12) induces a bilinear form

() K(A)gxK(A)g— Q (20.15)

with respect to which the operators ¢! and f} are adjoint.

Theorem 20.3.6 The form (.,.): K(A)g x K(A)q — Q is symmetric and
non-degenerate.

Proof Similar to the proof of Theorem 9.3.6 but using Theorem 20.3.4 instead
of Theorem 9.3.4. |

20.4 Chevalley relations

Lemma 20.4.1 The operators e, f* : K(A) — K(A) satisfy the Serre relations
(7.5) for g as in Section 15.2.

Proof Similar to the proof of Lemma 9.4.1. |

Now, for i € I and an irreducible X ,;\-supermodule M with central character
X, for y € T, define

h[M] = (h;, A= y)[M]. (20.16)
By Lemma 19.7.8 we have equivalently
h [M] = (¢} (M) — &} (M))[M].

More generally, define

(h:) KA = K(A),  [M]— (‘DfA (M) — & (M )>[M]. (20.17)

r

Extending linearly, each (hf) can be viewed as a diagonal linear operator
K(A) = K(A). The definition (20.16) implies immediately that:

Lemma 20.4.2 As operators on K(A),
A A PR A
[hi’ej]:<hi’aj>ej and [hi’fj]:_<hi’aj>fj

foralli,jel.
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Lemma 20.4.3 As operators on K(A), the relation

[} 1=,

i,j'"i

holds for each i, j € 1.

Proof Let M be an irreducible X'}-supermodule. It follows immediately from
Theorems 19.4.1(i) and 19.7.9(i) (together with central character considera-
tions in case i # j) that [M] appears in e f}[M] — f}e}[M] with multiplicity
8, (@} (M) — &}(M)). Therefore, it suffices simply to show that ¢} f}[M] —
“e}[M] is a multiple of [M]. Let us show equivalently that [res?ind;‘M] —
[ind}\resf‘M] is a multiple of [M].
For m > 0, we have a surjection

ind) ' MR R, (j) - ind} M.
Apply pr* ores; to get a surjection
prires;ind! ' M X R, (j) — resf‘ind;‘M. (20.18)
By the Mackey Theorem and (16.12), there is an exact sequence
0 — (M @IIM)®i" — res;ind’' ME R, (j)
—ind,_, ,(res, M)W R, (j) — O,
where c; is as in Lemma 19.7.4. For sufficiently large m, we have
priind)_, | (res, M) X R,,(j) = ind’res} M.

So on applying the right exact functor pr* and using the simplicity of M, this
implies that there is an exact sequence

0— M®™" @TIM®™ — pr'res;ind"' M X R, (j)

! (20.19)
— ind;resl’.\M — 0,

for some m,, m,. Now let N be any irreducible X'}-supermodule with N 2 M.
Combining (20.18) and (20.19) shows that

[ind}res! M —res}ind}M: N] > 0 (20.20)
Now summing over all i, j and using (19.5) gives that
[indres M —resind M : N| > 0.

But Theorem 15.5.2 shows that equality holds here, hence it must hold in
(20.20) for all 7, j € I. This completes the proof. O
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To summarize, we have shown in (20.5), Lemmas 20.4.1, 20.4.2, and 20.4.3
that:

Theorem 20.4.4 The action of the operators e}, ', h} on K(\) satisfy the
Chevalley relations (7.3), (7.4), and (7.5) for g as in Section 15.2. Hence,
the actions of (¢})", (f), and (hf) foralliel,r>1 make K(A)y into a
Uy-module so that K(A)*, K(A) are U,-submodules.

20.5 Identification of K(o0)*, K(A)*, and K(A)

Theorem 20.5.1 For any A€ P_:

(i) K(A)q is precisely the integrable highest weight Ug-module of highest
weight A, with highest weight vector [1,];

(ii) the bilinear form (., .) from (20.15) on the highest weight module K(A)q
coincides with the usual Shapovalov form satisfying ([1,],[1,]) = 1,

(iii) K(A)* C K(A) are integral forms of K(A)q containing [1,], with K(A)*
being the minimal lattice U7 [1,] and K(A) being its dual under the
Shapovalov form;

(iv) the classes [M] of the irreducible supermodules M € X}-smod[y]
form a basis of the (A —y)-weight space V(A),_,. The same is true
for the classes [Py] of projective indecomposable supermodules in
XA-smod[7y].

Proof It makes sense to think of K(A)p as a Ug-module according to
Theorem 20.4.4. The actions of e; and f; are locally nilpotent by Theo-
rems 19.4.1(i) and 19.7.9(i). The action of #; is diagonal by definition. Hence,
K(A)q is an integrable module. Clearly [1,] is a highest weight vector of high-
est weight A. Moreover, K(A)g = Ug[1,] by Theorem 20.3.4. This completes
the proof of (i), and (ii) follows immediately from Lemma 20.3.1. For (iii), we
know already that K(A)* C K(A) are dual lattices of K(A)q, which are invari-
ant under U,. Moreover, Theorem 20.3.4 again shows that K(A)* = U; [1,].

Finally, (iv) follows from (20.16). O

Theorem 20.5.2 The map : U; — K(o0)*, which was constructed in
Lemma 20.2.5 is an isomorphism.

Proof Similar to the proof of Theorem 9.5.3. Ul
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20.6 Blocks of cyclotomic Sergeev superalgebras

Fix AeP,.

Theorem 20.6.1 Let M and N be irreducible X}-supermodules with M % N,
and

0 — infl*M — X — infl'N — 0 (20.21)

be an exact sequence of X, -supermodules. Then pr*X = X.

Proof Similar to the proof of Theorem 9.6.1 but using Corollary 19.4.2
instead of Corollary 5.5.2. |

Recalling the definitions from Section 16.2 and using Theorem 20.5.1,

we immediately deduce the following corollary which determines the blocks
of XA

Corollary 20.6.2 The blocks of cyclotomic Sergeev superalgebras X are
precisely the subcategories X-mod[vy] for y € T,. Moreover, the subcategory
X2-mod|y] is non-trivial if and only if the (A — y)-weight space of the highest
weight module K())q is non-zero.
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Identification of the crystal

This chapter is very short since essentially no changes need to be made to the
statements and the proofs in Chapter 10. We only state the main results.

Recall the sets of isomorphism classes of irreducible supermodules B(oo)
and B(A) from Section19.2. We can make them into crystals in the sense
of Section10.2. For B(A), we use the operators &}, f from (19.10), (19.11)
and functions &}, ¢} from (19.19), (19.20) to define the maps ¢, fir €5 011
respectively. For the corresponding functions on B(co) use 2;, f; from (17.10),
(17.9), functions ¢, from (17.5), and ¢, defined below.

For the weight functions on B(o0) and B()) set

wt(M) = —v, (21.1)
for an irreducible M € Rep, X,[vy], and

wtt(N) = A — v, (21.2)

for an irreducible N € X*-smod|[y], respectively. Finally, for [M] € B(),
define

o, (M) =g,(M)+ (h;, wt(M)). (21.3)
Lemma 21.0.3 The tuples
(B(o0), &, ¢is & frs WO)
and

(B(A), &), @), &), f)wit)

i

for A € P are crystals in the sense of Kashiwara.

248
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Theorem 21.0.4 The crystal B(oo) is isomorphic to Kashiwara’s crystal
B(oo) associated to the crystal base of Uy .

Theorem 21.0.5 For each A € P,, the crystal B(A) is isomorphic to
Kashiwara’s crystal B()A) associated to the integrable highest weight Ug-
module of highest weight A.
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Double covers

In this chapter we specialize to the case A = A,. In this case X* = Y,, see
Remark 15.4.7. So, in view of Chapter 13, we will be getting results on spin
representations of symmetric groups. The fact that we deal with the category of
supermodules will usually provide important additional insights; for example,
this will allow us to treat spin representation theory of alternating groups
without any extra work. We will obtain a classification of the irreducible
spin representations of S, and A, over an algebraically closed field F of
characteristic p > 0, describe how the irreducibles split into blocks (spin
version of “Nakayama’s Conjecture”), and prove some of the branching rules.
As A = A, is fixed throughout the chapter, we will not use the superscripts
and just write e; for ef\”, f; for fiA”, etc. These should not be confused with
the corresponding notions for the affine Sergeev algebra X,.

22.1 Description of the crystal graph

Kang [Kg] has given a convenient combinatorial description of the crystal
B(A,) in terms of Young diagrams, which we now explain.

For any n > 0, let A= (A,, A,, ...) be a partition of n. Recall £ € Z_,U {oo}
from (15.1). We call A a p-strict partition if p divides A, whenever A, = A,
for r > 1. If p =0, we interpret this as a strict partition, that is a partition
whose non-zero parts are all distinct. We say that a p-strict partition A is
p-restricted if in addition

Ar_/\r+l <P 1fp|)‘)’

Ar_/\r+1§p lfPT)\r

for each r > 1. Let R ,(n) denote the set of all p-restricted p-strict partitions
of n, and RP, :=U,zo RP,(n).

250
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Let A be a p-strict partition. As in Chapter 1, we identify A with its Young
diagram, but the way we are going to label the nodes of A with residues is
different from the one used in Chapter 1. Residues are now the elements of
the set I ={0, 1, ..., £}, see (15.2). The labeling depends only on the column
and follows the repeating pattern

0,1,....,¢—1,¢,¢—1,...,1,0,

starting from the first column and going to the right, see Example 22.1.1
below. The residue of the node A is denoted res A. Define the residue content
of A to be the tuple

cont(A) = (¥;)ies (22.1)

where for each i € I, vy, is the number of nodes of residue i contained in the
diagram A.

Let A be a p-strict partition and i € I be some fixed residue. A node
A = (r,s) € Ais called i-removable (for ) if one of the following holds:

(R1) resA =i and A, := A — {A} is again a p-strict partition;

(R2) the node B = (r, s+ 1) immediately to the right of A belongs to A,
resA =res B =1, and both A; = A—{B} and A, ; := A —{A, B} are
p-strict partitions.

Similarly, a node B = (r,s) € A is called i-addable (for M) if one of the
following holds:

(A1) resB =i and A® := AU{B} is again a p-strict partition;

(A2) the node A = (r, s — 1) immediately to the left of B does not belong
to A, res A =res B =1, and both A* = AU{A} and A*8 := AU{A, B}
are p-strict partitions.

We note that (R2) and (A2) above are only possible in case i = 0.

Now label all i-addable nodes of the diagram A by + and all i-removable
nodes by —. Then, the i-signature of A is the sequence of pluses and minuses
obtained by going along the rim of the Young diagram from bottom left
to top right and reading off all the signs. The reduced i-signature of A is
obtained from the i-signature by successively erasing all neighboring pairs of
the form +—.

Note the reduced i-signature always looks like a sequence of —s followed
by +s. Nodes corresponding to a — in the reduced i-signature are called
i-normal, nodes corresponding to a + are called i-conormal. The rightmost
i-normal node (corresponding to the rightmost — in the reduced i-signature) is
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called i-good, and the leftmost i-conormal node (corresponding to the leftmost
+ in the reduced i-signature) is called i-cogood.

A node is called removable (resp. addable, normal , conormal, good,
cogood) if it is i-removable (resp. i-addable, i-normal, i-conormal, i-good,
i-cogood) for some i.

Example 22.1.1 Let p =5, so £ = 2. The partition
A=(16,11,10,10,9,5,1)

belongs to RPs, and its residues are as follows:

oli]2]1]o]o]

(=) [l (el [e]
(=)

(=) (el [erll fenll few]
—_ === =
DO D |9 [ [
el

—_ === ==
D[N [ [ | |
—_ == ===
[} fer )l (el [en ) fenll fen]

|OOOOOOO

The 0-addable and O-removable nodes are as labeled in the diagram:

HEEE

©

Hence, the 0-signature of A is
T T s +y +’ T T s T

and the reduced 0-signature is
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Note the nodes corresponding to the —s in the reduced 0-signature have been
circled in the above diagram. So, there are three 0-normal nodes, the rightmost
of which is 0-good; there are no 0-conormal or 0-cogood nodes.

We define
g;(A) = g{i-normal nodes in A}
(22.2)
= f#{—"s in the reduced i-signature of A},
¢;(A) = g{i-conormal nodes in A}
(22.3)
= t#1{+’s in the reduced i-signature of A}.
Also set
5 (\) = Ay %f g;(A) > 0 and A is the i-good node, (22.4)
0 ifg(A)=0,
~ A8 if ¢;(A) > 0 and B is the i-cogood node,
i) = 1 ei(4) g (22.5)
0 if ¢;(A)=0.
Finally define
wt(d) = Ay — ) v (22.6)

iel

where cont(A) = (V) ;-
The definitions imply that ¢;(A), f;(A) are p-restricted (or zero) in case A
is itself p-restricted. So we have now defined a datum

(.73?1,, Eis Pi» éi» fi’ Wt)

which makes the set RP, of all p-restricted p-strict partitions into a crystal
in the sense of Section 10.2 (a combinatorial exercise, but follows from the
theorem below anyway). We can now state the main result of Kang [Kg, 7.1]
for type Afe) (if p =0 this is an easier result for type B.,):

Theorem 22.1.2 The set RP, equipped with &, ¢, ¢, f;»wt as above is
isomorphic (in the unique way) to the crystal B(A,) associated to the inte-
grable highest weight U,-module of fundamental highest weight A,,.
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Example 22.1.3 The crystal graph of RP; = B(A,), up to degree 10, is as
follows:

o]
\
[o]1To]
S T
[o]1ToTo] [o]1]o]
Lo]1]
1 0
[o]1To]o] o[1]o]
Lo[1] lo]1
o]
o[1]oJo] [0 oTo]1] ol1]o]
[o[1] o]1] ol1]o]
LO] O]
0
o[1JoJo]1] o[1]oJo] o[1]o]
o]t o[i]o] ofi]o]
LO] O] LOf!]
0 1 0
of1JoJo]1] o[1]o]o] of1]o]
o[ 1]o] o[1]o] o[1]o]
0 of1 101
2 2 Lo]

° N N
of1JoJo]1] of1JoJo]1] o[1]oJo] o[1]o
o[1]oJo] of1]o] o[ 1]o] ol1]o
o] Lof1] Lol 1] of1]o

o] o]

Finally, we discuss here the extension of Morris’ notion of p-bar core
[Mo] to an arbitrary p-strict partition A. By a p-bar of A, we mean one of the
following:

(B1) the rightmost p nodes of row i of A if A; > p and either p|A; or A has

no row of length (A; — p);
(B2) the set of nodes in rows i and j of A if A;+A; = p.

If A has no p-bars, it is called a p-bar core. In general, the p-bar core A of A
is obtained by successively removing p-bars, reordering the rows each time
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so that the result still lies in 2, until it is reduced to a core. The p-bar weight
of A, denoted w(A), is then the total number of p-bars that get removed.
There is a notion of a p-bar abacus due to Morris and Yassin [MoY,], which
implies easily that for p-strict partitions u, A of n we have

cont(u) = cont(A) if and only if oo = A (22.7)

This was first observed in [LT,, Section 4].
The Lie theoretic interpretation of these combinatorial notions is exactly
the same as in the classical situation, see the end of Section 11.1. In particular,

YoYi -+ Yer Yoot T2Ye1Ye

| 5 5 , ifé>1,
w(A) = =YY= D —=v¥i— =i —2v

2%7 = 3% (o — 1) =27 ife=1,
if cont(A) = (vy, V1 - - - » Ve)- Also, bearing in mind Theorem 22.1.2, we can

state Kac’ formula [Kc, (12.13.5)] for the character of the highest weight
U,-module of highest weight A, as follows: for A € RP,(n),

#{m € RP,(n)|cont(u) = cont(A)} = Par,(w(A)), (22.8)

where Par,(N) denotes the number of partitions of N as a sum of positive
integers of ¢ different colors.

22.2 Representations of Sergeev superalgebras

Now that we have an explicit description of the crystal B(A,), we formulate
a more combinatorial description of our main results for the representation
theory of the Sergeev superalgebras Y,. Recall from Remark 15.4.7 that this
is precisely the cyclotomic Sergeev superalgebra X' Mo,

By Theorems 22.1.2 and 21.0.5, we can identify B(A,) with RP,. In other
words, we can use the set RP,(n) of p-restricted p-strict partitions of n to
parametrize the irreducible ¥, -supermodules for each n > 0. Let us write M(A)
for the irreducible §, -supermodule corresponding to A € RP,,(n). To be precise,

M(A) ==Ly, ..., 10,)
if A= fl e f~i, . Here the operator f, is as defined in (22.5), corresponding
under the identification RP,(n) = B(A,) to the crystal operator denoted flo

in (19.11), and @ denotes the empty partition, corresponding to [1,] € B(A,).
For A € RP ,(n), we also define

b(A) :==g{r=1[pfA, >0}, (22.9)
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the number of (non-zero) parts of A that are not divisible by p. The definition
of residues immediately gives that

b(A) =1y, (mod?2), (22.10)

where 7, denotes the number of Os in the residue content of A.

Theorem 22.2.1 The supermodules {M(A) |\ € RP,(n)} form a complete

set of pairwise non-isomorphic irreducible Y,-supermodules. Moreover, for

A peRP, (n):

i) M@A)=MA);

(i) M(A) is of type M if b(A) is even, type Q if b(A) is odd;

(i) M(w) and M(A) belong to the same block if and only if cont(u) =
cont(A);

(iv) M(RA) is projective if and only if A is a p-bar core.

Proof We have already discussed the first statement of the theorem, being
a consequence of our main results combined with Theorem 22.1.2. For the
rest, (i) follows from Corollary 17.3.2, (ii) is a special case of Lemma 17.3.4
combined with (22.10), and (iii) is a special case of Corollary 20.6.2. For
(iv), note that if M(A) is projective then it is the only irreducible in its block,
hence by (22.8), Par,(w(A)) = 1. So either w(A) =0, or £ =1 and w(A) = 1.
Now if w(A) =0 then A is a p-bar core so the Shapovalov form on the
(1-dimensional) wt(A)-weight space of K(A,), is 1 (since wt(A) is conjugate
to A, under the action of the affine Weyl group). Hence, M(A) is projective by
Theorem 20.5.1(ii). To rule out the remaining possibilty £ =1 and w(A) =1,
we check in that case that the Shapovalov form on the wt(A)-weight space
of K(Ay)z is 3. O

The next two theorems summarize earlier results concerning restriction and
induction.

Theorem 22.2.2 Let A € RP ,(n). There exist Y,_,-supermodules e;M(A)

for each i € I, unique up to isomorphism, such that:

(1) resZ:ﬁ_]M()\) is isomorphic to

2e,M(\) ®2e,M(A) B ---®2e,M(\) if b(A) is odd,
eoM(A) B2e M(A) D - - D2e,M(A) if b(A) is even;
(ii) for each i € I, e;M(\) # 0 if and only if A has an i-good node A, in

which case e;M(A) is a self-dual indecomposable supermodule with
irreducible socle and head isomorphic to M(A ).
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Moreover, if i € I and A has an i-good node A, then:

(iii) the multiplicity of M(A,) in e, M(A) is g;(A), &;(A,) = &;(A) — 1, and
g;(n) < g;(A) — 1 for all other composition factors M(u) of e;M(X);

(iv) Endy (e;M(A)) ~Endy (M(X,))®5W as a vector superspace;

(v) Homy (e;M(A), e,M(n)) =0 for all u € RP,(n) with p# A;

(vi) e;M(M) is irreducible if and only if €;(A) = 1. Hence, the restriction
resz:ilM()\) is completely reducible if and only if €;(A) <1 for every
iel

Proof The existence of such supermodules e¢;M(A) follows from (19.5),
Lemma 19.2.1 and Theorem 19.2.5(i), combined as usual with Theorem 22.1.2.
Uniqueness follows from Krull-Schmidt and the block classification from
Theorem 22.2.1(iii). For the remaining properties, (iii), (iv), and (v) follow
from Theorem 19.4.1 and Corollary 19.4.2. Finally, (vi) follows from (iii)
as ¢;M(A) is a module with irreducible socle and head, both isomorphic to
M(Ay). U

Theorem 22.2.3 Let A € RP ,(n). There exist Y, -supermodules f;M(A) for
each i € I, unique up to isomorphism, such that:

(1) indZ:*'M()L) is isomorphic to

2feMA) B2 M(A)®---®2f,M(A) if b(A) is odd,
SoMA) @2f MA@ ---®2f,M(X) if b(A) is even;

(ii) for each i € I, f;M(A) # 0 if and only if A has an i-cogood node B,
in which case f;M(A) is a self-dual indecomposable supermodule with
irreducible socle and head isomorphic to M(\?).

Moreover, if i € I and A has an i-cogood node B, then:

(iii) the multiplicity of M(A®) in f,M(A) is ¢;(A), ¢;(A®) = ¢;(A) — 1, and
(1) < @;(A) — 1 for all other composition factors M(w) of f;M());

(iv) End, (f;M(X)) =End, (M(A*))*%W as a vector superspace;

(v) Homy (f;M(A), f;iM(n)) =0 for all p € RP,(n) with p # A;

(vi) f;M(A) is irreducible if and only if ¢,(A) = 1. Hence, the induction
indZ:*'M()\) is completely reducible if and only if ¢;(A) <1 for
everyiel.

Proof The argument is the same as Theorem 22.2.2, but using (19.5),
Lemma 19.2.3, Theorem 19.2.5(ii), Corollary 19.7.2, and Theorem 19.7.9.
O
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There is one ¥,-supermodule that deserves special mention, the so-called
basic spin supermodule. Recall from Section 13.2 that the subalgebra of
Y, generated by s,,...,s,_; is isomorphic to the group algebra G, of the
symmetric group S,. It has the trivial 1-dimensional module denoted 1, on
which each s; acts as multiplication by 1. For n > 1, we define

I(n) := ind' 1, (22.11)

giving a Y,-supermodule of dimension 2". Also define the p-restricted p-strict
partition

w, =

{(pa’b) ith#0, (22.12)

(p',p—1,1)if b=0,

where n =ap+b with 0 < b < p.

Lemma 22.2.4 If ptn then I(n) = M(w,); if p|n then I(n) is an indecom-
posable module with two composition factors both isomorphic to M(w,). In
particular,

2" ,
dim M(w,) = yptn

2;z—l lfp | n.
Proof This is obvious if n =1, 2 and easy to check directly if n = 3. Now
for n > 3 we proceed by induction using Theorem 22.2.2 together with the
observation that

resy I(n) = I(n—1)®II(n—1).

We consider the four cases n=0,1 or 2 (mod p) and n #0, 1,2 (mod p)
separately.

Suppose first that n#£ 0, 1,2 (mod p). Considering the crystal graph shows
that f,-wn_l # 0 only for i =0 and for one other i € I, for which fiwn_l =
w,. By the induction hypothesis, resZ:ilI(n) = 2M(w,_,). Hence by Theo-
rem 22.2.2, I(n) can only contain M(w,) and M(f,»,_,) as composition
factors. But the latter case cannot hold since by Theorem 22.2.2 again,
resgz_]M( fow,_,) is not isotypic. Hence all composition factors of I(n) are
= M(w,), and we easily get that in fact I(n) = M(w,) by a dimension
argument.

Next suppose that n =0 (mod p). This time, fyw, ; = w, and all other
f.w,_, are zero. Hence, by the induction hypothesis and the branching rules,
I(n) only involves M(w,) as a constituent. But we have that resZ:ilM(wn) =
eoeM(w,) = M(w,_,) so in fact that I(n) must have M(w,) as a constituent
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with multiplicity two. Further consideration of the endomorphism ring of /(n)
shows moreover that it is an indecomposable module.

The argument in the remaining two cases n =1 (mod p) and n =2
(mod p) is entirely similar. U

22.3 Spin representations of S,

Here we consider representation theory of the twisted group algebra T, see
Section 13.1. By Theorem 22.2.1, we have a parametrization {M(\)|A €
RP,(n)} of the irreducible ¥,-supermodules. Proposition 13.2.2 shows that
the functors &, and &, set up a natural correspondence between classes of
irreducible 7, and ¥,-supermodules, type-preserving if n is even and type-
reversing if n is odd. Hence we have a parametrization

{D) X e RP,(n)}
of the irreducible J,-supermodules, letting D(A) be an irreducible
T,-supermodule corresponding to M(A) under the correspondence. Also,
recalling the definition (22.9), define
a(A) :=n—>b()) (22.13)
for A € RP,(n). We observe by (22.10) that
aAM )=y, +---+7vy, (mod?2), (22.14)

where vy, +---4 7, counts the number of nodes in the Young diagram A
of residue different from 0. Finally, it is an easy combinatorial exercise to
see that

a(A)=n—nh,(A) (mod 2), (22.15)

where the p'-height h, (A) of A is the number of parts in A not divisible by p.

Theorem 22.3.1 The supermodules {D(A) | A € RP,(n)} form a complete

set of pairwise non-isomorphic irreducible T,-supermodules. Moreover, for

A € RP,(n),

(i) D(A) =DA)";

(i1) D(A) is of type M if a(A) is even, type Q if a(A) is odd;

(iii) D(w) and D()) belong to the same block if and only if cont(u) =
cont(A);

(iv) D(A) is projective if and only if A is a p-bar core.
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Proof Observe that (i)—(iv) follow directly from Theorem 22.2.1 using
Proposition 13.2.2. Ul

Remark 22.3.2 The p-blocks of the ordinary irreducible spin representations
of S, were described by Humphreys [H], in terms of the notion of p-bar
core. However, unlike the case of §,, Humphreys’ result does not imply
Theorem 22.3.1(iii) because of the lack of information on decomposition
numbers. See, however, Remark 22.3.20.

Recall the definition of w, € RP,(n) in (22.12). We call the irreducible
T,,-supermodule D(w,,) the basic spin supermodule. The following result is
closely related to [W].

Lemma 22.3.3 D(w,) is of dimension 21"/?), unless p|n when its dimension
is 21=D21 Moreover, D(w,) is equal to the reduction modulo p of the basic
spin module D((n))c of (T,,)c over C, except if p|n and n is even when the
reduction modulo p of D((n))¢ has two composition factors, both isomorphic
to D(w,).

Proof The statement about dimension is immediate from Lemma 22.2.4 and
Proposition 13.2.2. The final statement is easily proved by working in terms
of Y, and using the explicit construction given in (22.11). UJ

To motivate the next two theorems, note that the map [D(A)] — [M())]
for each A € RP,(n) extends linearly to an isomorphism

K(T,-smod) — K(Y,-smod)

of Grothendieck groups. Using this identification, we can lift the operators
e; and f; on K(Ay) = P,.,K(Y,-smod) defined earlier to define similar
operators on P, ., K (an—sm:)d). Then all our earlier results about K(A,), for
instance Theorems 20.4.4 and 20.5.1, could be restated purely in terms of
the representations of 7, instead of ¥,. In fact, we can do slightly better and
define the operators e; and f; on irreducible J,-supermodules, not just on the

Grothendieck group.

Theorem 22.3.4 Let A € RP ,(n). There exist T,_,-supermodules e;D(A) for
each i € I, unique up to isomorphism, such that:

(1) res;{;’ilD()\) is isomorphic to

eoD(A) D2, D(A) D ---PB2e,D(A) if a()) is odd,
eoeD(A) e, D(A)@---®e,D(A) if a()) is even;
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(i) for each i € I, e;D(X) # 0 if and only if A has an i-good node A, in
which case e,D(A) is a self-dual indecomposable supermodule with
irreducible socle and head isomorphic to D(A,).

Moreover, if i € I and A has an i-good node A, then:

(iii) the multiplicity of D(A,) in ¢;D()) is ,(A), €;(A,) = &;,(A)— 1, and
g;(n) < g;(A) — 1 for all other composition factors D(w) of e;D(A);

(iv) End;_ (e;D(X)) ~End, (D(A,))®™ as a vector superspace;

(v) Homg _(e;D(A), e;D(w)) =0 for all p € RP,(n) with w# A;

(vi) e;D(A) is irreducible if and only if €;(A) = 1. Hence, res;"lilD(/\) is
completely reducible if and only if €,(A) <1 for every i € I.

Proof 1f n is odd, we simply define ¢;,D(A) := &, _,(e;M(A)) for each i €
I,A € RP,(n). If n is even, take

if a(A) is even and i # 0,

® M(A
w1 (&MA)) or a(A) is odd and i =0,

e;D()) :=
if a(A) is even and i =0,

&, (e;M(A
w1 (@M(A) or a()) is odd and i # 0.

We need to explain the notation (5, _, used in the last two cases: here, e;M(\)
admits an odd involution in view of Remark 19.2.6 and Theorem 22.2.1(ii),
and also the Clifford supermodule U,_, has an odd involution since # is even.
So in exactly the same way as in the definition of (19.6), we can introduce
the space

®, (e;M())) := %@H (U,_y, e;,M(N)).
It is then the case that
©,_1(eM(N) =6, (e;M(N) ®IIE,_ (e;M())).
Equivalently, by Proposition 13.2.2(ii) ¢;D(A) can be characterized by
e;M(A) =3, (e;D(A))

if a(A) is even and i =0, or a(A) is odd and i # 0.
With these definitions, it is now a straightforward matter to prove (i)—(vi)
using Theorem 22.2.2 and Proposition 13.2.2. Finally, the uniqueness state-

ment is immediate from Krull-Schmidt and the description of blocks from
Theorem 22.3.1(iii). Ul
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Theorem 22.3.5 Let A € RP ,(n). There exist T, ,-supermodules f;D(A) for
each i € I, unique up to isomorphism, such that:

(i) indgz“D(/\) is isomorphic to

foDA)@®2f,DA)&®---®2f,D(A) if a()) is odd,
foDAM)® fiD(A) @ ---® f,D(A)  if a(A) is even;

(i) for each i € I, f;D(X) # 0 if and only if A has an i-cogood node B,
in which case f;D(A) is a self-dual indecomposable supermodule with
irreducible socle and head isomorphic to D(A?).

Moreover, if i € I and A has an i-cogood node B, then:

(iii) the multiplicity of D(A®) in f.D(A) is @;(A), @;(A®) = ¢,(A) — 1,
and ¢;(w) < ¢;(A) — 1 for all other composition factors D(u) of
[iD(A);

(iv) End; (f;D(A)) ~End; (D(A®))®¢WN) as a vector superspace;

(v) Homg (f;D(A), f;D(n)) =0 for all pw € RP,(n) with p # A;

(vi) f;D(M) is irreducible if and only if ¢;(A) = 1. Hence the induction
ind;:“D()\) is completely reducible if and only if ¢,(A) <1 for every
iel

Proof This is deduced from Theorem 22.2.3 by similar argument to the proof
of Theorem 22.3.4. |

Remark 22.3.6 Over C, the branching rules in the preceeding two theorems
are the same as Morris’ branching rules, see [Mo]. Using this observation,
we can show that our labeling of irreducibles over C agrees with the standard
labeling.

It is possible to define the formal characters of J,-supermodules, as well
as operators ¢; and f; in terms of the Jucys—Murphy elements M, € T, (13.6)
without referring to the Sergeev superalgebra Y,. (Of course, the proofs
do depend on the representation theory of Y, developed so far). Recall the
notation £ = (p—1)/2 (resp. L =o0 if p=0)and I ={0, 1,..., ¢}. Given a
tuple i = (i}, ..., i,) € I" and an J,-supermodule V, we define the i-weight
space of V:

ik(ik + 1) N
— T)

Vi={veVv|(M; v=0for N>0andk=1,...,n}.

Lemma 22.3.7 Any V € J,-smod decomposes as V = @,.;. V;.
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Proof A similar statement for ¥, with L? in place of M} and g(i) = i(i+1)
in place of @ follows from Lemmas 16.1.2, 15.3.1, and Remark 15.4.7.
Now the desired fact follows from Lemma 13.2.5(ii). |

Now fix i € I", and let y =", ; v,; be the content of i, see (16.2).
Consider the Clifford—Grassman superalgebra A (i) from Example 12.1.4. By
Example 12.2.14, it has a unique irreducible supermodule U(i) of dimension
217 Now suppose that M is a T, -supermodule. The weight space M, is
obviously invariant under the action of the subalgebra $ of 7, generated by
the JM-elements M,. Put

i+ 1)
Jk = Ty
Then the M, satisfy the relations

(1<k<n)

MM, =—-MM, (I1<k#l1l<n)
on every $-irreducible constituent of M,. Note that, since i, € I, we have
Jx =0if and only if i, =0, so A(j) = A(i) and

n—yo+1
=

dim U(i) = dim U(j) = 2!

This shows that dim M; is divisible by dim U(i). Now define the formal
character of M by

chM:=3 T ) (22.16)

iel"

an element of the free Z-module on basis {¢!|i € I"}. The next lemma explains
why we want to divide by dim U(i): we set this definition up so that the
formal characters of the Y,-module M(A) and the corresponding J,-module
D(A) were essentially the same.

Lemma 22.3.8 Let A € RP,(n), and
chM(A) =Y a[L(i)®---®L(>,)],
iel"

chD(A) = Y be-

ieln

Then a; = b, for all i € I".
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Proof Let i € I". We calculate the dimension of &,(M(A));. We know
that dim U, = 217 and U, is of type M if and only if n is even. Now,
by Lemma 13.2.5(ii), ¢(M}) = L}/2, and so the ¢(M}) commute with the
Clifford generators ¢, in ¥,, whence

a;dim L(i)) ®---® L(i,)
dim U,

20,

dim®,(M(A)); =
IS IRE L

where 8, :=n (mod 2). Now, D(A) = &,(M(X)), unless both n and 7, are
odd, in which case &,(M(\)) = D(A) ® D(A). So the formula above
implies that

n=y

dim M(A), = 21" %" g, = dim U(i)a,,

which implies the desired result. Ul

Corollary 22.3.9 The characters of the pairwise inequivalent irreducible
T,-supermodules are linearly independent.

Proof Follows from Lemma 22.3.8 and Theorem 17.3.1. 0

Recall the notation I, from Section 16.2. Given y =} vy;a; €I, and a
T,-supermodule M, we set

M[y]:= > M,.

iel" withcont(i)=y

Corollary 22.3.10 The decomposition M = P yer, M) is precisely the decom-
position of M into blocks as an T,-supermodule.

Proof By (16.3), (21.2), and (22.6), we have cont(A) = cont(i) for any i € I"
with [L(i,) ®---® L(i,)] appearing in ch M(A). So the result follows from
Lemma 22.3.8 and Theorems 22.2.1, 22.3.1(iii). O

For y €', and a T,-supermodule M, we say that M belongs to the block vy if
M = M[v]. It is also now clear that the type of an irreducible T, -supermodule
D can be read off from its formal character:

Corollary 22.3.11 Let D be an irreducible T,-supermodule belonging to the
block vy. Then D is of type M if (n—y,) is even, type Q if (n—1y,) is odd.
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Next, we proceed to define i-induction and i-restriction purely in terms of
T,. Let M be a T,-supermodule belonging to the block y € I',. Given i € [,
define

res,M := (resgzi1 M)[y—«q], (22.17)
ind,M := (indy"' M)[y + o], (22.18)

where res;M is interpreted as zero in case 7y; = 0. These definitions extend
in an obvious way to give exact functors res; and ind;, which are adjoint to
each other. We note in particular that res;M is the generalized eigenspace
of eigenvalue i(i+1)/2 for the action of M?. Hence Lemma 22.3.7 and
adjointness imply:

Lemma 22.3.12 For an S(n)-supermodule M,
res;'”HM = Pres; M, ind;:“M =@Pind,M.
iel iel

The next lemma shows how to define of the operators e; and f; without

1

referring to the Sergeev superalgebra.

Lemma 22.3.13 Let D be an irreducible T,-supermodule, and i € 1.

(1) There is a T,_,-supermodule e;D, unique up to isomorphism, such that

res. ) & { eD®e,D ifi#0and D is of type Q,
' e;D ifi=0 or D is of type M.
(if) There is an T, -supermodule f.D, unique up to isomorphism, such
that
ind.Dg{fiDEBfiD if i #0 and D is of type Q,
' f:D ifi=0o0r D is of type M.

Moreover operators e; and f; defined in (i) and (ii) agree with the operators
e; and f; defined in Theorems 22.3.4 and 22.3.5, respectively.

Proof Consider for example (i) for D = D(A) with a(A) odd. It follows from
the description of blocks of 7, and (22.7) that ¢, D(A) and 2¢;D(A) for i #0, as
defined in Theorem 22.3.4 are precisely res,D(A) and res;D(A), respectively,
as defined in (22.17). Now the result follows from Theorem 22.3.4 and Krull-
Schmidt. U

Note again that the ¢;, f; (i € I) are operators on irreducible T, -supermodules,
but note they are not functors defined on arbitrary supermodules. However,
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extending linearly, they induce operators also denoted e¢,, f; at the level
of characters or equivalently on the level of Grothendieck groups, see
Corollary 22.3.9. The effect of e¢; on characters is exactly the same as in

the classical case (cf. (5.9)):

Lemma 22.3.14 If

chM =) ¢
el
then
ch (e;M) = Z C(il,m,i,,,l,i)ei'
L'Eln—l
Proof This follows from Lemma 22.3.8 and Corollary 19.2.2. |

There are also divided power operators el@ and fi(r). Again we just state a
lemma characterizing them uniquely, rather than giving their explicit definition:

Lemma 22.3.15 Let D be an irreducible T, -supermodule, and i € 1.
(i) There is an T,_,-supermodule egr)D, unique up to isomorphism, such
that
(e’ D)e" ifi=0,
(res;)"D = (e[(-r)D)eBzw2J ” if i #0 and D is of type M,
(e DyS2 Vi i 2.0 and D is of type Q.

(ii) There is an T, ,-supermodule fi('A)D, unique up to isomorphism, such

that
(fi(’)D)GDr! lfl — 0,
(ind,))'D = { (f7 D)@ ifi #0 and D is of type M,
(fi(r)D)@szW2J " ifi#0and D is of type Q.
Proof Use Lemma 19.3.1. Details omitted. |

Note comparing Lemmas 22.3.12 and 22.3.15, we see that
eir = r!e(r> fir = r!fi(r) (2219)

at the level of characters.

Finally, we “desuperize”, that is deduce results about the usual (ungraded)
T,-modules from our theory of supermodules. At the same time we get results
on U,-modules, where U, = (T,); is the twisted group algebra of the alter-
nating group A, see Section 13.1. Using Theorem 22.3.1, Corollary 12.2.10
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and Proposition 12.2.11, we get the following. If a(A) is odd then D(X)
decomposes as an ungraded module as

D(A) = D(A, +) @D(A, —)

for two non-isomorphic irreducible 7,-modules D(A, 4+) and D(A, —). More-
over, the restrictions resZ"nD(/\, +) and resZ’;D()\, —) are irreducible and
isomorphic to each other. We denote

E(A,0) := resZ’lD(/\, +).

If a(A) is even, then D(A) is irreducible viewed as an ungraded 7,-module,
but we denote it instead by D(A, 0) to make it clear that we are no longer
considering a Z,-grading. Moreover,

res;; D(X, 0) = E(A, +) @ E(\, —)

for two non-isomorphic irreducible ¢/,-modules E(A, +) and E(A, —). Finally:

Theorem 22.3.16

{D(A,0)|A € RP,(n), a(A) even}
{D(A,+), D(A, =) | A € RP,(n), a(A) odd}

is a complete set of pairwise non-isomorphic irreducible T,-modules, and

{E(A,0)| A € RP,(n),a()) odd} U
{E(A, +), E(A, =) | A € RP,(n), a()) even}

is a complete set of pairwise non-isomorphic irreducible U,-modules.

Remark 22.3.17 We would like to emphasize that, as it is usual for spin
representations of symmetric groups even in characteristic 0, the parametriza-
tions obtained in Theorem 22.3.16 are “defective” in the sense that we cannot
effectively distinguish between D(A,+) and D(A, —). So we believe that
when working with spin representations of S, and A, it is more natural to
work with the category of supermodules for as long as possible, and then
to “desuperize” in the last moment. Examples of that are given by Theo-
rem 22.3.16, as well as Theorems 22.3.18, 22.3.19, and 22.3.20 below.

As another illustration of “desuperization” procedure, we give the solution
to a problem important for group theory, namely description of irreducible
restrictions from 7, to 7,_, and from U, to U,,_,.
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Theorem 22.3.18 Let A € RP,(n). Then:
(1) If a()) is even, res?n’ilD()\, 0) is irreducible if and only if

g(A) =) g (1) =1.

iel
(i1) If a(A) is odd, res;’n’ilD(/\, =) is irreducible if and only if
> e(M)=1.

iel

Proof (i) D(A,0) is just D(A) considered as an ungraded module. So, by
Theorem 22.3.4(i), the restriction to res;:_lD()\,O) is irreducible only if
£;(A) =1 for some i € I and &;(A) =0 for all j# i. Moreover, in this
case the restriction is ¢;D(A), considered as an ungraded module. In view of
Theorem 22.3.4(vi), ¢;D()) is an irreducible supermodule of type M if i =0
and type Q otherwise, see (22.14) and Theorem 22.3.1. So the restriction
resg{il D(A, 0) is irreducible if and only if i = 0.
(ii) In view of Corollary 12.2.10, we have
D(A, +) = D(A, —) ®sgn,

where sgn is the 1-dimensional sign representation of TJ,. It follows that
res;:ilD(/\, +) is irreducible if and only if res;:ilD(/\, —) is irreducible. So
res%le(/\, +) is irreducible if and only if res;”MD()\) has two composition

factors when considered as an ungraded module. It is now easy to see using
Theorems 22.3.4 and 22.3.1 that this happens if and only if >, &;(A) = 1.

O

Theorem 22.3.19 Let A € RP,(n). Then:
(1) If a(M) is even, resZ:ilE(/\, =) is irreducible if and only if

de(M) =1

iel
(ii) If a()) is odd, resZZ_]E()\, 0) is irreducible if and only if

eo(N) = Y&, = 1.
iel

Proof Similar to the proof of Theorem 22.3.18. |

Finally, we give a description of the ordinary (ungraded) blocks of T,.
This does not quite follow from the description of the “superblocks” in



22.3 Spin representations of S, 269

Theorem 22.3.1(iii), unless we invoke the work of Humphreys [H]; in fact,
all we need from [H] is to know the number of ordinary blocks.

Theorem 22.3.20 Let D(A, &) and D(u,d) be ungraded irreducible
T,-modules, see Theorem 22.3.16. Then, with one exception, D(A, €) and
D(w, 8) lie in the same block if and only if A and w have the same p-bar
core. The exception is if A = u is a p-bar core, a(A) is odd and & = —8,
when D(A, €) and D(u, 8) are in different blocks.

Proof 1If the p-bar core of A is different from the p-bar core of u, then, by
Theorem 22.3.1(iii), the supermodules D(A) and D(u) belong to different
blocks of the superalgebra T,. This means that they correspond to two mutu-
ally orthogonal even central idempotents in J,, whence D(A, €) and D(u, 8)
belong to different ungraded blocks.

Next assume that A = u is a p-bar core and a(A) is odd. By
Theorem 22.3.1(iv), D(A) is a projective supermodule, whence D(A, +) and
D(A, —) are projective ungraded modules. So they are in different blocks.

Thus, the combinatorial conditions in the statement of the theorem separate
the irreducible J,-modules into classes which are unions of blocks. In view
of [H, 1.1], the amount of these classes is equal to the number of blocks of
T,. So each class must comprise exactly one block. |

Remark 22.3.21 Using the same method as the one explained in
Remark 11.2.29, we can prove the following (see [BK,] for details): if B
is a superblock of p-bar weight w of T,, then the determinant of the Cartan
matrix of B is p" where N equals

Z2r1+2r3+2r5+...(”T_3+rl)<‘”2;3+r2>(p7_3+r3>“.

p—1 r r r3

the sum being over all partitions A = (112" ...) of w.

In order to “desuperize” this result, note that for blocks of type M this same
formula gives the Cartan determinant of the corresponding ungraded block
of 7,. We have conjectured in [BK;] that the same is true for blocks of type
Q (in this case the ungraded block has twice as many irreducibles as in the
corresponding superblock). Recently Bessenrodt and Olsson confirmed this
conjecture.
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